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PREFACE 
 

 

With the continuous raise of train speed and vehicle load, the extensive application of 

high performance materials, and the ever increasing span length of bridges, the problem of 

bridge vibrations becomes more prominent. This book contains the fundamental theory as 

well as numerical calculations and field experiments of many practical engineering projects. 

It contains many case studies concerning various types of real bridges such as long-span 

suspension bridges, cable-stayed bridges, truss bridges, multi-span simply supported bridges 

and continuous bridges. This book is intended to be a reference for solving vehicle-structure 

dynamic interaction problems that have to be considered in the design of railway bridges and 

other transport structures. Moreover, results of recent scientific research are presented which 

are of interest for researchers active in studying bridge vibration and control. 

Chapter 1 – In this chapter, the vibration problems of bridges induced by diverse 

excitations are summarized. A spatial dynamic analysis model for the coupled train-bridge 

system is established, in which the bridge is modeled with the modal decomposition analysis 

technique, and each train vehicle with a multi-degrees-of-freedom system composed of rigid 

car-body, bogies and wheel-sets linked with spring-and-dashpot suspensions. The dynamic 

interaction between train vehicle and bridge is realized through contact relationships between 

wheels and track. The motion equations of the system are deduced and the related computer 

code is programmed. Track irregularities, wheel hunting movement, centrifugal forces of train 

vehicles on curved bridges and various bridge deformations are considered as self-excitation 

of the system, while earthquake actions, wind loads and different collision forces as external 

excitations. For the case study, the whole histories of a high-speed train running on a multi-

span simply-supported bridge on a high-speed railway in China are simulated, and then the 

dynamic responses of the bridge and the train vehicles are obtained. The proposed analysis 

model and the solution method are verified through a comparison between the calculated 

results and the measured data from field test. 

Chapter 2 – This chapter presents how in situ dynamic measurements can be used for 

experimental validation of a numericalmodel for train-bridge interaction analysis. As typical 

example, the Sesia viaduct is considered, which is a composite railway bridge consisting of 7 

spans. The responses of the bridge are measured both under ambient vibration and under the 

excitation of Italian ETR500Y high-speed trains. The numerical simulations are validated by 

comparing the predicted accelerations and strains with measured results. The results show a 

good correspondence between the predicted and the measured response. It is concluded that 

an experimentally validated numerical model can predict the dynamic response of the bridge 
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under a train passage with a high level of accuracy, and so provides a valuable tool for the 

design and the assessment of railway bridges. 

Chapter 3 – In this chapter, a critical review of methods for evaluating dynamic effects on 

high-speed railway bridges is performed, discussing the relevant features and practical design 

issues. Closed form solutions for the moving load problem are first discussed and compared 

to envelopes of impact factors in engineering codes. Moving load models provide the basic 

tool for dynamic analysis at design stages, with modal analysis or direct time integration. The 

implications of the number of modes are discussed. The dynamic signature models provide 

quick methods, which serve to identify critical resonant speeds as well as the aggressivity of 

trains. They serve also as a base for the high-speed dynamic load models. Finally, vehicle-

structure dynamic interaction will provide more refined predictions. For general cases, but 

specially short and medium span bridges, simplified interaction models are advisable. Based 

on the methods discussed some applications to analysis of design issues are developed. Firstly 

the influence of the span length of bridges is considered, shorter spans result in more 

pronounced resonance. An example is shown comparing simply-supported and continuous 

deck bridges, the former are shown to result in significantly higher vibrations. Finally, the 

influence of variation in the basic mass and stiffness characteristics of bridges is considered, 

in order to provide simple options to improve design. 

Chapter 4 – The simply-supported beam is one of the most common bridge styles in 

railway system. In this chapter, the dynamic responses of a simply-supported beam subjected 

to various moving loads are studied by analytic method. The simply-supported beam with 

uniform section is modeled by a distributed parameter motion equation and solved by the 

superposition method. The cases of moving concentrated force, moving concentrated mass, 

moving distributed mass, and moving vehicle with wheel, sprung mass, spring and damper, 

are adopted as the moving loads. The effects of ground motion and moving load with varying 

speed are considered. The analytic solution of the dynamic displacement responses is derived. 

The pathogenesis for resonance and its occurrence conditions of train and simply-supported 

beam system are analyzed. As case studies, the resonant responses of several simply-

supported beam bridges under different trains are analyzed and explained. 

Chapter 5 – This chapter deals with the analysis of efficient modelling of the train-bridge 

interaction system. For the prediction of the bridge response, it is investigated under which 

conditions a moving load model suffices and when it is necessary to account for the dynamic 

train-bridge interaction effect. An efficient modelling technique for multi-span viaducts based 

on substructuring is presented. It is shown that the component mode synthesis model can 

accurately reproduce the dynamic properties of the entire structure while avoiding the 

extensive computations required by a full FE model of the bridge. Finally, a solution 

algorithm for solving the coupled train-bridge system is proposed and validated against 

existing solution algorithms. It is demonstrated that the proposed solution algorithm allows a 

good representation of the dynamic response of the coupled system with less computational 

cost. 

Chapter 6 – When a high-speed railway vehicle crosses a bridge dynamic effects from 

lateral movement of the vehicle and the bridge appear and may in some cases endanger the 

traffic safety and passengers comfort. Whereas vertical dynamic action from traffic has been 

the subject of numerous studies and included in engineering codes, lateral dynamic effects 

have not yet been studied sufficiently. In this paper several methods for studying the dynamic 

effects of railway traffic in bridges due to lateral motion are presented and discussed. These 
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methods may be included within general-purpose finite element codes, with additional models 

for multibody systems, kinematic constraints between vehicle and bridge and rail-wheel 

contact interface. The structure is discretized with standard finite elements and vehicles are 

considered with 3D multibody models. Special attention is paid to the interface between the 

vehicle and the structure and the track alignment irregularities, which are an important source 

of excitations for the vehicle and bridge. Three different methods are presented, attending to 

the treatment of wheel-rail contact. The first one is a simple method, which does not allow 

any relative movement between the vehicle wheelset and the track. Secondly a linearized 

approach that allows relative motion between wheels and rails is described, which considers 

biconic wheel and rail profiles and linear models for the tangent and normal contact. Finally, 

a fully nonlinear method that has been newly developed by the authors and it is based on 

rigorous consideration of kinematics, realistic geometry of wheel and rail profiles and 

detailed models for considering wheel and rail rolling contact. The methodologies presented 

are applied in two test cases: a validation study of the hunting movement of a single railway 

wheelset under an impact load; dynamic interaction between a train composed by six cars and 

a simply supported bridge. 

Chapter 7 – In this chapter, the current situation, problems to be studied and further 

research trend in the field of dynamic interaction of train vehicles and bridges under wind 

actions are summarized. A 3-D dynamic model of the coupled train-bridge system subjected 

to wind actions is established, in which the bridge is modeled with the modal decomposition 

analysis technique, and each 4-axles vehicle is modeled with 27 degrees-of-freedom. The 

dynamic interaction between the train and bridge is realized through the contact forces 

between the wheels and track with track irregularities. Wind forces acting on the train-bridge 

system are considered as the external excitations and generated in the time domain using the 

measured aerodynamic coefficients and flutter derivatives from a real bridge, taking into 

account the effects of vehicle speed and the spatial correlation of wind forces on the bridge. 

Case studies are performed on two long-span suspension bridges in China, the Tsing Ma 

Suspension Bridge in Hong Kong, and a rail-cum-road suspension bridge on the Wuhan-

Guangzhou High-speed Railway. Turbulent wind fields are numerically generated, under 

which whole histories of trains traveling through the bridges subjected to wind actions are 

simulated in the time domain, and some measured bridge responses are used to validate the 

calculated results. The running property of the train passing through the bridges at different 

speeds is studied, from which the thresholds for critical train speeds with respect to different 

wind velocities are proposed to ensure the running safety of train vehicles. 

Chapter 8 – In this chapter, the impact vibration test method (IVTM) is developed as a 

convenient method to measure the natural frequencies of bridge substructures. The principle 

of IVTM is to impact the top of the pier with a weight hammer for several times and then 

obtain the natural frequencies considering both the amplitude spectrum and the phase 

spectrum. An integrity index based on the natural frequency is defined and its computation 

method is presented, based on which evaluation criteria are introduced. A comprehensive 

integrity evaluation procedure is proposed to identify the damage of bridge substructures. An 

engineering case is presented to illustrate the effectiveness of the proposed test method and 

the integrity evaluation method. 

Chapter 9 – Nowadays, vibration mitigation in bridge structures by means of pre-

engineered devices following appropriate functional strategies has found great interest. This 

chapter outlines a set of passive and active vibration control devices and algorithms 
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pertaining to theoretical and practical aspects of bridge vibrations. The design of slotted 

bolted connections as simple passive dampers and their performances are analyzed efficiently 

based on the state-space theory. Similarly, an active control strategy is developed, through the 

linearization of the feedback gain matrix, and applied to mitigate vibrations on the bridge 

structure by active tendons with practical constraints such as optimal functionality, time delay 

and bounded state considerations. The developed control methods and systems are carefully 

analyzed and allow a bridge structure to resist an external (vehicle or seismic) event by 

applying appropriate control forces opposite to those resulting from the considered excitation. 

Chapter 10 – In this chapter, six kinds of typical isolation devices and several practical 

engineering examples are introduced, followed by the studies on parameters optimization and 

energy based analysis method of seismically-isolated bridges. Operating principles, analysis 

models and some practical engineering examples of lead rubber bearing (LRB), friction 

sliding type bearing and E-shaped steel damping devices are mainly introduced. An 

optimization design model of the seismic isolation system with LRB for a simply-supported 

railway beam bridge is established, based on optimization theories and considering soil-

structure interaction. The parameters of isolation bearings are taken as design variables, and 

the maximum moments at bottom of bridge piers are employed as objective functions. The 

optimization calculations are carried out separately under excitation of three practical 

earthquake waves, from which the effects of dynamic parameters of LRB on the seismic 

responses are given. In order to enhance the optimization efficiency, the vehicle running 

safety is checked separately by inputting the values of spectral intensity after the optimal 

parameters are determined. The design method for seismically-isolated bridge with LRB is 

studied according to the energy theory. The energy equations of the system are deduced, and 

then the analysis model of energy response for seismically-isolated bridges is established. To 

get the energy spectra, forty earthquake records are selected, and the nonlinear time history 

analyses for seismic energy responses of bilinear SDOF seismically-isolated bridges are 

carried out, and then the statistical seismic input energy spectra for bridge seismic isolation 

design for site type B are obtained. Furthermore, the nonlinear energy responses analyses of 

seismically-isolated bridge are conduced, and the energy design principle is proposed for 

bridges seismically-isolated by LRB. 

 

 



In: Bridge Vibration and Controls  ISBN: 978-1-62100-868-2 

Editors: H. Xia, G. De Roeck and J. M. Goicolea © 2012 Nova Science Publishers, Inc. 

 

 

 

 

 

 

Chapter 1 

 

 

 

DYNAMIC INTERACTION ANALYSIS OF COUPLED 

TRAIN-BRIDGE SYSTEM 
 

 

He Xia*, Kunpeng Wang and Zhu Yu 
School of Civil Engineering 

Beijing Jiaotong University 

Beijing, China 

 

 

Abstract 
 

In this chapter, bridge vibration problems that are induced by diverse excitations are 

summarized. A spatial dynamic analysis model for a coupled train-bridge system is 

established. The bridge is modeled by a modal decomposition analysis technique, and 

each train vehicle with a multi-degrees-of-freedom system composed of rigid car-body, 

bogies and wheel-sets linked with spring-and-dashpot suspensions. The dynamic 

interaction between the train vehicle and bridge is realized through the contact 

relationships between the wheels and track. The motion equations of the system are 

deduced and the related computer code is programmed. Track irregularities, wheel 

hunting movement, centrifugal forces of train vehicles on curved bridges and various 

bridge deformations are considered as a self-excitation of the system., while earthquake 

actions, wind loads, and different collision forces are external excitations. For the case 

study, the whole histories of a high-speed train running on a multi-span simply-supported 

bridge on a high-speed railway in China are simulated, and then the dynamic responses of 

the bridge and the train vehicles are obtained. The proposed analysis model and the 

solution method are verified through a comparison between the calculated results and the 

measured data from this field test. 

 

 

1. INTRODUCTION 
 

Through the continuous development of science and technology, the problems of bridge 

vibrations become more prominent. By the extensive application of high performance 
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materials, the ever-increasing span length of bridges, and the continuous increase of train 

speed and vehicle load, all attribute to the related problems caused by bridge vibrations 

(Frýba, 1999; Yang and Wu, 2002; Xia and Zhang, 2005). The bridge vibration may increase 

the internal force of the structure,  and cause local fatigue damage of the structural members, 

or produce vibration deformation. The acceleration of the bridge deck can influence safety 

operations or passenger comfort of the vehicle; and, even in serious cases, completely destroy 

the bridge. Therefore, vibration is one of the important factors that influence the structural 

safety and normal operation of the bridge, and thus has attracted more attention in recent 

years. 

 

 

2. TYPES OF BRIDGE VIBRATION 
 

According to the analysis of influential self-exciting and external sources, the vibration of 

bridges can be classified into two categories, see Figure 1. 

In the first category, bridge vibrations are induced by diverse external loads such as wind 

forces, earthquake action and collision of vessels, vehicles and floating objects. 

The second category of bridge vibration relates to vibrations induced by the moving 

train-bridge system or moving crowd-bridge system during normal operation. This vibration 

is inevitable during the normal use of the bridge; therefore, so it is the fundamental issue in 

study of coupled vibration of train-bridge and pedestrian-bridge system. 

 

 

Figure 1. Categories of bridge vibration. 

 

For railway bridges, the second category of vibration may occur simultaneously with the 

first category, corresponding to the case of vibrations of the coupled train-bridge system 

subjected to wind load, earthquake action, and various collision loads. Dynamic analysis of 

the combined case is more complicated. 

 

 

2.1. Bridge Vibration Due to Earthquake Excitation  
 

An earthquake is a sudden and highly destructive natural disaster that harms people‘s 

lives and properties, as well as city infrastructures such as bridges. When earthquakes occur, 
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bridges are criticial infrastructure for traffic access  and as a transportation system to provide 

aid to affected areas.  

Bridges built in earthquake zones may vibrate during an earthquake, induced by up-and-

down movement and horizontal swing of the ground (Newmark and Rosenblueth, 1971; 

Cakmak, 1985; Saiidi et al., 1995; Choi et al., 2004). Especially, the horizontal swing has a 

great influence on piers and abutments, inducing large lateral displacements, which affect the 

running safety of the train on the bridge, and even in serious case, cause the span to unseat 

and drop to the river, threatening the safety of the whole bridge. From investigations on 

earthquake damage in the 1976 Tangshan earthquake; the 2008 Wenchuan earthquake in 

China;, the 2005 Osaka-Kobe earthquake in Japan; and some other earthquakes in the United 

States and other countries, one can find that there exists many types of bridge damage, and 

most occur along the axial direction of the bridges. The main forms of seismic damage for 

bridges can be described as follows. 

(1) Bearing damage. Seismic damage of bridge bearings is common during earthquakes, 

thus bearings are always considered as a weak link of seismic performance of the bridge. The 

main causes of bearing damage include: (a) The aseismatic requirements are not fully met in 

the design and manufacture of bearings, where only static requirements are taken into account 

without considering their dynamic behavior; (b) Aseismatic measures are not effective 

enough at structural connections, retaining blocks, etc.; (c) There exists some structural and 

material defects; and so on. There are some types of bearing damage, such as slant, loosen 

and displacement of bearings, shearing break or pull out of bolts, damage of structural 

members. Bearing damage becomes more serious under combined action of horizontal and 

vertical seismic waves. One example is in the Wenchuan earthquake in China, where all kinds 

of cast-steel bearings suffered damage to different extents, as shown in Figure 2. 

 

        

Figure 2.  Bridge bearing damage in the Wenchuan earthquake. 

 

(2) Pier and abutment damage. In the past earthquake disasters, different extent of 

failures were found in reinforced concrete piers and abutments of railway or highway bridges. 

There are several failure modes, such as settlement, slipping, shearing break and crushing of 

piers and abutments, and buckling or cracking of pier columns, as shown in Figure 3. 
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Figure 3. Damage of piers in the Wenchuan earthquake (Left) and the Chi-Chi earthquake (Right) 

 

The damage of bridge piers and abutments is not only due to severe change of terrain 

(such as faults, cracks) induced by earthquakes, but also due to their insufficient aseismatic 

capacity, especially that of ductile deformation. When an abutment is built on soft subsoil or a 

slope, landslide is prone to happen under strong earthquake and thus bring the abutment to 

slide, causing the structure to break, tilt or subside. A lot of research work has been done on 

the ductility aseismatic design for reinforced concrete structures. Although the concrete piers 

where the stirrups are increased to restrict the core concrete show slighter seismic damage, 

the seismic damage with large plastic deformation still occurs, which causes pier-body to 

break. This indicates that in the present code, the aseismatic design theory for ultimate 

displacement or ductility is still imperfect.  

There are two types of seismic damage for bridge foundation: one is settlement, slippage, 

and so on, that happened in extended foundations on soft soils; another is pile breakage, 

which happened in pile foundations that bear excessive shear force and moment transferred 

from the superstructure. Since the pile breakage is hidden underground, it is difficult to detect 

and repair, so reasonable design is vital for avoiding such seismic damage. 

(3) Span damage. The main seismic damage of bridge span includes beam falling, 

collision, tilt, etc., as shown in Figure 4. Beam falling is usually caused by toppling or 

dislocation of piers, collision is related to improper construction of bearings, while tilt mainly 

happened in T-beams with weak lateral connection. The major factors causing beam falling 

include collapse of abutment or pier, damage of bearing, and excessive relative displacement 

between adjacent piers of the beam. Therefore, effective measures should be adopted for 

bridge aseismatic design to prevent the beams from falling, such as installation of side 

stopper, steel clamping connection, and position restriction device, etc. 

At 14:28 on May 12, 2008, an M8.0 earthquake happened near Wenchuan County in 

eastern Sichuan Province, and was considered the most severely destructive earthquake in 

over half a century in China. In this earthquake, there were 47,277 km roadways damaged, 

including 19 highways, 159 trunk roads, 7605 rural roads, 5560 bridges and 110 tunnels, 

causing direct economic loss of 65.306 billion Chinese Yuan. For instance, among the 384 

bridges in the 370 km section from Weixian to Zhangming on the Baoji-Chengdu Railway 

line, 78 bridges suffered different degrees of damage (Li et al., 2008). The main patterns of 

seismic damage include: vertical and lateral falling of beams, circumferential cracking of 

pier-bodies, local crushing of concrete, shearing break of bearing bolts, settlement or cracking 
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of conic pitching of piers and abutments, break of U-shaped bolt of open deck, collapse of 

sidewalks, etc., as shown in Figure 5. 

 

        

Figure 4. Span unseating (left) and concrete beam falling (right) in the Wenchuan earthquake. 

 

        

Figure 5. Circumferential cracking of pier (left) and broken lateral stopper (right) in the Wenchuan 

earthquake. 

 

Bridge is an important lifeline project for a city. Destruction of this sort of lifeline project 

may result in enormous difficulty to post-earthquake relief work, and often worsen the 

secondary disasters due to lack of access, and thus cause huge economic loss. In China, for 

example, in the 20th century and the first 10 years of the 21st century, there occurred as an 

average two M7.0 or above earthquakes every three years. Especially from 1966 to 1976, 

there were ten M7.0 and above earthquakes, and most of them happened in densely populated 

areas in east China. One example is the famous 1976 Tangshan earthquake. It happened in 

modern urban area, and the loss was extremely heavy, not only due to direct earthquake 

disaster, but also due to  serious secondary disasters owing from the destruction of lifeline 

projects. During this earthquake, 39.3% of total railway bridges suffered damage, 45% of 

them were seriously damaged, which interrupted the Beijing-Shanhaiguan Railway line for 

several months; 62% of total roadway bridges in Tangshan area suffered varying degrees of 

damage; and 21% of total bridges in Tianjin area suffered some degree of damage. The 

collapse of the Lutaiji Canal Bridge and the Luanhe River Bridge (Figure 6) cut off the road 
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traffic from Tangshan to Tianjin and Shenyang, resulting in enormous difficulty to the relief 

work. 

 

 

Figure 6. Collapse of the Luan River Bridge in the Tangshan earthquake. 

 

Vibration problems caused by the earthquake have been received worldwide attention. In 

the  constant refreshment of span-length records,  the concern as to whether the superstructure 

of long-span bridges will be destroyed in earthquakes is especially troubling. In Japan, 

engineers spent nearly 20 years for creating the aseismatic design of suspension bridges on 

the Connecting Line between Honshu and Shikoku, and issued the Aseismatic Design 

Guidelines for the Honshu–Shikoku Connecting Bridge.  

 

        

Figure 7. Derailment accidents of high-speed trains in the Niigata earthquake (left) and the Kaoshiung 

earthquake (right). 

 

For the upgrade of railway design standards, bridges play more and more important roles 

in railway engineering. Especially with the development of high-speed railways, elevated 

bridges stretching tens of kilometers are commonly built to ensure the smoothness of track 

and the safety and stability of running trains, which greatly increases the probability of trains 

on bridges when an earthquake occurs. At the same time, the induced ground movements may 

cause intense bridge vibration, that would affect the safety of bridge structures and the 
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running trains. On October 23, 2004, Niigata county of Japan was struck by an M6.8 

earthquake, when a high-speed train was running at 200 km/h on the Joetsu Shinkansen. After 

braking, it continued to travel for about 1.6 km, and eight of 10 carriages derailed, as shown 

in Figure 7 (left). By that time, it had been the only derailment accident of Shinkansen since it 

opened in 1964, breaking the record that "Shinkansen train never derails" which had lasted 

for 40 years. On March 4, 2010, an M6.4 earthquake occurred in Kaohsiung County, when a 

high-speed train was heading for Taipei on a curve track. Under intense shaking, the first 

carriage derailed and stopped after a dragging distance of 3 km, as shown in Figure 7 (right). 

Cases like these, are closely examined by railway engineers, to sufficiently indicate the 

necessity of studying the effect of earthquakes on the running safety of trains on the bridge. 

 

 

2.2. Bridge Vibration Induced by Wind 
 

Wind is airflow with a certain speed. When airflow is impeded by a structure, a high-

pressure air curtain will form, and the larger the wind speed, the higher the pressure on the 

structure. If the wind-resistant design is insufficient, the structure may have overlarge 

deformation and vibration to influence its normal operation, or produce local failure to 

influence its strength, even collapse (Figure 8).  

 

 

Figure 8. Wind-induced collapse of the Tacoma Narrows Bridge. 

 

Wind-induced vibration is a common form of bridge vibration. Some wind-induced 

vibration may cause immediate bridge damage, while in some instances there is no immediate 

structural damage, but may result in problems such as structural member or joint fatigue, and 

operation safety (Beliveau et al., 1977). The mechanism of wind-induced bridge vibration is 

complicated, but  can be divided into two categories: one is divergent vibration, including 

flutter and galloping; the other is amplitude-limited vibration, including vortex-induced 

vibration and buffeting. The divergent vibration may induce aerodynamic instability to even 

cause a wind-destroyed accident of a bridge. This must be avoided through developed 

measures such as section-shape optimization, wind fairing design and guide plate setting, 

based on wind tunnel test. 

The mechanisms of wind-induced vibrations are narrated as follows.  
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(1) Flutter 

Flutter is a self-excited vibration, where a bridge draws energy constantly from airflow 

during its vibration. In certain conditions, the amplitude of flutter can be enlarged rapidly to 

destroy the structure, so this is the most dangerous wind-induced vibration of long span 

bridges. The main parameter to describe flutter is the critical flutter wind velocity. When the 

wind velocity is below the critical flutter wind velocity, the bridge vibrates in a convergent 

manner, or else it vibrates in a divergent manner. Flutter of a bridge occurs in two patterns, 

coupled flutter and torsional flutter. The coupled flutter is a kind of steady-state vibration, 

which is formed by bending vibration and torsional vibration with comparable amplitudes. 

The coupled flutter frequency is a median value of natural frequencies of bending vibration 

and torsional vibration. When the torsional-to-bending frequency ratio is 1, the critical wind 

velocity of coupled flutter becomes the minimum. The torsional flutter is characterized by  

the vibration amplitude of torsional component as much sharper than bending component. In 

this case, when torsional flutter frequency is close to the natural torsional frequency of the 

bridge, the critical torsional flutter wind velocity is the maximum. The torsional vibration 

mainly occurs in the structure with non-streamlined cross-section with sharp edges and 

corners, so the cross-section of long span bridge should be designed as streamlined without 

sharp edges.  

 

(2) Galloping 

Galloping is a self-excited vibration with large amplitude and low frequency, which is a 

kind of divergent vibration induced by crosswind occurring in a bending vibration system. 

Once galloping occurs, the vibration may be continuously amplified until large enough when 

some members exceed their limited amplitude to damage, even to destroy the whole bridge. 

To avoid galloping failure, it is necessary to insure that the critical galloping wind velocity of 

the designed structure is higher than its maximum possible wind velocity in the service life. 

Galloping vibration usually occurs in light and flexible structures, such as in towers, stay-

cables and suspenders of a cable-supported bridge. For a tower, the main work of controlling 

galloping vibration is done during its construction phase, owing to its large height, complex 

construction condition, and constant change of dynamic characteristics. For a cable, galloping 

vibration includes two forms: one is the rain-wind-induced vibration, meaning that the wind-

induced vibration of cables in rain is stronger than that without rain; the other is the wake 

galloping, meaning that the wind-induced vibration of leeward cables is stronger than that of 

windward cables. 

 

(3) Vortex-induced vibration 

Vortex-induced vibration is an amplitude-limited structure vibration surrounded by fluid, 

which occurs at a low wind speed, when the section of a structural member is acted on by 

periodic excitation owing to vortex detachment induced by periodic variation of flow 

velocity. Vortex-induced vibration is very sensitive to the section shape of a member, and its 

frequency is proportional to wind velocity. The amplitude of vortex-induced vibration may be 

very large when resonance occurs, and may in turn control its vibration frequency. This 

vibration is harmful to a long-span bridge, even if it does not destroy the whole structure, it 

may cause crack or fatigue problems in the structural members (Clobes et al., 2011). 
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(4) Buffeting 

Buffeting is a structural vibration caused by turbulence of a random gust. The velocity of 

turbulence is a stochastic variable that varies irregularly with both space and time. It is also an 

amplitude-limited vibration occurring at low wind-speed, like vortex-induced vibration, but 

its frequency is higher. Buffeting may, even if it does not destroy the structure, cause fatigue 

problems in the structural members and joints, influence service life of bridge, worse comfort 

of passengers, or even endanger running safety of vehicles. In addition, overly large 

vibrations may affect construction quality or even lead to interruption of construction. In the 

continuous elongation of spans, bridges become lighter and more flexible, and the wind load 

becomes larger with the growth of depth and width of bridge decks, which intensifies the 

buffeting responses of bridge. This has become a main research issue in the bridge wind 

engineering (Davenport, 1962; Ding, 2000). 

Through economy constraints, the progress of bridge-building technology and the 

invention of new materials, many long-span bridges have been built in the world; especially 

suspension bridges and cable-stayed bridges were adopted progressively. The span lengths 

become larger and stiffness becomes more flexible, with their basic natural vibration period 

reaches tens of seconds. Long-span bridges are featured as light and possessing considerable 

flexibility; yet,  susceptible to wind action. Therefore, wind-induced vibration has become the 

primary control factor in its design (Xu et al., 2004; Guo et al., 2007). For example, the 

measurement on the Golden Gate Bridge in 1951 reported that the maximum single amplitude 

of the bridge at 1/4-span reached 1.7m under wind action of fresh gale to strong gale. 

Therefore, it is obvious that wind-induced vibration is harmful to fatigue life of bridge 

structures, and safety of pedestrians and vehicles on the bridge. 

The research on wind-induced vibration for bridges started not so very long ago. In 1940, 

only several months after being built, the 851.2 m-span Tacoma Narrows Bridge collapsed 

(Figure 8) under a gust with velocity less than 20 m/s, which shocked the bridge engineering 

field. The following research showed that this accident was owing to aerodynamic instability. 

After that time, engineers began to combine bridge structure design closely with wind-

induced vibration analysis. Firstly, the analysis of flutter and galloping vibration was 

considered as the keynote for wind-resistant design of bridges. In order to ensure the safety of 

bridge structure, the critical flutter wind velocity and critical galloping wind velocity should 

be, usually 20%, higher than the largest possible wind speed under certain assurance. 

In railway engineering, long-span bridges are usually adopted to cross rivers or straits 

with strong wind, where large deformation and vibration may be induced owing to their 

flexibility, and thus may badly influence the safety of bridge structure and running vehicles 

and the comfort of passengers. In addition, vehicles under wind action may change their 

inherent vibration properties. Therefore, the effect of wind load should be considered in 

running safety analysis of trains on long-span bridges crossing windy rivers, valleys or straits. 

In China, with the construction of the Jiangyin Yangtze River Bridge, the Runyang 

Yangtze River Bridge, the Xihoumen Bridge and many other long-span bridges, the research 

on wind-induced dynamic responses of long-span bridges and vehicle running safety 

problems has been gradually developed. In early 21th century, Beijing Jiaotong University 

and Hong Kong Polytechnic University performed a joint research (Xu et al., 2004; Guo et 

al., 2007) on the running ability of trains on the Tsing Ma Bridge under wind load, which is 

so far the longest rail-cum-road bridge in the world. Since then they have published a series 

of papers about wind-induced dynamic responses of train and long-span bridge system. Now, 
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the effect of wind-induced vibration on bridge and running train safety has attracted much 

attention in bridge design, and the wind-resistant performance becomes an important 

evaluation content for selecting bridge schemes, as has been studied in designs of the 

Tianxingzhou Yangtze River Bridge in Wuhan, the Dashengguan Yangtze River Bridge in 

Nanjing, and so on. 

 

 

2.3. Bridge Vibration Induced by Collision of Vessels, Vehicles,  

and Floating Objects 
 

For a bridge that crosses a river, its piers that span the river may be have the potential for 

unforeseen collisions with vessels or other floating objects such as drifting-floes in cold 

regions. For a bridge that steps across another roadway or railway line, its piers close to the 

road may have moving vehicles as the external collision force threat. Although these 

accidents are very seldom, once this happens, they may cause amazing damage to life, 

property, society, and have an impact on the environment. 

According to an incomplete investigation (Manen, 2001; Dong et al., 2009), during 

1960 ～ 1995, there were 53 serious vessel collisions on bridges that happened around the 

world, with each incident, the lost was more than 100,000 US dollars. In the United States, 

there were 811 accidents of ship collisions on bridges in inland rivers within the last  5 years 

during the early 1970s. In 1977, the Hopewell Bridge in Virginia was hit by a ship, causing a 

girder span to fall. In 1980, the Sunshine Skyway Bridge in Florida was crashed by a cargo 

ship of 20,000 tons displacement, resulting in 35 deaths and over 250 millions  dollars in 

economic loss. In the former Soviet Union, an accident happened in 1983, when a passenger 

ship hit a side span of a railway bridge across the Volga River; the upper deck room was cut 

off owing to the insufficient height clearance, killing 176 persons. Another painful accident 

also happened at a railway bridge across the Volga River, when a train was running on the 

bridge, when a passenger ship hit it, resulting in 4 coaches falling into the water, killing more 

than 240 persons. There were also other serious collision accidents on bridges that happened 

in other countries, such as the Carnafuh Bridge in Burma was hit by a ship in 1991, and the 

Stangna Bridge in Sweden hit by a ship in 1990, etc. 

In China, vessel collision accidents on bridges have happened much too frequently, and 

have caused very serious results. The Wuhan Yangtze River Bridge was completed in 1957, 

since then there have been more than 70 accidents of vessel collisions on the bridge, among 

which the most serious one led to a traffic interruption of the Beijing-Guangzhou railway for 

dozens of hours (Dai et al., 2002).  

The Second Wuhan Yangtze River Bridge experienced 30 ship collision accidents during 

the 10 years after it was rebuilt in 1995, resulting in direct economic loss of millions of 

Chinese Yuan. In 1998, the Longgang Bridge in Zhejiang Province was hit by a tanker 

carrying 280 tons of toluene, resulting in 4 deaths and 4 months of traffic interruption. On 

June 15, 2007, a pier of the Jiujiang Bridge in Guangdong Province was hit by a sand barge. 

The pier was promptly ruptured, and subsequently the bridge deck with a length of 140m 

collapsed (Figure 9, left). In the afternoon of December 25, 2010, a 60 m-span arch bridge in 

Yancheng City of Jiangsu Province was hit by a fleet of ships, and subsequently collapsed 

(Figure 9, right).  
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In the past decades, these frequent accidents of ships hitting bridges attracted worldwide 

attention. In 1983, the first International Symposium on Collision between Ships and Bridges 

and Offshore Structures was held by IABSE in Copenhagen. In 1995, an international 

organization engaged in research on ship-bridge collisions was established, that included 

Belgium, France, Germany, and other six countries.  

By the rapid development of bridges and new changes involving ship transportation, the 

problems of ship collision on bridges becomes more prominent. For example, there were only 

7 bridges along the Yangtze River before 1990‘s; while now, there are more than 60 bridges, 

and with many bridges under construction or proposed to be built it greatly increases the 

probability of ship collision accidents on bridges. This problem is becomes even more 

important, when factors such as  continuous enlargement of ship size, increase of shipping 

tonnage, increase of ship speed, and growth of dangerous goods transportation. Besides, the 

recent growth of sea-crossing bridge construction, it is clear that there needs to be more 

attention given to ship collisions on bridges. Since the size and shipping tonnage of seagoing 

ships are much greater than those of river ships are, and the importance and cost of sea-

crossing bridge are very high, this problem and the related risk appear to be more serious. 

Thus, it becomes more urgent to expand research on taking corresponding countermeasures 

against ship collision on bridge. 

 

    

Figure 9. Ship collision induced collapse of Jiujiang Bridge (left) and Yancheng Bridge (right). 

 

There are also many vehicle collision accidents on bridges in China and abroad. By the 

continuous improvement of vehicle speed, makes derailment accidents occur more frequently. 

After derailment, the train may crash the bridge near the track, thus causing a secondary 

accident. A typical example was in Germany, on June 3, 1998, when a high-speed train from 

Munich to Hamburg derailed when it ran close to a small town near Hanover, and collided on 

the overpass bridge across the track, which caused the bridge to collapse (Figure 10) and led 

to heavy loss. It was the most disastrous derailment accident that had occurred in Germany 

since after the Second World War.  

Collision accidents induced by running trucks or cars also often occur on elevated or 

overpass bridges crossing other roads, due to overload, over-height or over-speed vehicles 

that may cause them to be out of control. At 15:00 on February 8, 2009, a bridge on the 

Xinxiang-Heze Railway was hit by a container truck with a trailer. The bridge was equipped 

with two clearance frames. The overhead beam of the first frame was crashed and flew away, 



He Xia, Kunpeng Wang and Zhu Yu 12 

which further smashed the baluster, bracket and sidewalk slab of the bridge, and then the 

second frame was also crashed. Finally, the truck scratched the bottom of the PC girder, and 

then knocked down two clearance frames at the other side (Figure 11, left). Another accident 

also happened at a railway bridge, where the PC girder was directly hit by the lifted container 

of a truck (Figure 11, right). 

 

 

Figure 10. A high-speed train derailed in Germany, and destroyed an overpass bridge. 

 

     

Figure 11. Vehicle collision accidents on bridges. 

 

In the development of China‘s economy, elevated bridges are widely adopted. The  

construct of three-dimensional traffic systems in big cities play an important role in 

maintaining the normal operation of society. However, due to various causes, vehicle 

collision accidents on elevated bridges happen repeatedly. According to the statistics from 

2000 to 2006 in Beijing area, there were more than 100 vehicle collision accidents on bridges 

every year, where 50% of flyovers suffered from vehicles impactsthat attributed to over 20% 

of the bridge damage. It is estimated that owing to these accidents, plus the effect of vehicle 

overload, the average life of bridges in Beijing is shortened by about 20 years. 

Apart from vessels and vehicles, bridges may also be hit by floating objects in rivers. For 

example, bridge damage caused by drifting-floes happened sporadically in cold areas. In the 

United States, a case happened in spring 1938, when a steel arch bridge across the Niagara 
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River near Clifton in New York State was destroyed by drifting-floe collision. In 1991, a 

reinforced concrete bridge in Maine  was damaged by drifting-floe. In China, there are many 

rivers in cold regions. In spring, when the ice-sheet melts in rivers, the seasonal drifting-floes 

are formed and they flow downstream with the water, which increase serious threat on bridge 

piers, as shown in Figure 12 (left). A serious case happened in March 1962, when a huge 

drifting-floe of about 3000 m
2 

collided on a pier of the Sandaokan Yellow River Bridge. This 

incident caused the upper steel truss to emit loud noise, and put the whole bridge in a very 

dangerous state. In 2009, the No. 38 pier of a bridge across the Songhua River was hit by 

drifting-floes, which caused the spans to drop into the river, as shown in Figure 12 (right). 

 

      

Figure 12. Collision of drifting-floe on piers (left) and a destroyed bridge (right). 

 

When a collision load acts on bridge piers, it may cause dislocation of bearings and 

beams, uneven deformation or fracture of expansion joints, and even collapse of beams. This 

has been studied by many researchers (Hettrik and Dan, 1998; Zhang et al., 2007; Wang and 

Chen, 2007; Metrikine, 2011). For high-speed railway bridges, however, even if there is no 

span collapse, the vibration and displacement induced by collision may deform the track and 

make it instable, which may further threaten the running safety of train vehicles. During 

collision, the vehicle on the bridge may derail from the track when the collision is intense and 

the train running speed is high. Therefore, the dynamic response of bridges and running safety 

problem of vehicles on bridge induced by collision force is an important research topic of 

bridge operation security risk assessment. This problem, however, has not yet been concerned 

up to the present. 

 

 

2.4. Bridge Vibration Induced by Crowd Load 
 

Crowd induced vibration of bridge is an ancient and an increasingly conspicuous 

problem. One famous example is the collapse of a bridge in England in the 19th century, 

which was induced by a soldier team passing the bridge. When the soldiers paraded on the 

bridge, the regular steps acted on the bridge as a harmonic excitation, which caused resonant 

vibration of the bridge and then destroyed it.  
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By constant application of new materials, structure systems and complex structure forms, 

footbridges are becoming more beautiful and longer, while the same time more flexible, 

which causes more serious vibration problem than common roadway bridges (Nakamura, 

2003; Woumuth and Surtees, 2003; Metrikine, 2011). Footbridges are mainly used as a 

passage for pedestrians, which are featured by the fact that pedestrians are both vibration 

excitation source and a vibration receiver. The vibration problem of a footbridge includes two 

aspects: the crowd load induces vibration of the bridge; and in turn, the vibration of the bridge 

affects comfort or even normal walking of pedestrians. One typical example is the crowd-

induced vibration of the London Millennium Bridge.  

At the turn of century, in 2000, a new bridge, the London Millennium Bridge, appeared 

on the Thames River, which looked like a man with open arms to welcome tourists 

(Figure 13). Compared with the huge, heavy concrete or metal piers of other bridges, this 

bridge only has a couple of Y-typed hollow metal piers, and 8 cables hanging between two 

piers with both ends fixed on the bank, without any rigid girder. Two groups of cable, with 

four cables in each group, respectively hang on the two arms of Y-typed hollow metal piers, 

and connected by lots of light metal transverse beams, on which metal plates are laid to form 

the deck. 
 

    

Figure 13. London Millennium Bridge was closed for crowd-induced vibration. 

 

However, such a slender and beautiful bridge was closed on May 13, 2000, only three 

days after it opened. The reason is that on the opening day, streams of people came to visit it, 

and when they walked through the bridge (Figure 13, right), the 320m long bridge began to 

swing over the water ceaselessly. 

According to the investigation of experts, the swing and instability of London 

Millennium Bridge is in fact a natural phenomenon called ―collective synchronization,‖ rather 

than a design fault. This phenomenon means when people walk casually, according to their 

respective favorite speed, they will unconsciously use the same frequency to walk, without 

any organization. Now, the collective synchronous phenomenon has become a problem that 

should be considered in bridge design. 

A footbridge is usually composed of slender and flexible welded structures, with small 

stiffness and damping, and low frequency. A long-span footbridge usually vibrates with its 

first vertical mode induced by the crowd load, and sometimes vibrates simultaneously with its 

transverse mode, which makes the pedestrians feel uncomfortable and nervous. When the 
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exciting frequency of crowd-load gets close to the natural frequency of the bridge, a 

resonance phenomenon will occur, which will amplify the vibration, cause the pedestrians to 

panic and even endanger the safety of the structure. Therefore, the crowd-induced bridge 

vibration has become one of the main problems that influence the serviceability of 

footbridges. 

 

 

2.5. Vibration of Coupled Train-bridge System 
 

In recent years, with the continuous increase in train speed, along with the increase of 

traffic density and weight of axle load, the problem of dynamic interaction of coupled train-

bridge system becomes more important. On the one hand, high-speed trains (Figure 14) will 

cause a dynamic impact on the bridge structure, causing vibrations, which directly affect the 

working state and the service life of the bridge; On the other hand, the vibration of bridges 

will in turn have an effect on the stability and the safety of running trains. This makes the 

vibration state an important aspect to consider when evaluating the dynamic design 

parameters of the bridge structure. Thus, the vibrations of the train and the bridge inter-act on 

and inter-affect each other, forming a multi-degrees-of-freedom complex vibration system. It 

is an actual requirement for engineers to carry out a comprehensive study on the dynamic 

interaction of the coupled train-bridge system. This study includes the dynamic analysis and 

assessment on the dynamic behaviors for bridge structures, the safety and stability for running 

trains, as well as the service reliability for both of them. 
 

 

 

Figure 14. Dynamic interaction between high-speed train and bridge (Belgium). 

 

When a train runs on a railway bridge, it will inevitably cause the bridge to vibrate. In 

this case, the bridge bears not only the static load, but also the moving load (loading and 

unloading on the bridge when the train passes through the bridge at a certain speed) and the 

inertial forces and other dynamic effects induced by the vibration of the train and the bridge. 

The vibration of the bridge induced by these dynamic loads may cause fatigue of structural 

members, reduce their strength and stability, and even affect the safety and stability of the 

train running on the bridge when the vibration is serious. When the loading frequency of the 

train equals or approaches to the natural frequency of the bridge, the resonance will occur, 
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which will intensify the dynamic response of coupled train-bridge system, or even cause an 

accident. A typical example was in England in 1847, when the Chester Railway Bridge was 

broken owing to excessive vibration induced by a train passing through it. Every serious 

accident provides us with disastrous experience and lesson, which constantly promotes the 

people to improve the structure design to adapt the objective laws.  
 

Table 1. Dynamic interaction of train-bridge system and influencing factors 

 

Problem 
Related influence factor 

Lateral vibration Vertical vibration 

The moving gravity loading on bridge 

structures induced by vehicles running 

on the bridge at a certain speed. 

– Composition and running speed 

of the train, the axle load, axle 

distance of the vehicle, and so on.  

The impact action on bridge induced by 

inertial force of car-body, bogies and 

wheel-sets when a train runs on the 

bridge at a certain speed. 

Masses of car-body, bogies and 

wheel-sets, lateral stiffness and 

damping of suspension devices. 

Masses of car-body, bogies and 

wheel-sets, vertical stiffness and 

damping of suspension devices. 

Dynamic effect of bridge deformation 

and vibration on running vehicles. 

Lateral vibration of bridge. Dynamic deflection and vertical 

vibration of bridge. 

Track irregularity: the random 

excitation source of train-bridge system 

vibration when vehicles passing a 

bridge at certain speed. 

Lateral and gauge geometric 

and dynamic irregularities. 

Vertical and horizontal geometric 

and dynamic irregularities. 

Hunting movement of vehicle wheels: 

caused by the taper of wheel tread and 

gap between wheel flange and inside 

rail, which is a periodic random 

excitation source of self-excited forced 

vibration. 

Wave length and amplitude of 

hunting movement. 

– 

Unevenness of wheel treads. Lateral periodic load. Vertical periodic load. 

Dynamic interaction of coupled train-

bridge system, and the resonance 

appeared at a certain train speed. 

Bridge span; composition and 

axle arrangement of train; 

lateral and torsional frequencies 

of train and bridge; properties 

of lateral springs and dampers. 

Bridge span; composition and 

axle arrangement of train; vertical 

frequencies of train and bridge; 

properties of vertical springs and 

dampers. 

Curved bridge: Centrifugal forces of 

moving vehicles. 

Centrifugal forces of train form 

lateral moving loads, inducing 

lateral and torsional bridge 

vibration.  

– 

Earthquake: the influence of earthquake 

spatial variability on long bridges and 

safety of running train on bridge during 

an earthquake. 

Lateral seismic force. Vertical seismic force. 

Wind: vibration of coupled train-bridge 

system induced by combined action of 

wind and train, and overturning 

stability of running train. 

Effect of lateral turbulent wind, 

dynamic action on bridge of 

running train with lateral wind 

pressure, and structural 

deformation induced by mean 

wind. 

Vertical vibration of bridge 

induced by wind, and the effect of 

mean wind. 

Collision loads: lateral or longitudinal 

vibration of bridge induced by impact 

of vessels, vehicles and floating 

objects. 

Magnitude, direction and acting 

pattern of impact. 

– 
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Therefore, the dynamic interaction of coupled train-bridge system has been given much 

attention by bridge designers (Tanabe and Yamada, 1987; Diana and Cheli, 1989; Cheung et 

al., 1999; Frýba, 2001; Ju and Lin, 2003; Xia et al., 2005, 2006, 2008). 

The problems of the dynamic interaction of train-bridge system and the related influence 

factors are summarized in Table 1.  

The research work on dynamic response of railway bridges was a concern as early as the 

1940‘s. However, since the bridge vibration induced by running train is a complex subject, 

many factors should be considered in order to get accurate results. These factors include the 

masses of car-body and bogies, the effect of dampers and springs, the speed of trains, the 

mass, stiffness and damping of bridge beams and piers, the type and dynamic properties of 

track, the dynamic interactions between wheel and rail, as well as between rail and beam, etc. 

In addition, many random factors such as the unevenness of wheel treads, the geometric and 

dynamic irregularities of track, and hunting movement of wheel-set and bogie, etc., make the 

system analysis model very complex. Therefore, the early studies had to adopt various 

approximation methods with many limitations. It was only in the recent decades, with 

widespread use of computers and various numerical algorithms, the research on this problem 

achieved considerable progress. At present, the dynamic interaction of coupled train-bridge 

system has become an important research direction in bridge vibration filed. 

In China, the study on coupled vibration of train-bridge system began in early 1980‘s, 

and since then, various analysis models have been established and the corresponding software 

developed, which has been validated by a large amount of measured data, and proved to have 

good applicability and rationality, and have been successively used in many practical 

engineering projects. 

There are mainly three kinds of research methods for this problem, namely, analytical 

method, numerical simulation and experimental investigation. 

 

(1) Analytical method 

In analytical method, each part of the coupled train-bridge system is described with a 

theoretical model, mainly relied on strict mathematical and mechanical derivations in theory. 

This method can not only let the researchers understand the problem more clearly in theory, 

but also provide a powerful reference for numerical simulation and empirical prediction 

results. However, as the vibration analysis of coupled train-bridge system is a rather complex 

system problem, it is necessary to simplify the actual situation properly with a reasonable way 

in theoretical modeling process, and to restrict the geometry characteristics and material 

properties of the structure, or to select ideal conditions directly. Therefore, in fact completely 

accurate analytical results do not exist up to now. Even under ideal conditions, it is still 

difficult to acquire exact closed solution for some complex situation, and thus the calculation 

formula derived by analytical method can only be solved with some numerical method, such 

as numerical integration. 

 

(2) Numerical simulation 

In early stages, most researches on this problem were involved with analytical method 

and experimental investigation. In the recent decades, with the development of high-

performance computers, various numerical methods became an effective tool to simulate the 

coupled vibration of train-bridge system, and played more and more important roles. Due to 

the restriction of calculation algorithms and parameter conditions, various approximations 
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have to be adopted in numerical simulation methods, to establish simplified and easy-to-solve 

models. The principal and critical problem for these simplified models is how to verify their 

rationality. This problem is at present mainly realized through experimental validation. 

Owing to the complexity of actual bridge structures and train vehicles, and the time-varying 

characteristics of moving loads, numerical simulation is currently the most common method 

to analyze the vibration of coupled train-bridge system. 

 

(3) Experimental investigation 

Experimental investigation is one of the main ways in studying the vibration of coupled 

train-bridge system. Before the appearance of finite element method, experimental 

investigation had been the main manner of research. Based on massive experiments about 

vehicles and bridges, numerous empirical equations and theories were summarized, and were 

used to guide the bridge design. After the appearance of finite element method, experimental 

investigation has been closely combined with analytical analysis and numerical simulation, 

and thus a lot of testing work can be reduced. A series of experiments have been carried out 

on vibration problems of new structures or high-speed railway bridges, and based on the tests 

the vibration simulation models for coupled train-bridge system are established, verified and 

improved. Through comparison of simulated results and test data, the main factors that 

influence vibration properties of bridge structures and train vehicles are searched and 

determined. It is now the main function of experimental investigation to provide verification 

and to supply parameters for analytical models. 

In the experiments for coupled vibration of train-bridge system, since small-scale model 

tests can hardly give accurate simulation on complex wheel-rail interaction, prototype tests or 

field measurements are usually adopted, and the results can reflect the actual responses of the 

bridge under dynamic trainload objectively and comprehensively. However, if we only stay in 

the experimental stage, but not try to find out the inherent laws, the result is that we have to 

perform enormous repeated experiments to determine the new dynamic parameters with the 

change of bridge structure types, bridge spans, vehicle performances, etc., which is not only 

expensive, but also a waste in time and labor. Therefore, there exists many restrictions for this 

experiment-only method. 

On the other hand, it is also very difficult to simply use theoretical analysis to solve this 

problem. As mentioned previously, train-induced bridge vibration is a complex subject. In 

order to acquire realistic results through theoretical analysis, the influences of many factors, 

including random ones, should be considered, which makes the theoretical model of the 

system very complex. As a result, although the dynamic analysis method for girders has been 

well developed, it is still necessary, due to the limit of computation method, to adopt various 

approximations and to establish simple analysis models for the coupled train-bridge system, 

such as to simplify the train loads into moving constant forces or deterministic harmonic 

excitations, to consider the dynamic behaviors of train vehicles as stationary moving mass 

models, independent impact forces, or sprung masses connected with springs and dampers. In 

order to actually use these simplified models, the primary work is to verify the rationality of 

modeling, which can only be realized by experimental data. 

Therefore, the dynamic interaction of coupled train-bridge system is usually studied 

through combination of theoretical analysis and experimental investigations; namely, using 

the experimental results to verify the correctness of the theoretical model. Then using the 

validated correct theoretical method to perform numerical simulation analysis on the dynamic 
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responses of coupled train-bridge system, based on which to perform parameter sensitivity 

analysis on the responses, and in this way to ensure the safety of the bridge and the train 

under various operation conditions. 

 

 

3.  DYNAMIC ANALYSIS MODEL FOR COUPLED  

TRAIN-BRIDGE SYSTEM 
 

The dynamic behavior of train-bridge system is a coupled, complex time-varying 

interaction problem. Such a problem is generally solved by computer simulation method 

based on establishing a dynamic interaction model for the train-bridge system, as shown in 

Figure 15. Theoretically, the analysis model can be regarded as a united big spatial dynamic 

system composed of two subsystems, the bridge subsystem model and the moving vehicle 

subsystem model, which are simulated as two elastic structures, with each characterized by 

some patterns of vibration. The two subsystems interact with each other through the contact 

forces, i.e., the forces induced at the contact points between the wheels and rail surface of the 

railway bridge. The wind loads, seismic actions, or collision forces are considered as the 

external excitations on the train-bridge system.  

 

1 2 3 4 5

 

Figure 15. Dynamic model of coupled train-bridge system. 

 

 

3.1. Dynamic Model of Train Vehicles 
 

The train model is composed of several vehicles (locomotives and cars). Each vehicle is 

regarded as a complicated multi-DOFs (degrees-of-freedom) vibration system consisting of a 

car-body, bogies, wheel-sets, suspension springs, and dashpots.  

There are two types of bogies used in railway trains: (1) the independent bogies, which 

are used in the vehicles for most of conventional and high-speed railway trains, where the 

vehicles are independent with each other. (2) the articulated bogies, which are used in the 

vehicles for some high-speed trains such as in French TGV and the Korean high-speed trains, 

where the trains are composed of the vehicles articulated with each other by the bogies. 
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3.1.1. Fundamental Vibration Patterns of a Vehicle  

In analyzing the dynamic action of a vehicle on a structure, the car-body (or a bogie, a 

wheel-set) is normally regarded as a rigid body. Thus, the spatial position of a car-body can 

be determined by three orthogonal coordinates (x, y, z) which intersect at the gravity center O. 

Therefore, the vibration of a car-body comprises six DOFs: three translational movements 

along the coordinates and three rotational vibrations around the coordinates, forming six 

fundamental vibration patterns: floating, lateral swing, forth-and-back, yawing, pitching, and 

rolling, as shown in Figure 16. 

 

 

Figure 16.  Fundamental vibration patterns of a car-body. 

 

Actually, each pattern of a car-body vibration does not occur independently. The 

complicated vibration of a car-body is always coupled by the six fundamental patterns with 

different combinations. When a vehicle runs on the track, floating and pitching are always 

coupled, while lateral swing, rolling, and yawing often occur simultaneously, owing to the 

influence of complicated factors such as load asymmetry, randomness of track irregularity. 

Usually in vehicle vibration analysis, floating, and pitching in the xoz plane are called vertical 

vibration, lateral swing and yawing in the xoy plane and rolling in the yoz plane are called 

transverse vibration, while forth-and-back vibration along the car-body longitudinal axis is 

called longitudinal vibration. 

The vibration patterns of other parts in a vehicle such as a bogie or a wheel-set appear 

differently from those of the car-body. For example, the vibrations of floating, lateral swing, 

forth-and-back, yawing, pitching, and rolling may independently occur in a bogie or a wheel-

set, owing to their geometrical symmetry. 

 

3.1.2. Basic Assumptions for Vehicle Model  

To simplify the analysis but with enough accuracy, the following assumptions are used in 

modeling a train vehicle in this chapter: 

(1) The car-body, bogies and wheel-sets in each vehicle are regarded as rigid 

components, neglecting their elastic deformation during vibration. 
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The connections between a car-body and a bogie are represented by the second 

suspension system with two linear springs and two viscous dashpots of the same properties in 

either the horizontal direction or the vertical direction. 

The connections between a bogie and a wheel-set are characterized as the first suspension 

system with two linear springs and two viscous dashpots of the same properties in either the 

horizontal direction or the vertical direction. 

The train runs on the bridge at a constant speed so that the position of the train in the 

longitudinal direction (in the x-direction in Figure 17) can be determined at any given time as 

long as the initial position of the trains is known. Therefore, the degree-of-freedom of a 

vehicle in the longitudinal direction is not considered. 

The vibration amplitude of each component in a vehicle is small. 
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Figure 17.  Dynamic analysis model of the vehicle-girder system. 

 

Five DOFs are assigned to the car-body, to account for the lateral movement Yc, rolling 

c yawing c floating Zc and pitching c. Each bogie also has 5 DOFs of lateral movement 

Yt, rolling t yawing tfloating Zt and pitching t, while only 3 DOFs are assigned to each 

wheel-set, which relate to the lateral movement Yw, rolling w, and floating Zw. The idealized 

configuration for each vehicle with 2-bogies and 4-axles in a train can therefore be modeled 

by a 27-DOFs dynamic system, as shown in Figure 17. 

 

3.1.3. Establishment of Vehicle Motion Equations  

The motion equations of a vehicle can be established by any structural dynamics method. 

Herein, the Lagrange‘s motion equation is applied and the ith car is taken as an example to 

derive the motion equations. The Lagrange‘s motion equation can be expressed as 

d
0,

d k k k k

T T V Q

t q q q q

    
    

    
                                      (1) 
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where T, V, and Q are, respectively, the total kinetic energy, the total elastic potential energy 

and the total damping dissipation of energy of the system. 

The total energy equations of vehicle motion can be described as follows. 

(1) The total kinetic energy of vehicle masses 

The total kinetic energy of vehicle masses can be written as 
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                (2) 

where: the first, second and third parts of the equation at the right side are kinetic energy of 

the car-body, bogies and wheel-sets of the ith car, respectively; Mci, Jci, Jci, Jci are mass, 

mass moment of inertia around the x, y, z axes of the ith car-body, respectively; Mtij, Jtij, Jtij, 

Jtit are mass, mass moment of inertia around the x, y, z axes of the jth bogie on the ith 

vehicle, respectively; mwijl, Jwijl are the mass and mass moment of inertia around the x axis of 

the lth wheel-set on the  jth bogie of the ith vehicle, respectively. 

(2) The total elastic deformation potential energy of vehicle suspension springs 

The total elastic deformation potential energy of vehicle suspension springs is written as: 
1 2

i i iV V V                                                                    (3) 

where the elastic deformation potential energies of the primary and the secondary suspension 

springs are respectively as follows 
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(3) The total damping dissipation of energy of vehicle suspension dashpots 

The total damping dissipation of energy of vehicle suspension dashpots is written as: 
1 2 ,i i iQ Q Q 

 
                                                           (6) 

where the damping dissipation of energies of the primary and secondary suspension dashpots 

are respectively as follows 
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                            (8)
 

In these equations, Nwi is number of wheel-sets on each bogie of the ith vehicle; 
j
 is 

position function of bogies, for front bogie j =1 and for rear bogie j =-1; jl is position 

function of wheel-sets, jl = 1 when the lth wheel-set is on the front of the jth bogie, and      

jl =-1 when it is on the rear of the bogie. 

Substituting these expressions to the Lagrange‘s motion equation (1), and substituting 

each DOF of vehicle for qk, the motion equations of car-body and bogies can thus be derived. 

Expressed in matrices, the motion equations of the ith car-body and its two bogies can be 

written as follows. 
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where the subscripts c, t1, t2 represent the car-body, the front and rear bogies of the vehicle, 

respectively, I = 1,2,…, Nv, and Nv is the number of vehicles on the bridge. iv , iv , and iv  

are the displacement, velocity and acceleration vectors of the ith vehicle, respectively. The 

sub-displacement vectors for the car-body and two bogies in the ith vehicle can be 

expressed as 
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  2 2 2 2 2 2

T

t t t t t ti i i i i iY Z  v .             (10c) 

 

Each sub-mass matrix is a diagonal matrix, expressed as 

 θ ψcc c c c c cdiagi i i i i iM J J M J
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M  .                                (11b) 

 

The sub-stiffness matrices are expressed as 
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where h1i , h2i , and h3i are respectively the vertical distances between the three components in 

the ith vehicle; ai , bi , di , and si are respectively the longitudinal and lateral distances 

between various axes of the ith vehicle, as defined in Figure 17. 

The sub-damping matrix can be obtained by simply replacing ―k‖ in the corresponding 

sub-stiffness matrix by ―c‖. 

The force vector consists of two parts: 
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The elements in the first part, e
ciF , 

1

e
t iF and 

2

e
t iF , are the vectors of external forces (such as 

wind load, seismic action, collision forces) acting on the car-body, the front and rear bogies of 

the vehicle, respectively. 
1

w
t iF  and 

2

w
t iF  are the vectors of forces transmitted from the wheel-

sets through the primary springs and dashpots to the front and rear bogies, respectively. The 

forces transmitted from the wheel-sets to the bogies can be expressed in terms of the 

displacements and velocities of the wheel-sets. 
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3.2. Dynamic Model of Bridge Structure 
 

A railway bridge consists mainly of piers and abutments, beams, decks, and tracks. The 

forces from the wheels of a train will be transmitted to the bridge deck through the track. 

Nowadays, bridges are usually analyzed and designed with the help of finite element method.  

 

3.2.1.  Basic Assumptions for Railway Bridge 

The following assumptions are used in modeling the railway bridge in this chapter: 

There is no relative displacement between the track and bridge deck. The elastic effects 

of the track system are also neglected. 

The value of mode shape function between deck nodes obtained from the eigenvalue 

analysis is determined using the Lagrange interpolation. 

The deformation in cross-section is neglected in vibration analysis for the bridge girder 

with solid sections. For hollow structures, such as box girders, trussed girders, the 

deformation of cross-section can be taken into account in modal analysis. 

 

3.2.2.  Motion Equations of Bridge Structure 

According to these assumptions, a bridge structure can be modeled as a 3-D spatial finite 

element model. The motion equations of bridge nodes can be expressed as 

b b b b b b b  M X C X K X F ,        (15) 

where: Mb, Cb, and Kb are mass, damping and stiffness matrices, and Xb, bX , and bX  are 

displacement, velocity and acceleration vectors, of bridge nodes, respectively; Fb is force 

vector acting on bridge nodes, which can be expressed as 
e w

b b b F F F ,           (16) 

where: e
bF  is the vector of external force acting on bridge nodes (such as wind load, seismic 

action); w
bF  is the vector of forces transmitted from wheel-sets through the track. 

According to the assumption (3), the movements of the bridge girder at any section can  

usually be identified in terms of the lateral displacement Yb, vertical displacement Zb, and 

torsional displacement b at the shear center (or centroid) of the cross section, see Figure 18.  
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Figure 18. Forces acting on deck girder (left) and through box girder (right). 
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The lateral, vertical forces and torsional moment acting on the bridge through the lth 

wheel-set on the jth bogie of the ith vehicle can be determined, according to the acceleration 

of wheels-set and its displacement and velocity relative to the deck, as follows. 
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where:ｇ is acceleration of gravity; 
ih4
 is vertical distance from track surface to girder body 

center; ei is eccentricity of track center to girder cross-section center. 

 

 

3.3. Wheel-Rail Relationship – Linking Equations 
 

In the previous sections, two sets of motion equations for the coupled train-bridge system 

have been written, one for the bridge and the other for the vehicles. The two models are 

dynamically coupled with each other through the contact relationship between the wheels and 

the rails. Therefore, the analysis model of wheel-rail contact relationship, which links the 

bridge movement and the vehicle movement, is one of the key problems to be solved in the 

train-bridge system analysis. 

There are two methods to deal with wheel-rail relationship. One is to assume the wheel-

rail relationship with close contact, and no elastic deformation is considered. The other is 

assume the wheel-rail relationship with elastic contact. 

 

3.3.1. Wheel-Rail Relationship with Rigid Contact  

This method assumes rigid contact between the wheel and the rail, without detach during 

the movement of the wheel on the rail. It directly takes hunting movement and track 

irregularity as system input that control the relative displacement between wheel-sets and 

rails. These input parameters can be either the actually measured data, or the random system 

excitations resulted from theoretical values or stochastic simulation. Combined with an 

unconditional stable integral method, such as the Newmark method, each integration step 

can be directly solved without iteration, thus it has superiority. Since the main parameters 

come from actual measurement, they can reflect the principal characteristics of wheel-rail 

relationship. This method is simple and convenient, whose practicability has been verified by 

many in literature. 

In consideration of both wheel hunting and track irregularities, the relationship between 

the lth wheel displacements and the bridge deck displacements can be illustrated in Figure 19, 

and can be expressed as: 
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where: the track irregularities consist of the lateral irregularity Ys(xijl), vertical irregularity 

Zs(xijl), and torsional irregularity s(xijl); Yh(xijl) is the hunting displacement; xijl is the co-

ordinate of the lth wheel of the jth bogie in the ith vehicle along the bridge deck; Yb, Zb, and 

b  are the lateral, vertical, and torsional displacement of the bridge deck, respectively.  
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Figure 19.  Relationship between the wheel-set and bridge girder. 

3.3.2. Wheel-Rail Relationship with Elastic Contact 

This method takes track irregularity as excitation and adopts detailed wheel-rail contact 

model with adhesion relationship, including determination of geometric parameters and creep 

force calculation, where the hunting movement is the result from calculation. This method is 

complicated, which needs iteration during calculation.  

In this method, the interaction or contact forces existing at the contact points of the two 

subsystems make the two sets of equations coupled.  

The interaction between the wheel and rail of the train-bridge system include two types of 

contact forces: the normal interaction force and the tangential creep force. 

When a vehicle moves on the track, there exists a normal force between the two closely 

inter-pressed elastic bodies of the wheel and the rail. The normal interaction is treated 

according to the nonlinear elastic Hertzian contact theory, in which the normal interaction 

force between the wheel and rail can be expressed as: 
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    (19) 

where Z(t) is the compression value between wheel and rail, and G is the Hertzian wheel-rail 

contact constant.  
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When a vehicle moves on the track, there exists a contact spot between the two closely 

inter-pressed elastic bodies of the wheel and the rail. When there is a relative movement or a 

trend of relative movement between the two elastic bodies, and owing to the friction action, a 

tangent force appears at the contact spot surface, which is called creep force. The relationship 

between the creep force and the relative wheel-rail sliding is explained by the wheel-rail 

rolling contact mechanics, which plays an important role in dynamic analysis of vehicle-

bridge system. 

In the past decades, the behaviors of creep forces from the rolling contact of elastic 

bodies were studied theoretically and experimentally, and various analysis algorithms 

proposed. Kalker, a Netherlands scholar, made excellent contribution to the development of 

wheel-rail rolling contact theory. Since 1960‘s, he has proposed a series of linear and 

nonlinear, accurate and simplified wheel-rail creep theories, systemically solved the rolling 

contact problem of two elastic bodies under dry friction, and thus promoted the application of 

the creep theory to the engineering practice. His researches are widely referenced in this field.  

The tangent interaction is treated first by the Kalker linear theory under small creep and 

then corrected by the Shen-Hedrick-Elkins nonlinear theory, to make it applicable to the 

conditions with large creep (Kalker, 1989; Zhai et al., 1996). According to the Kalker theory 

and the Shen-Hedrick-Elkins theory, the tangent interaction force between wheel and rail can 

be expressed as: 
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    (20) 

 

where: Fx and Fy are the creep forces in longitudinal and lateral directions, respectively; Mz 

stands for the rolling creep moment; f11 and f22 are the longitudinal and lateral creep factors, 

respectively; f23 is the rotation/lateral-displacement creep factor, and f33 is the rolling creep 

factor;  stands for the relative velocity difference between the contact surfaces of the wheel 

and the rail, with the subscripts x, y, and sp, representing the longitudinal, lateral, and rolling 

directions, respectively; and  is a correcting factor. 
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Figure 20. Wheel/rail relationship in local coordinate system. 
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When Eqs. (19) and (20) are employed to calculate the wheel-rail interaction forces, the 

wheel-rail contact point and the corresponding contact geometry parameters must be 

determined first. The contact points in the left and right wheels can be only in the trace (Ref. 

Figure 20): 
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   (21) 

where:  2 2

x L,R1 1 tanm l    ; lx, ly and lz are the direction cosines of wheel axis, 

respectively; Yw is the lateral displacement, Rw is the rotation angle of the wheel-set,  is the 

contact angle between wheel and rail, with the subscripts L and R representing the left and the 

right wheels, respectively. The actual contact point can be obtained by changing the position of 

the rolling center and searching for the point nearest to the rail surface, with the irregularity of the 

rail taken into account. 

By introducing the measured wheel-rail section profile and graphing with the third-order 

spline approximation in the fixed coordinate system, the coordinates of the wheel-rail contact 

point can be identified by calculating the minimum perpendicular distance of the left or right 

wheel-rail at a given time. Then, the wheel-rail contact forces can be determined. Details of 

the calculation process can be found in Zhai et al., (1999) and Xia and Zhang (2005). 

 

 

3.4.  Dynamic Analysis Model for Train-Bridge System 
 

By combining the vehicle subsystem in Eq. (9) and the bridge subsystem in Eq. (15), 

together with the wheel-bridge relationship of Eq. (18), the dynamic equations of the coupled 

train-bridge system can be obtained.  

Although the original finite element model can be directly used to constitute the basic 

equations for the coupled train-bridge system, the direct integration of these equations in the 

time domain to find the dynamic responses of bridge and train is very cumbersome. In 

analyzing the running safety of train vehicles on railway bridges, the deformation of the 

bridge can be approximately considered within the elastic range. Therefore, the modal 

decomposition technique is performed herein for modeling the bridge subsystem. First, the 

free vibration frequencies and modes of the system are solved. Upon the orthogonality of the 

modes, the FEM equations coupled with each other can then be decoupled, which makes the 

bridge calculation model become the superposition of independent modal equations. Owing to 

the fact that the dynamic response of a structure is dominated by several of its lowest modes, 

this approach has a great advantage that an adequate estimation of the dynamic response can 

be obtained by considering only a few modes of vibration, thus the computational effort can 

be significantly reduced.  

In this way, the vehicle equations are combined with the bridge modal equations. The 

number of mode shapes of the bridge taken into account in the computation should be large 

enough to include the effects of both the global deformation of the bridge and the local 

deformation of the structural elements supporting the track. This decision may be made 

through a convergent study of the effects of the number of mode shapes or through a 
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comparison with the measurement data. The mode shape value between the deck nodes 

obtained from the eigenvalue analysis is determined using the Lagrange interpolation. 

When the modal decomposition method is adopted for the bridge model, i.e., the bridge is 

discreted with the generalized coordinates, the movement of  bridge deck at any section can 

be represented by the superposition of the bridge mode shapes as 
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where: h ( )n
ijlx , θ ( )n

ijlx  , and v ( )n
ijlx  denote respectively the values of the lateral, torsional 

and vertical components of the nth bridge mode at the position of the lth wheel-set on the jth 

bogie of the ith vehicle; Nb is the number of modes concerned in the calculation; and qn is the 

generalized coordinate of the nth mode. 

If the mode shapes of bridge vibration are normalized with T 1n n  M , the nth modal 

equation of the bridge can be expressed as 
22 ,n n n n n n nq q q F                                          (23) 

where n and n stand for the damping ratio and circular frequency, and Fn is generalized 

force, of the nth mode, respectively;. 

2

1 1 1

,
v wiN N

n nijl

i j l

F F
  

                                                (24) 

where Fnijl is the generalized force on the bridge applied by the lth wheel-set on the jth bogie 

of the ith vehicle.  

h h θ θ v v( ) ( ) ( )n n n
nijl ijl ijl ijl ijl ijl ijlF x F x F x F                              (25) 

in which: Fhijl, Fijl and Fvijl are respectively the lateral, torsional, and vertical component of 

Fnijl, as shown in Eq. (17); xijl is the wheel-set position coordinate on the bridge deck. 

According to Eqs. (22) and (18), the displacement of the lth wheel-set on the jth bogie of 

the ith vehicle can be expressed by superposition of bridge generalized coordinate, hunting 

movement and track irregularity, which can be written as 
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(26)

 
Clearly, the displacements of the wheel need not be included in the motion equations for 

the bridge-train system. This can reduce the computational effort significantly.   

Therefore, the coupled motion equations for the bridge-train system can be derived and 

expressed as follows: 
w e

vv vv vb vv vb vv v v v

w e
bb bv bb bv bb bb b b b

0
 ,

0

              
                 

              

M C C K K XX X F F

M C C K K QQ Q F F
         (27) 
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where the subscripts ―v‖ and ―b‖ represent the vehicles and bridge, respectively. The sub-

displacement vectors, the sub-mass, sub-stiffness and sub-damping matrices, and the sub-

force vectors acting on the vehicles and the bridge are explained as follows. 

 

3.4.1. Displacement Vectors 

Suppose there are Nv vehicles on the bridge, the sub-displacement vector of vehicles can 

be expressed as 

 v

T

v v1 v2 v vi NX X X X X ,    (28) 

where 
1 2

T
v c t t v[ ] , 1,2,...i i i iv v v i N X is the displacement vector of the ith vehicle. It 

consists of the car-body and the bogie sub-vectors, and the details of them can be found in Eq. 

(9). 

The sub-vector of the generalized displacements of the bridge can be expressed as: 

 b

T

b 1 2 n Nq q q qQ ,             (29) 

where Nb is the number of vibration modes concerned for the bridge. 

 

3.4.2. Sub-matrices of Vehicles 

The sub-matrices of vehicles are marked with subscript ―vv‖. Mvv is the sub-mass matrix 

of the train with Nv vehicles: 
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where viM  is the mass matrix of the ith vehicle. It consists of the car-body and the bogie 

mass sub-matrices, and the details of them can be found in Eq. (11). 

Kvv is the sub-stiffness matrix of the train with Nv vehicles: 























vv

2v

1v

vv

NK000

000

00K0

000K

K


;         



















ii

ii

iii

i

222

111

21

ttct

ttct

ctctcc

v

K0K

0KK

KKK

K ,  (31) 

where Kvi is the stiffness matrix of the ith vehicle. It consists of the car-body and the bogie 

stiffness sub-matrices, and the details of them can be found in Eq. (12). 

The sub-damping matrix of the vehicle can be achieved by simply replacing ‗K‘ in the 

stiffness matrix by ‗C‘.  

 

3.4.3. Sub-matrices of Bridge 

The sub-matrices of bridge are marked with subscript ―bb‖. Mbb is the sub-mass matrix of 

the bridge: 
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1 1 1

v iN N
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i j l

M m J m  
  

      .         (33)

 
Kbb is the sub-stiffness matrix of the bridge: 
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Cbb is the sub-damping matrix of the bridge: 
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where   h h 4 θ h 4 θ
nm n n m m
ijl ijl i ijl ijl i ijlh h         , θ θ θ

nm n m
ijl ijl ijl     and  v v θ

nm n n
ijl ijl i ijle      

 v θ
m m
ijl i ijle     are coefficients related to vehicle locations on the bridge, which reflect the 

coupled relationships between vehicle and bridge system and between bridge modes.  

 

3.4.4. Sub-matrices of Vehicle-bridge Interaction 

The sub-stiffness matrices attributed to the interaction between the bridge and the 

vehicles (with subscripts ―vb‖ or ―bv‖) can be derived as follows: 
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where ,,...2,1 vNi  ,,...2,1 bNn  and 2,1j .  
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The sub-damping matrices attributed to the interaction between the bridge and vehicles 

can be obtained by simply replacing ―k‖ in upper Eq. (38) to  Eq. (40) by ―c‖.  

 

3.4.5. Sub-force Vectors of Vehicles and Bridge 

 

The force vector acting on the vehicle through the wheels can be expressed as: 

b

T
w w w w

v v1 v2 v N
   F F F F ,                                            (41) 

where w
v iF  is the sub-force vector acting on the ith vehicle through its wheels: 

1 2

T
w w w

v t ti i i
   F 0 F F  ,                                                 (42) 

where 
1

w
t iF  and 

2

w
t iF  are the vectors of forces transmitted from the wheels through the primary 

springs and dashpots to the front and rear bogies, respectively, and can be described as 
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          (43) 

where: i = 1,2,…,Nv; j = 1,2; N
wij

 is the number of wheel-sets on the jth bogie of the ith 

vehicle. 

The modal load vector of the bridge can be expressed as: 

b

T
w w w w

b b1 b2 bNF F F   F                                          (44) 

The nth component of the modal load vector is 
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               (45) 

It is clear that the coefficients  and  in these equations are the functions of train speed 

V and time t. When the train runs on the bridge, they are always varying along with the 

change of wheel positions of the train vehicles. Equation (27) is actually the second-order 

linear non-homogeneous differential equations with time-varying coefficients. Herein, these 

equations are solved using the Newmark implicit integral algorithm with =1/4. A computer 

code is programmed based on the formulation derived earlier and is used to perform a case 

study. 

The force vectors acting on the vehicles and the bridge are marked with superscript ―e‖, 

which can be expressed as: 

b

T
e e e e

v v1 v2 v ,N
   F F F F                                         (46) 

b

T
e e e e

b b1 b2 b .NF F F   F                                         (47) 
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The force vector acting on the bridge and the vehicle depend on the types of the external 

loads, such as wind loads, seismic excitations, collision forces, and centrifugal forces. It will 

be described in the following sections. 

3.5.  Self-excitation Sources of Train-bridge System 
 

There are three important self-excitations in the train-bridge system: track irregularity, 

bridge deformation, and wheel hunting movements; in addition to the moving load of the 

train. 

 

3.5.1.  Track Irregularities 

The primary dynamic inputs to train-bridge system come from track geometry variations 

or irregularities. Track irregularities refer to the deviations of the rails that support and guide 

the wheels from the ideal rail of perfect geometry, which includes static irregularity at 

unloaded status and dynamic irregularity under loading. Track irregularities may occur 

because of initial installation errors, degradation of support materials, and dislocation of track 

joints, etc. The four commonly used geometrical parameters to define tangent track 

irregularities are illustrated in Figure 21. They are the vertical profile zv, the cross-level zc, the 

alignment ya, and gauge yg. The cross-level irregularity can also be expressed in terms of the 

angle formed by the level difference between the left rail and the right rail, namely, c = zc/2b. 

For dynamic analysis of coupled train-bridge system, the track irregularity input can be 

the measured irregularities from the actual tracks (Figure 22), or the simulated ones based on 

the power spectral density functions of the track irregularity (Au et al., 2001; Xia and Zhang, 

2005; Majka and Hartnett, 2009). 

Track irregularities consist of random irregularities and periodic deformations, which are 

the main vibration excitation for the wheel-rail system, and are the controlling factor that 

influences the running safety and stability of the vehicles. When the track is out of quality, the 

vehicle vibration and wheel-rail contact forces will increase significantly as the train speed 

increases, and to a worst extent, may cause derailment of the train. 

 

Figure 21. Track irregularities: (a) vertical profile zv; (b) alignment ya; (c) cross-level zc and gauge yg. 
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Figure 22. Track irregularity curves measured at the Shihe River Bridge on the Qinhuangdao-Shenyang 

high-speed railway. 

 

Shown in Figure 23 are the comparisons of track irregularity spectra from Japan, Britain, 

Germany, US, and China. The China spectra were measured by the track-inspection car at the 

30-72 km section of the Qinhuangdao-Shenyang high-speed railway. 

From the point of structural dynamics, the wavelengths or frequencies implied by the 

track irregularities are crucial to the dynamic behavior of the train-bridge system. The 

resonance may occur on the bridge and the running vehicles, when any of the excitation or 

vehicle frequencies coincides with, or are close to, any of the frequencies implied by the 

surface roughness. The wavelengths or frequencies implied by the deformation of bridge deck 

play a role similar to that of the track irregularities. 

 

 

Figure 23.  Comparison of track spectra from several countries: vertical (left), lateral (right). 

The frequency range of track irregularity spectrum has great influence on the dynamic 

analysis result of train-bridge system. Generally speaking, the short wave components affect 

the running safety indices such as derailment factors and offload factors, while the long wave 
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components affect the vehicle accelerations so as to influence passenger comfort. As a result, 

the vibration frequency of vehicles, tracks, bridges as well as train speed range should be 

taken into account in determining the wavelengths of track spectrum in dynamic analysis. 

For long waves, the natural frequency of common bridge is higher than that of vehicle, so 

the vehicle vibration standard is the dominant factor when determining the wavelength of 

track spectrum. Considering the most unfavorable case, the wavelength Ls should meet the 

following condition: 

s

v3.6

V
L

f
  (m),                                                      (48) 

where: V is the maximum train speed (km/h), fv is the natural frequency of the involved 

vehicle (Hz). 

The natural frequency range of high-speed trains is 1.0~1.5 Hz. When the maximum train 

speed is 300 km/h, according to Eq. (48), the wavelength of track irregularity spectrum 

should be equal to or more than 83~55m. In consideration of passenger comfort, the lower 

limit of Sperling Index is 0.5 Hz, thus the corresponding wavelength should be equal or more 

than 166~110m. 

The wavelength range is theoretically quite wide, while actually, long wave components 

longer than 80m are mainly from uneven settlement of subgrade. Since the wavelength range 

of bridge track is shorter than that of subgrade track, and the irregularity owing to bridge 

deformation has been reflected in the system analysis model, the upper cut-off wavelength 

can be chosen as 80 m in train-bridge dynamic analysis for high-speed railways. 

For short waves, since the sampling interval of track irregularity measured with track-

inspection car is 0.25 m or 0.3048 m (1.0 ft), the effective wavelengths of track irregularity 

are longer than 1.0 m. Thus, the corresponding maximum excitation frequency is about 80 Hz 

related to train speed up to 300 km/h, which will satisfy the requirement of bridge vibration 

analysis. 

 

3.5.2.  Bridge Deformations 

The dynamic elastic deformation of bridge structure under trainload may directly 

influence the vibration behaviors of the whole train-track-bridge system, and further influence 

the stability of track and the running property of train vehicles. This deformation, however, is 

part of the system responses, which can be acquired from the system analysis, and thus it is 

not considered as a self-excitation of the system.  

For a coupled train-bridge system, the excitation from bridge mainly refers to various 

long-term permanent geometrical deformations, which include creep camber of PC girders, 

post-construction settlement of bridge foundation, and temperature deformation of girder-

body. These deformations may change the geometrical profiles of bridge track via bridge-

track interaction, and thus should be considered in the system analysis.  

In the three types of deformations, the creep camber of PC girder and the post-

construction settlement of foundation are permanent, which change very slowly with time. 

The temperature deformation of girder-body is quasi-permanent, which varies with time, but 

can be considered as unchanged within a short period of a train passage.   
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(1) Creep Camber of PC Girders 

The time-dependent deformation of concrete girders includes shrinkage and creep, which 

make the girders continue to deform after construction. This type of deformations, although 

their deforming speed decreases with time, will accumulate with time gradually to such an 

amount that will form an longitudinal deck irregularity which may influence the running 

quality of train vehicles on the bridge.   

Creep deformation of bridge is affected by many factors, especially, strongly affected by 

the environment, and thus it is difficult to calculate. Ye et al., (2009) investigated the post-

construction deformations, namely the profile change after laying tracks, of an (85+135+85) 

m PC concrete continuous girder with slab-type tracks, by simulating the whole process of 

construction with the measured creep coefficients. The results are shown in Figure 24, in 

which the times indicate the dates after the construction.  

It can be clearly seen that with the time after laying tracks, the camber of the girder 

induced by creep continuously increased, and the change was fast in the early years and 

gradually got slower after years. 

(2) Post-construction settlement of bridge foundation 

Post-construction settlement of bridge foundation is another important factor that affects 

the track profile on the bridge. For a statically-indeterminate structure, the allowable 

difference of settlements between adjacent piers should be determined according to the 

additional stresses induced by such difference. For a statically-determinate structure, the 

current railway design codes give strict provisions on the post-construction settlement of 

bridge foundations, to ensure that the change of track profile on the bridge due to the 

settlement shall not influence the normal operation of the train, or at least after minor 

elevation adjustment of tracks to realize this purpose. 

 

 

Figure 24.  Deformation profile curves of post-construction creep camber of a PC girder. 

 

(3) Temperature deformation of girder body 

Temperature deformation of girder body mainly refers to the static deformation of the 

girder induced by actions of uniform temperature and gradient temperature. 
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Static deformation induced by uniform temperature that is caused by the seasonal 

temperature change is the longitudinal deformation along the bridge axis. Gradient 

temperature is the nonlinear temperature difference of the girder along its height direction, 

which is caused by the sunshine within a day. For the superstructure of a concrete bridge, the 

temperature variation at sunny side is bigger than that at shady side, and owing to the poor 

thermal conductivity of concrete material, the interior of the structure remains original 

temperature status, thus the gradient temperature difference is formed. The uniform 

temperature variation may cause deck deformation at a statically-indeterminate bridge, while 

the gradient temperature difference may cause deck deformation at either a statically-

indeterminate bridge or a statically-determinate bridge. For a ballasted girder, the gradient 

temperature load is considered along its width direction, while for a ballastless girder, the 

combined gradient temperature load should be considered along both its width direction and 

height direction. 

High-speed railway requires very strict track conditions to ensure the running safety and 

passengers‘ comfort of train vehicles, so the changes of track profile induced by concrete 

shrinkage, creep camber, post-construction settlement and temperature variation should never 

be ignored. It is necessary to consider this problem in dynamic analysis of train-bridge 

system. The common method is to calculate the additional displacement at bridge deck 

induced by these factors, and then add it to the track irregularity curves, so as to perform the 

analysis. 

 

3.5.3.  Wheel Hunting Movement 

The wheel hunting movement is due to the wheel with reversed conic wheel tread 

running on the straight track, and the gap between the wheel rim and the side surface of rail. 

If the wheel-set drifts off the central line of the track, when the vehicle runs, the rolling radii 

of the two wheels in left and right are changed. The wheel rolling on a larger radius is faster 

than the other one that stays behind. Therefore, the two wheels, the left wheel and the right 

wheel, on the same wheel-set will move at different rolling radii, which make them move 

different distances. The unequal moving distances of the two wheels in turn make the wheel-

set drift to the other side of the track. In this way, when a wheel-set runs on the track, it 

emerges, at the same time, a lateral movement and a yawing movement in horizontal plane, 

and thus forming a sinusoid curve, as shown in Figure 25. This phenomenon is the hunting 

movement of wheel-set. 

Generally speaking, the hunting movement of a wheel-set on a straight track is one of the 

main factors that induce the lateral vibration of train-bridge system. The loss of control of this 

phenomenon by an unstable evolution is harmful for the running safety and the riding comfort 

of the vehicles.  

In this chapter, the wheel hunting displacement Yh in the lateral direction is assumed 

sinusoid function with certain amplitude and a random phase: 

 h h h

h
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sin ,ij

Vt
Y t A
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                                           (49) 

where Ah is the hunting amplitude; Lh is the hunting wavelength; hjl  is the random phase of 

the lth wheel-set on the jth bogie of the vehicle ranging between 0 and 2; and V is the 

traveling speed of the vehicle. 
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Figure 25. Illustration of wheel hunting movement. 

The wavelengths of hunting movement for wheel-sets and bogies are different, which can 

be respectively expressed as 
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where: b is half of the distance between the right and left wheel, approximately equal to track 

gauge; r0 is radius of wheel;  is taper of wheel tread; S0 is wheelbase of bogies. 

For a certain wavelength, the hunting frequency is related to the train speed. For wheel-

sets and bogies, the hunting frequencies can be respectively expressed as 
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The actual bogie hunting movement wavelength is between Lw and Lt, depending on the 

fixing stiffness of wheel-set on the axle-box. 

Shown in Figure 26 (left) is the comparison of theoretical and measured wheel hunting 

frequencies of passenger vehicles in China. It shows a linear relationship between hunting 

frequency and vehicle speed, which is in accordance with the theoretical result. However, the 
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measured frequency is distributed between the theoretical values of free wheel and rigidly-

fixed bogie, for the connection of wheel-set on the bogie is actually neither freely nor rigidly-

fixed, but elastically-located.  

 

 

Figure 26. Distribution of wheel hunting frequencies versus train speed: passenger vehicle (left), freight 

vehicle (right). 

 

Shown in Figure 26 (right) is the comparison of theoretical and measured wheel hunting 

frequencies of freight vehicles. Different from passenger vehicles, the measured frequencies 

distributed around the theoretical curve in a scattered way, but show a largely linear trend 

versus vehicle speed. Besides, nearly half of the measured values are higher than theoretical 

ones for free-wheels, which are not only because the wheels are elastically-fixed on the bogie, 

but also owing to the inevitable abrasion of wheel treads after a period of use.  

For a new wheel, the slope of wheel tread is = 0.05 for common vehicle and = 

0.025 for high-speed vehicle. According to an investigation (Zhang, 1996), when a wheel is 

worn to extremity, the slope of wheel tread will reach = 0.28, and the relevant hunting 

wavelength will be Lw = 6.65 m. Suppose the slopes of wheel tread are worn to = 0.14 

and = 0.1, the related hunting wavelengths will be Lw = 9.4 m and Lw = 12.5 m, 

respectively. When plotting the two corresponding frequency distribution curves in the figure, 

it can be seen that the curve with =0.1 can envelope the measured data. 

Experimental investigation shows that for common speed vehicle, the variation law of 

actual hunting frequency agrees basically with that of theoretical hunting frequency, while for 

high-speed vehicle, the hunting movement becomes much more complicated, and thus the 

influence of dynamic effects should be taken into account.  

Shown in Figure 27 are the distributions of measured wheel hunting amplitude of 

passenger vehicle. It can be noticed that in the train speed range of 60 ~ 160 km/h, the 

amplitudes are between 2.5 ~ 4 mm, and have little relationship with train speed. 

For different types of bogies, the distribution curves of wheel hunting frequencies and 

amplitudes are also different. In fact, wheel hunting will be excited by track irregularity all 

the time during its movement, thus its frequency and amplitude are affected by track property 

and working state. Therefore, the actual hunting movement is very complicated.  
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Figure 27. Distribution of measured wheel hunting amplitudes of passenger vehicle. 

 

 

3.6. External Loads on the Train-bridge Interaction System 
 

The external load should be taken into account while the vibration of train-bridge system 

is subjected to external excitations, such as wind load, seismic action, centrifugal forces and 

collision forces. 

 

 

3.6.1. Vibration Analysis of Train-bridge System under Wind Action 

The long-span bridges built in wind prone area exhibit special characteristics such as high 

flexibility and low structural damping. The dynamic interaction between bridges and trains is 

an important problem to be solved for bridge design. When the train is running on a long-span 

suspension bridge, the bridge will experience considerable vibration due to both moving train 

and turbulent winds, which may bring fatigue failures to the structures, or destroy the bridge, 

and the vibration of the bridge may in turn affect the running safety of trains and the comfort 

of passengers. Therefore, the safety of high-speed train running on an oscillating long-span 

bridge under turbulent wind has become a topic of increasing concern in recent years. 

The dynamic analysis model of the wind-train-bridge system consists of three sub-

models: the dynamic model of a train, a long-span suspension bridge, and the wind loads on 

the bridge-train system, as shown in Figure 28. 
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Figure 28.  Model of wind-train-bridge system.  

  

Considering the wind actions, the external load vector in the dynamic motion (27) of the 

coupled train-bridge system can be expressed as: 

e st bf se

v v v v

e st bf se

b b b b

F F F
,

F F F

    
   

    

F

F
                                      (52) 

where: the superscripts st, bf, and se, represent the steady-state wind loads, the buffeting wind 

loads, and the self-excited wind loads that action on the car-body, bogies and bridge nodes, 

respectively. Details of these vectors can be found in Xia et al., (2005, 2008) and Chapter 7 of 

this book. 

 

3.6.2. Vibration Analysis of Train-bridge System Subjected to Seismic Action 

As a natural phenomenon with tremendous destructive power, an earthquake may cause 

intense bridge vibrations when it occurs, which would affect the safety of bridge structures 

and the running trains on the bridge. The dynamic response of railway bridge subjected to 
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seismic action and its influences on the running safety of train vehicles is an important 

research direction in dynamic interaction analysis of vehicles and structure. 

Bridges are linear-shaped spatial structures composed of bridge spans, piers and their 

foundations. In fact, the foundations of a bridge may be built on soils of different properties, 

thus the earthquake waves onto different foundations may not be identical. For long bridges 

with large spans, or multiple simple spans or continuous spans, phase differences may exist 

due to the arrival time intervals of the earthquake waves propagating along the ordinate axis 

direction even if the ground sites change little. This phenomenon is called traveling wave 

effect, as shown in Figure 29. 

 

 V

xg1(  )t
..

xg2(  )t
..

 t=L/c
L

 

Figure 29.  Non-uniform seismic excitation of long-span bridge. 

 

The longitudinal phase differences of the seismic waves may lead to out-of-phase 

vibrations of the bridge piers and thus increase the danger of span collapse. The lateral phase 

differences of the seismic waves may lead to out-of-phase displacements of two adjacent 

piers and thus directly influence the running safety of the train on the bridge. Therefore, 

different multi-support seismic excitations should be considered in dynamic analysis of 

bridges during an earthquake, which is referred to as seismic multipoint excitation. The 

relationship between any two acceleration waves to the corresponding foundations can be 

expressed as:  

 g g

s

,i j

x
x t x t

c

 
  

 
                                                  (53) 

where: )(g tx i
  and )(g tx j

  are the input accelerations to the ith and the jth foundations of the 

bridge, respectively; cs is the propagating velocity of the seismic wave in the soil; and x  is 

the distance between the two foundations. 

The dynamic analysis model of train-bridge system subjected to seismic excitation 

consist of a vehicle sub-model and a bridge sub-model, with track irregularity and wheel 

hunting movement as self-excitation sources while earthquake as external excitation acting on 

the bridge and the vehicle, as shown in Figure 30. 
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Figure 30.  Train-bridge interaction model subjected to earthquake forces. 

 

Considering the earthquake actions, the external load vector in the dynamic motion (27) 

of the coupled train-bridge system can be expressed as: 

e *

v v

e *

b b

.
      

   
      

F F

F F
                                                          (54) 

Suppose there are Nv vehicles on the bridge when an earthquake occurs, the earthquake 

forces *

vF can be expressed as 

  v

T
* * * *

v v1 v2 v ,N
   F F F F                                               (55) 

where the seismic force of the ith vehicle *

viF  is composed of seismic force on car-body (with 

superscript c) and bogies (with superscript t1, t2). 

   
1 2

T
* ** c*

v v v v .
t t

i i i i
 
 

F F F F                        (56) 

Herein, the car-body and bogie seismic forces can be expressed as 

  

T
c* u v
v c g c g( ) 0 0 ( ) 0 ,i i iM a t M a t   F                                    (57a) 

 

Tt * u v
t g t gv ( ) 0 0 ( ) 0 ,j
i ii M a t M a t   F                                    (57b) 

where ciM  and t iM  are mass of the ith car-body and mass of the relevant bogie. u
g ( )a t  

and v
g ( )a t  are lateral and vertical seismic acceleration, respectively.  

Suppose there are Nb nodes considered for the bridge model, the seismic force vector of 

the nodes can be expressed as 
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b

T

b b1 b2 b' ,N
   F F F F                                    (58) 

where the seismic force of the ith node  is 

            

T
u v

b g g( ) ( ) 0 ,i i im a t m a t   F                        (59) 

where mi is mass of the ith
 
node of the bridge. 

Suppose there are Nw wheel-sets, whose seismic force vectors are 

                         
 w

T

w w1 w 2 w ,NF F F F                        (60) 

where the subvector of the lth wheel-set is 
T

u v
w w g w g( ) 0 ( ) ,l l lm a t m a t   F                        (61) 

where mwl is mass of the lth wheel-set. 

When the modal decomposition method is applied to the bridge model, the generalized 

seismic force vector is 

                       
q

T
* * * *
b 1 2F ,NF F F                      (62) 

where Nq is number of bridge modes adopted. The nth generalized seismic force *

nF  can be 

expressed as 

 * T T

b w

u u v v

g g

1

( ) ( )
b

n n n ijl

N

nk k nk k
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m a t m a t 
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w h g θ g 4 g v g

1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,
vN

n n n

l l l l

l

m x a t x a t h a t e x a t  


                       (63) 

where: u

nk  and v

nk  are the lateral and vertical components of the nth mode at the kth node of 

the bridge. 

When the seismic acceleration u
g ( )a t  and v

g ( )a t  are acquired, both of vehicle seismic 

force *
vF and bridge modal seismic force *

bF  are known. Thus, the dynamic motion equation 

(27) of the coupled train-bridge system can be solved by step-by-step integration method. 

Details for this solution can be found in Xia et al., (2006). 

 

3.6.3. Vibration Analysis of Curved Bridges 

When a train runs on a curved bridge, there occur the centrifugal forces acting on the 

vehicle car bodies, bogies and wheel-sets, which are further transmitted onto the bridge 

structure through the wheels. The status of the train vehicle on the girder of the curved bridge 

is illustrated in Figure 31. 
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Figure 31.  Centrifugal forces acting on the vehicle and the girder. 

 

The centrifugal forces acting on the car-body, bogies and wheel-sets can be directly 

written as: 
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                                (64) 

where: Mci, Mtij and mwijl are respectively the mass of car-body, bogie and wheel-set; ai is the 

centrifugal acceleration, V is the train speed, and R is the curve radius of the railway track.  

Considering the centrifugal forces, the external load vector in the dynamic motion (27) of 

the coupled train-bridge system can be expressed as: 
e R

v v

e R

b b

.
      

   
      

F F

F F
                                                       (65) 
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The centrifugal force vector of vehicles can be expressed as: 

v

T
R R R R

v v1 v2 v ,N
   F F F F                                           (66) 

where R

viF  is the sub-force vector of the ith vehicle: 

1 2

T
R R R R

v c t t ,i i i i
   F F F F                                                  (67) 

where Fci is the vector of centrifugal forces acting on the car-body.  

These centrifugal inertial forces act not only on car-body, bogies, and wheel-sets, but also 

on bridge through spring-dampers. 

The modal load vector of centrifugal forces on the bridge can be expressed as: 

b

T
R R R R

b b1 b2 b ,N
   F F F F                                               (68) 

where R

bnF  is the nth generalized force of the bridge due to vehicle centrifugal force.  

It can be observed from Figure 31 that the centripetal force '
RF  originated from track is 

composed of horizonal component of track normal counter-force sinN  and lateral pressure 

Q, namely 
'

R sin .F Q N                                                          (69) 

It is easy to deduce from '
R RF F  that sin tan /2N P P h B     . If only 

centrifugal inertial force of a car-body is considered, one has 
c iP M g  , and the following 

equation can be obtained: 
2Δ

.
2

h P V
Q P

B g R
                                                       (70) 

As shown in Figure 31, for the curved bridge, the forces of the vehicle acting on the 

bridge include: the normal force 'N , the lateral force 'Q  and the moment 'M , where, 'N  is 

sum of normal pressures of the right and left wheel; 'Q  can be obtained by Eq. (70); 'M  is 

produced by moving the centrifugal inertial force of car-body to track surface. By taking the 

moment about point o , one obtains )( ii rhQM  , where 
321 hhhhi   is the distance 

from the car-body gravity center to the wheel-set axis. 

As a result, when the train passes through a curved bridge, the bridge generalized force 

resulting from the car-body centrifugal force transferred through the lth wheel-set on the jth 

bogie of the ith car can be expressed as 
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where, h ( )n

ijlx  and θ ( )n

ijlx  are respectively the lateral and torsional component of the nth 

mode of the bridge at the lth wheel-set on the jth bogie of the ith car.  

Similarly, the bridge generalized forces resulting from the centrifugal forces of bogies 

and wheel-sets transferred through the lth wheel-set on the jth bogie of the ith car can be 

respectively expressed as 

       
2

t hθ 3 θ t t 3 θ

w

1 Δ
,

2

n n n n
ijl ijl ijl ij ij i ijl

i

V h
F Φ x h x M M g h r x

N R B
 

 
        
 

            (72a) 
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n n n
ijl ijl ijl ijl i ijl

V h
F Φ x m m g r x

R B
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The nth modal centrifugal force R
b nF  of the train vehicles on the bridge is the summation 

of the generalized forces transmitted from all wheel-sets, which can be obtained by 

summation of Eqs. (70) to (72) as: 

v w 22
t t 3c cR
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where Nv is the number of vehicles on the bridge; Nwi is the number of wheel-sets on each 

bogie of the ith vehicle; hθ h 4 θ
n n n

ijl ijl i ijlΦ h    ; ri is the radius of the wheel-set; g is the gravity 

acceleration; h is the outer rail cant of the curved track, as shown in Figure 31. 

 

 

3.7. Determination of Initial Conditions 
 

When a train runs onto a bridge, it will certainly involve initial displacement, velocity, 

and acceleration, which are important parameters required as input in simulation analysis of 

train-bridge dynamic interaction. These initial conditions, however, are uneasy to determine, 

for they are affected by many random factors such as track irregularity, and the frequency, 

amplitude and phase of the running vehicle. The solution herein is to let the train run on the 

embankment ahead of the bridge for a distance L0 under the same track condition and hunting 

movement pattern as on the bridge, until the the vehicle vibration tends to be stable, as shown 

in Figure 32. In this way, not only can the initial condition problem be solved properly, but 

also can the vibration responses of the train on and out of the bridge be compared under the 

same track conditions. As for the initial conditions of the train running ahead of the bridge, 

they can be any values in reasonable range, for instance, zero values for simplicity. 

The distance the train runs ahead of the bridge can be determined according to the train 

speed and its natural frequency. It should ensure that the train can generate at least 5~10 

periodic vibrations before it enters the bridge. When the vehicle responses ahead of the bridge 

need to be analyzed, the distance should be longer.  

As for the initial conditions of the bridge, it can be reasonably assumed that the bridge 

remains unmoved before the train enters it. 
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Figure 32. Formation of initial conditions of a train running onto a bridge. 

 

 

3.8. Numerical Calculation Algorithms 
 

When the train runs on the bridge, the wheel positions of the train are always changing, 

which makes the dynamic equations of the train-bridge system be a second-order linear 

differential equations with time-varying coefficients.  

The numerical calculation methods can be divided into the time domain method and the 

frequency domain method. According to the difference of the established train-bridge system 

equations, the time domain method can be further divided into two categories: 

(1) By coupling all DOFs of the train model and the bridge model through the wheel-

track relationship, and eliminating the independent DOFs, the integrated system equations are 

solved simultaneously. 

(2) Divide the train-bridge system into the train sub-system and the bridge sub-system 

according to the wheel-track contact surface, and establish the motion equations for the train 

and the bridge, respectively. The two sub-systems are connected by the displacement 

coordinating condition and the equilibrium of wheel and track interactive forces on the wheel-

track contact surface, and the system responses are solved by iterative calculations. 

 

 

4. CASE STUDY 
 

The case study on the dynamic responses of train-bridge system concerns a multi-span 

simply-supported bridge on the Qinhuangdao-Shenyang high-speed railway (Qin-Shen 

Railway for short) in China. 

The Qin-Shen Railway is a double track railway, with a total length of 404.64 km, the 

design train speed of 200 km/h, and the infrastructures are reserved for high train speed of 

250 km/h. It is the first high-speed railway independently designed and built in China, with 

the construction started in August 1999, completed in June 2002, and open to use in October, 

2003, respectively.  

During the design of the Qin-Shen Railway, the Ministry of Railways of China organized 

the Academy of Railway Sciences and several universities to study the dynamic behaviors of 

high-speed railway bridges through theoretical analysis, numerical simulations and field 

experiments. This is to ensure the safety of bridge structures and the running safety and 

stability of high-speed trains. In September and November 2002, the large-scale field 

experiments were carried out twice on the bridges, tracks, and roadbeds in the experimental 

section of the Qin-Shen Railway. In the two experiments, the China-made high-speed trains, 
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called ―Pioneer‖ and ―China-star‖ were used (Figure 33), and the highest train speeds reached 

290 km/h and 321.5 km/h, respectively. Many useful results have been achieved from the 

experimental data. 

 

    

Figure 33.  The China made ―Pioneer‖ (left) train and ―China-star‖ (right) train. 

 

 

4.1. Layout of the Bridge 
 

The Gouhe River Bridge is situated in the experimental section of the Qin-Shen Railway. 

The bridge is composed of successively twenty-eight 24m-span double-track simply-

supported PC girders with box sections, as shown in Figure 34. 

  

 

Figure 34. View of the Gouhe River Bridge. 

The 24 m-span simply-supported PC girders with box sections are the main type of spans 

of the bridges for the Qin-Shen Railway. The design span and the total length of the girder are 

24.0 m and 24.6 m, respectively. The cross section of the girder is shown in Figure 35. Four 

pot neoprene bearings are adopted to support each girder. The substructures of the bridge are 

plate-type piers with round-ended sections, and the pier heights are between 8 ~ 10 m.  

 



Dynamic Interaction Analysis of Coupled Train-Bridge System 51 

620

40

306 306

50 250

40

240

20

25

30

620

 

 

Figure 35. Cross section of the 24m-span PC box girder. 

 

The ballastless concrete slab track is adopted on the bridge, as shown in Figure 36. The 

rail pad has a static stiffness of 60 kN/mm under load from 15 kN to 90 kN. Their dynamic 

stiffness is about 150 kN/mm when frequencies are lower than 5 Hz. The rails are CT60 

profiles: A = 7.708 × 10
-3 

m
2
, m = 60.64 kg/m, and I = 3.217 × 10

-5 
m

4
.  

 

 

Figure 36. Ballastless PC slab track on the bridge. 

 

The rail geometry properties and irregularities were measured before the experiment. The 

measurement report shows that, in the range of wavelengths from 1 to 31.5 cm, the rail 

quality of the Qin-Shen Railway can be evaluated as good. 

The track vertical, lateral, and torsional irregularities are taken into account by using the 

data measured in November 2002 from the Qin-Shen Railway. The length of the measured 
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data is 2500 m and the samples of a length of 600 m are plotted in Figure 37 for lateral and 

vertical irregularities, respectively.  
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Figure 37. Track irregularity waves. 

 

 

4.2. Experiment on the Gouhe River Bridge 
 

4.2.1. Experiment Arrangement 

The purpose of this experiment was to obtain the dynamic responses of the bridge such as 

the deflections, displacements, accelerations, and strains, as well as the running safety and 

stability parameters for the train vehicles such as the derailment factors, offload factors, 

wheel-rail forces, and car-body accelerations.  

The field experiment on the bridge was carried out on November 21-27, 2002. The 

excitation was the ―China-star‖ high-speed train running on the bridge, as shown in Figure 38.  

 

 

Figure 38. Field test of Gouhe River Bridge under China-star high-speed train. 

The sensor locations were arranged at four sections of the 22
nd

 and the 23
rd

 spans, as 

indicated in Figure 39. These sensor locations are divided into two groups: Section I-II and 

section I‘-II‘, and they had the same arrangements. The sensor locations in section I-II are 

described as follows. 
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Figure 39. Sensor locations in the experiment. 

 

Each sensor location was given a unique number: A denotes acceleration measurement, D 

denotes deflection and/or displacement measurement, S denotes strain measurement and R 

denotes rail force measurement. The measurement directions are indicated by x, u, or v (x-

longitudinal, u-lateral, v-vertical), respectively.  

For the 22
nd

 girder and the 22
nd

 pier in this group, a total of six vertical deflections, 2 

vertical and 3 lateral accelerations, 5 lateral and 6 longitudinal strains, 4 lateral displacements, 

and 2 vertical and 2 longitudinal rail forces were measured. 

At the mid-span section of the girder, four strain gauges (S1x, x

uS2 , S4x, x

uS8 )  were 

glued on the bottom side of the PC box, at the center and at the locations under the railway 

tracks, to investigate the strain changes during train passages. At the same locations, the 

vertical deflections (D1v, D2v, D3v, D4v) and lateral displacements (D2u) of the girder were 

measured with LVDT and vibration pickups S891-4. At the girder deck, the lateral and vertical 

accelerations (A9uv, A10v) were measured with accelerometers HTB5511 (Figure 40). 
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Figure 40.  Sensors at bridge mid-span (left) and the bearing (right). 

 

To study the rigid body movement and relative movement of the girder with respect to 

the piers, the relative displacements at the pot neoprene bearings were measured (D14uv and 

D15uv) as well as the lateral displacements and absolute accelerations at the pier tops (D13u 

and A13u).  

The rail forces were measured with the strain gauges glued on the rails (R11uv and 

R12uv) on the bridge girder. Furthermore, the vertical and lateral rail forces were obtained 

from these strains, according to the transform factors between the strains and the forces, 

which were calibrated both before and after the experiment. 

Measurement amplifiers and acquisition hardware systems MEGADAC5000 and 

IOTECH WB-512 were all installed in the work shed beneath one of the bridge girders. 

In the seven days experiment, 64 train passages were measured at sampling frequency 

5000 Hz, 240k samples (49 sec). 

In the experiment, the car-body accelerations and the parameters for running stability of 

vehicles of the China-star train were simultaneously measured with the instruments equipped 

on the train. 

 

4.2.2.  Train Properties 

The ―China-star‖ train is composed of a locomotive followed by 9 passenger cars and a 

locomotive, with 22 bogies and 44 wheel-sets in total. The average static axle loads for the 

locomotives and passenger cars are 195 kN and 142.5 kN, respectively. The design train 

speed for China-star train is 270 km/h, and the maximum experimental speed reached 321.5 

km/h. Figure 41 shows the dimensions of the first three vehicles of the China-star train.  

 

 

Figure 41. Composition of the China-star high-speed train. 
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4.3. Calculation Results and Their Comparison to Experimental Data 
 

A five span simply-supported bridge model is established in the analysis, with the height 

of the piers H=10m. In the model, girder and pier elements are simulated by block elements, 

which are shown in Figure 42, and the bottom of the piers and the abutments are supposed to 

be fixed on the ground.  

 

 

Figure 42. Finite element model of the bridge girder. 

 

The whole response histories of the high-speed train passing on one of the double tracks 

on the bridge are simulated, by using the real parameters of the 24m PC box girder and the 

―China-star‖ train. Modal analysis is performed to acquire the natural frequencies and mode 

shapes of the bridge, and there are 30 modes taken into account in the simulation calculations. 

The damping ratio of the bridge is taken as 2.5%, and the integration time interval is 0.0005s. 

The calculated and the measured natural frequencies of the girder are listed in Table 2. The 

train speed range in calculation is 160~330 km/h, and that in the experiment is 160~307 km/h. 

The time consumed by the computer for the calculation of one train passage on the bridge 

needs 560-1120 sec, which depends on the type of computer and the speed of the train. 

In this analysis, both the calculated and the measured responses of the bridge are referred 

to the longitudinal central line of the double track girder. Since the 22
nd

 and the 23
rd

 span are 

of the same structure, the measured results of the two spans are plotted in the same 

distribution figures.  

Table 2. Natural vibration properties of the girder 

Parameters 
Natural frequency /Hz 

Damping ratio /% 
Vertical Lateral 

Design 6.16 24.31 – 

Calculation 6.96 24.43 – 

Measurement 
22

nd
 span 7.65 

24.22 
2.61 

23
rd

 span 7.70 2.57 
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4.3.1 Dynamic Response of Bridge Girder 

Displayed in Figures 43 and 44 are the calculated and measured time histories of the 

vertical deflection and the lateral displacement responses of the bridge at mid-span, 

respectively, when the train runs on the bridge at the speed of 250 km/h. The comparisons of 

the vibration histories of bridge deflections between Figure 43 (left) and (right) and the lateral 

displacements between Figure 44 (left) and (right) respectively show quite good similarities. 
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Figure 43. Calculated (left) and measured (right) deflection histories of girder at mid-span. 
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Figure 44. Calculated (left) and measured (right) lateral displacement histories of girder at mid-span.  

The distribution of the maximum bridge responses versus train speed are shown in 

Figures 45 and 46, respectively, where the curves in solid lines are calculated results and the 

discrete symbols are the measured data. 

Within the train speed range of 160~330 km/h, the maximum deflection of the girder is 

0.895 mm occurring at the resonant train speed of 290 km/h, and the corresponding 

deflection-to-span ratio is about 1/26800. It can be noticed that the calculated curve envelopes 

almost all the measured data, which is rational considering the fact that the real bridge has 

higher stiffness than the calculation model, according to the natural frequencies of 

measurement and calculation are 7.7 Hz and 6.96 Hz, respectively. 
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Figure 45. Distribution of vertical deflection (left) and acceleration (right) of the girder vs train speed. 
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Figure 46. Distribution of lateral displacement (left) and acceleration (right) of the girder vs train speed. 

 

Under the action of the ―China-star‖ train, the maximum vertical accelerations of the 

girder at mid-span increase with the train speed. The maximum acceleration is 1.90m/s
2 

at the 

train speed of 307 km/h. 

In the main trend, the lateral amplitudes of the girder increase with the train speed. The 

maximum lateral amplitude is 0.330 mm, measured at the train speed of 229 km/h. 

The lateral accelerations of the girder also increase with the train speed. When the train 

speed is higher than 290 km/h, several big lateral accelerations were measured, with the 

maximum one of 1.40m/s
2
, which is greater than the allowance given by the Chinese Code for 

high-speed railway bridges. 

From Figures 45 and 46 it can be noticed that the measured lateral displacements and the 

accelerations of the girder are rather scattering. The explanations for this include: (1) These 

data were measured from the four different measurement points at the two spans; (2) The 

train ran on one of the two tracks on the bridge each time, while the two tracks can hardly 

keep the same conditions; (3) The influences of the random factors such as the track 

irregularities, train wheel abnormalities, etc.  

Furthermore, it can be noticed from the figures that the measured data scattered around 

the corresponding calculated distribution curves versus train speed. In other words, since the 

calculated results are based on the same bridge model, they are almost at the average position 

of the distributed measured data at different train speeds. 
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To understand this better, the groups of the experimental points are statistically 

processed. The maximums, means and the standard deviations of the dynamic responses of 

the 24m-span double track PC box girder, under the action of the China-star train at the train 

speed range of 160-330 km/h, are summarized in Table 3. One can see from the table the 

accordance and the difference between the measured and the calculated maximum values. 

Table 3. Maximum responses of the bridge girder 

Bridge response Calculation 

Measurement 

Max Mean 
Standard 

deviation 
Allowance 

Dynamic factor (1+) 1.212 1.211 1.082 0.062 1.6 

Displacement /mm 
Vertical 0.895 0.870 0.778 0.045 0.92 

Lateral 0.275 0.330 0.098 0.059 3.5 

Acceleration /ms
-2

 
Vertical 1.322 1.904 0.736 0.491 1.5 

Lateral 0.847 1.402 0.567 0.309 0.30 

 

Generally speaking, using the train-bridge system model under the simplification of track 

model and other assumptions, the calculated results are well in accordance, both in 

amplitudes and in distribution tendencies, with the in situ measured data.  

 

4.3.2. Response of Vehicles 

The derailment factor Q/P (defined as the ratio of the lateral wheel/rail force to the 

vertical wheel/rail force), offload factor P/P (defined as the ratio of the offload vertical 

wheel/rail force to the static vertical wheel/rail force) and lateral wheel/rail forces during the 

movement of the wheels are the main parameters for running safety of vehicles.  

Shown in Figure 47 are the calculated vehicle derailment factor Q/P and offload factor 

P/P curves of the locomotive when the ―China-star‖ train travels on the bridge at 270 km/h.  

The typical measured rail force curves are shown in Figure 48. From the figure, the 

impact forces induced by the 44 wheels can be clearly observed in the rail force curves. From 

the curves and according to the inter-distances between the wheels, the train speed can be 

estimated as 260 km/h. 
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Figure 47. Calculated curves of derailment factor (left) and offload factor (right) of locomotive. 
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Figure 48. Measured curves of rail vertical (left) and lateral (right) forces on the girder. 
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  Figure 49. Distributions of derailment factor (left) and offload factor (right) of vehicle vs train speed. 

The distributions of these parameters of the ―China-star‖ train versus train speed are 

shown in Figure 49, where the curves in solid lines are calculated results and the discrete 

symbols are the measured data.  
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Figure 50. Calculated time history of lateral wheel-rail force (left) and distribution of calculated and 

measured wheel-rail forces versus train speed (right). 
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Figure 51. Calculated time histories of car-body (upper), bogie (middle) and wheel-set (lower) vertical 

accelerations of the first passenger car. 

The calculated curve of vehicle lateral wheel-rail force and the distributions of calculated 

and measured wheel-rail forces versus train speed are shown in Figure 50, where the curves in 

solid lines are calculated results and the discrete symbols are the measured data. 

It can be seen that the measured derailment factors, offload factors and lateral wheel-rail 

forces are scattered around the corresponding calculated curves, and in a main trend, they 

increase with the train speed, and no obvious peak appeared within the train speed range of 

160~330 km/h. 

Shown in Figures 51 and 52 are, respectively, the calculated time histories of the car-

body, bogie, and wheel-set accelerations of the first passenger car, when the train travels on 

the bridge at 270 km/h. 

The car-body acceleration of a vehicle is an assessment index for riding comfort of 

vehicles. Shown in Figures 53 and 54 are, respectively, the distributions of car-body 

accelerations of locomotive and passenger car versus train speed. The results show that in a 

main trend, both the vertical and lateral accelerations of locomotive and passenger car 

increase with train speed within the train speed range of 150 ~ 310 km/h. 
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Figure 52. Calculated time histories of car-body (upper), bogie (middle), and wheel-set (lower) lateral 

accelerations of the first passenger car. 
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Figure 53. Distributions of vertical (left) and lateral (right) car-body accelerations of locomotive versus 

train speed. 
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Figure 54. Distributions of vertical (left) and lateral (right) car-body accelerations of passenger car 

versus train speed. 

 

Table 4.  Maximum responses of vehicles 

Vehicle response Calculation 

Measurement 

Max Mean 
Standard 

deviation 
Allowance 

Locomotive 

Derailment factor Q/P 0.350 0.314 0.281 0.041 0.8 

Offload factor P/P 0.443 0.422 0.349 0.040 0.6 

Lateral wheel/rail force /kN 31. 44 33.35 27.07 3.098 62.7 

Car-body 

acceleration /ms-

2 

Vertical 2.541 2.570 1.961 0.252 2.25 

Lateral 1.472 1.661 1.425 0.128 1.75 

Passenger 

car 

Derailment factor Q/P 0.342 0.289 0.248 0.026 0.8 

Offload factor P/P 0.463 0.383 0.305 0.058 0.6 

Lateral wheel/rail force /kN 26.14 29.50 24.17 3.789 44.6 

Car-body 

acceleration /ms-

2 

Vertical 1.571 1.544 1.338 0.243 2.25 

Lateral 1.220 1.173 1.046 0.089 1.75 

 

 

CONCLUSION 
 

In this chapter, the vibration problems of bridges induced by diverse excitations are 

summarized. The dynamic analysis model for coupled train-bridge system is established, and 

is applied to a case study to investigate the dynamic responses of a high-speed railway bridge 

and the high-speed train vehicles. The following conclusions can be drawn from this case 

study. 

The dynamic analytical model of the bridge-train system and the computer simulation 

method proposed in this chapter can well reflect the main vibration characteristics of the 

bridge and the high-speed train vehicles.  

The calculated results are well in accordance, both in response amplitudes and in 

distribution tendencies, with the experimental data, which verified the effectiveness of the 

analytical model and the computer simulation method. 
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The 24m-span PC box girder bridge has perfect dynamic characteristics. In train speed 

range considered in this calculation example, the deflections, the lateral and vertical 

accelerations, and the lateral amplitudes of the girder are in accordance with the currently 

recognized safety and serviceability standards of bridges. 

The China-made China-star train vehicles have rather good running properties at high 

speed. In the design train speed range of 160~270 km/h, the dynamic properties of the 

running train vehicles, such as the derailment factors, offload factors, wheel/rail forces, and 

car-body accelerations, are all in accordance with the currently recognized running safety and 

comfort standards of railway vehicles. Good dynamic properties of train vehicles also help to 

reduce the impacts on the bridge structures. 
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Chapter 2

VIBRATION TESTING AS A TOOL FOR TUNING

AND VALIDATING TRAIN-BRIDGE

INTERACTION MODELS

G. De Roeck, E. Reynders, and K. Liu∗

K. U. Leuven, Belgium

Abstract

This chapter presents how in situ dynamic measurements can be used for experi-

mental validation of a numerical model for train-bridge interaction analysis. As typical

example, the Sesia viaduct is considered, which is a composite railway bridge consist-

ing of 7 spans. The responses of the bridge are measured both under ambient vibration

and under the excitation of Italian ETR500Y high-speed trains. The numerical simula-

tions are validated by comparing the predicted accelerations and strains with measured

results. The results show a good correspondence between the predicted and the mea-

sured response. It is concluded that an experimentally validated numerical model can

predict the dynamic response of the bridge under a train passage with a high level of

accuracy, and so provides a valuable tool for the design and the assessment of railway

bridges.

Keywords: dynamic experiments, train-bridge interaction, validation

1. Introduction

In the last decades, various numerical models have been developed for train-bridge inter-

action analysis. In order to more realistically represent the interaction between the vehicle

and the bridge, refined FE models of the bridge and sophisticated vehicle models are used.

In this case, an experimental study is crucial to validate numerical predictions. Recently,

considerable experimental research on the dynamic behavior of railway bridges under train

passages has been performed. Xia et al. [1] treated dynamic experiments performed by

the Structural Mechanics Research Unit of K.U.Leuven on a concrete box-girder bridge in

∗E-mail address: kai.liu@bwk.kuleuven.be
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Antoing on the high speed line between Paris and Brussels under the passage of the Thalys

high speed train. The results of the train-bridge interaction analysis were validated by com-

paring with in situ measurements. Lee et al. [2] carried out field tests on a steel bridge

with a span of 34.8 m to verify the validity of a procedure for train-bridge interaction.

The results show that the predicted results agree well with field test results. Zhang et al.

[3] performed a dynamic experiment on a 24 m-span PC box girder bridge crossed by the

China-Star high speed train. The train passes the bridge with a speed interval of 5 km/h to

270 km/h. Both the measured and predicted lateral and vertical accelerations fulfill the cur-

rently recognized safety and serviceability standards for high speed railway bridges. These

experimental studies provide valuable data for the validation of numerical simulations.

Within the frame of the EC research project “Design for optimal life cycle costs of

high speed railway bridges by enhanced monitoring systems" (DETAILS) supported by the

European Research Fund for Coal and Steel [4], elaborate in situ experiments have been

performed on three representative composite bridges for high speed trains [5–11]. In this

chapter, the results for the Sesia viaduct (Italy) are presented and the numerical model for

train-bridge interaction analysis is validated by means of in situ vibration experiments.

2. Dynamic experiments on the Sesia viaduct

2.1. Introduction to the bridge

The Sesia viaduct, located on the new Italian high speed line between Torino and Milano,

is a composite railway bridge consisting of 7 isostatic spans of 46 m, resulting in a total

length of 322 m. Figure 1 shows a global view of the viaduct, while a view of a single span

is given in Figure 2.

Figure 1. The Sesia viaduct.

Each span consists of a simply supported girder with a double box cross section (Figure

3). In the longitudinal direction, the steel girder is composed of three parts with a length

of about 15 m that are welded together (Figure 4). The flanges of the steel girder have a

thickness of 30 mm at the two outer parts and a thickness of 25 mm in the central part.

The three webs have a thickness of 20 mm at the two outer parts and a thickness of 18 mm

in the central part. The concrete slab has a width of 13.6 m, a thickness of 0.4 m, and is

connected to the steel girder by shear studs. The track is composed of ballast and UIC60

rails supported every 0.6 m by prestressed concrete sleepers (Figure 5).
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Figure 2. View of a single span of the Sesia viaduct.

Figure 3. Cross section of the Sesia viaduct.

Figure 4. The three welded components of the steel box.

Figure 6 shows a top view of the bearing system, consisting of a combination of fixed

bearings and bearings that allow unidirectional or multidirectional motion. The resulting

bearing system can accommodate for movements of the bridge due to live loads, and allows

relative movements due to thermal expansion.

2.2. Measurement setup

Within the frame of the EC project “DETAILS", dynamic experiments have been performed

on the Sesia viaduct in a collaboration between K.U.Leuven, the University of Pisa, the

company LMS, and the Italian railway company RFI S.p.A.. The experimental campaign
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Figure 5. The railway track on the Sesia viaduct.

Figure 6. The bearings system of the bridge.

has been designed with the objective to analyze the dynamic behavior of the structure. The

sensor layout is chosen such that global and local structural behavior in both the horizon-

tal and vertical direction can be analyzed. Because of the large dimensions of the bridge

and the assumed uncouple behavior of the simply supported spans, the experiments were

concentrated on the second span from Torino to Milano.

Accelerations and strains at different points of the second span have been measured.

Nevertheless a small number of sensors is also placed on the first and third span to evaluate

a possible dynamic coupling between two neighboring spans. This weak coupling can be

due to the continuity of the ballast and the rails. The accelerations have been measured

at 89 positions with 33 accelerometers in different setups. The layout of the measurement

points is shown in Figures 7 and 8. In the experiments, 7 reference positions were adopted

with 6 vertical and 1 horizontal acceleration measurement. All measurement channels are

denoted by a label xYzzF, where x denotes the number of the span (1, 2 or 3), Y refers to

the main girder (A, B or C) or stiffener (D or E), the number zz denotes the number of the

section (1 to 15), and F denotes the direction (X , Y or Z). Figure 9 shows some pictures of

the installed sensors.

During the experiments, the responses of the bridge to ambient excitation (produced by

wind, traffic on the adjacent highway, persons moving on the structure) and during a train

passage have been measured. For the measurements during ambient vibration, a sampling

frequency equal to 200 Hz and an acquisition time of about 15 minutes have been used,

while for the train passages, a higher sampling frequency of 512 Hz was adapted.

The local strain field in the longitudinal direction is measured with fiber optic sensors
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Figure 7. The layout of accelerometers in vertical direction.

Figure 8. The layout of accelerometers in horizontal direction.

Figure 9. Accelerometers installed on the Sesia viaduct.

of SMARTEC (Figure 10). These sensors measure the relative displacement between two

points at an intermediate distance of 1 m or 1.2 m. The strain measurements are carried out

on a cross section next to the pier and another cross section at a quarter of the span (Figures

11 and 12). A total of 8 sensors are placed at four different levels on two vertical lines in

order to measure the local strains in the bottom and upper part of the cross section.

Figure 10. Installation of fiber optical sensors.

2.3. Modal analysis

The modal analysis is performed using ambient vibration data, free vibration data after a

train passage, and data obtained during a train passage. Eigenfrequencies, damping ratios,
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Figure 11. Layout of the strain sensors on the bridge.

Figure 12. Layout of strain sensors in the two cross sections.

and mode shapes of the bridge are identified with MACEC, a user-friendly Matlab tool-

box with graphical user interface [12]. As identification method, reference-based stochastic

subspace identification is chosen [13]; this is one of the most accurate and robust system

identification methods available for output-only modal analysis [14, 15]. A total of 8 modes

are identified from the data. Based on the continuity of the mode shapes across the two ad-

jacent spans, the modes can be subdivided into symmetrical and anti-symmetrical modes

(Figure 13). In each set of symmetrical or anti-symmetrical modes, there are two bending

modes and two torsion modes (Table 1). The two types of mode shapes indicate that, al-

though girders of adjacent spans are not designed to be coupled, the ballast and the rails

realize a connection between adjacent spans that is clearly reflected in the dynamic proper-

ties of the bridge.

From the free vibration data after a train passage, 3 symmetrical modes are identified:

the first vertical bending mode, the second vertical bending mode, and the first torsional

mode, while the second torsional mode is not identified. The first and second symmetrical

bending modes are also identified from the modal analysis of the data during the train

passage. This indicates that the symmetrical modes are predominantly excited by the train

passage on the bridge. Table 2 compares the eigenfrequencies identified from the different

sets of vibration data and shows that the frequency of the first bending mode decreases

when the train is on the bridge. This is probably due to the additional mass of the train and

the dynamic train-bridge interaction. Moreover, the short duration of the free vibration data

and train-induced vibration data make the identified frequencies less reliable compared to

those obtained from the ambient vibration data.
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Table 1. Eigenfrequencies and damping ratios identified from ambient vibration data mea-

surements.

Mode

Symmetrical Anti-symmetrical

Frequency Damping ratio Frequency Damping ratio

[Hz] % [Hz] %

First vertical
4.14 2.17 3.62 1.70

bending mode

First torsional
9.00 1.84 8.35 1.79

mode

Second vertical
10.44 2.64 10.00 1.84

bending mode

Second torsional
14.28 1.69 11.26 2.20

mode

(a)

(b)

Figure 13. Identified modes: (a) symmetrical and (b) anti-symmetrical.
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Figure 14. Identified symmetrical mode shapes: (a) the first vertical bending mode at 4.14

Hz, (b) the first torsional mode at 9.00 Hz, (c) the second vertical bending mode at 10.44

Hz, and (d) the second torsional mode at 14.28 Hz.
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Table 2. Eigenfrequencies identified from free vibration data, train induced vibration data,

and ambient vibration data.

Mode

Free Train induced Ambient

vibration vibration vibration

Frequency
Damping

Frequency
Damping

Frequency
Damping

ratio ratio ratio

[Hz] % [Hz] % [Hz] %

First vertical
3.90 2.30 3.67 2.81 4.14 2.17

bending mode

First torsional
9.13 1.25 − − 9.00 1.84

mode

Second vertical
10.41 2.38 10.54 4.27 10.44 2.64

bending mode

3. Numerical model of the Sesia viaduct

As apparently adjacent spans are coupled through the ballast and rails, a model that includes

all 7 spans of the viaduct is required to study the dynamic behavior of the bridge. Due to

the size of the resulting FE model, this would lead to a large computational cost, however.

Therefore, a simplified model of one span is used in this chapter, while a reduced-order

model of the entire viaduct is created as well which is presented in Chapter 5. In the simpli-

fied model of one span, the continuity between adjacent spans is accounted for by applying

appropriate boundary conditions on the ballast and the rails. For the symmetrical modes,

both the rotation and longitudinal displacement of the ballast and the rails are restricted

(Figure 15a), while for the anti-symmetrical modes, both the vertical and longitudinal dis-

placements of the rail are restricted (Figure 15b).

(a)
Ballast

Rail

Krp Crp

(b)
Ballast

Rail

Krp Crp

Figure 15. Boundary conditions for: (a) symmetrical model and (b) anti-symmetrical

model.

The numerical model of a single span of the Sesia viaduct is created with the FE pro-

gram ANSYS. As described in the previous section, the symmetrical modes are predom-

inantly excited when the train passes the bridge. In this interaction study, symmetrical

boundary conditions are therefore adopted. Table 3 presents the element types and the



Vibration Testing as a Tool for Tuning and Validating Train-Bridge ... 75

material properties of the different components in the FE model. The steel girder is mod-

elled by shell63 elements with 4 nodes each having 6 DOFs, while the concrete slab is

represented by solid45 elements with 8 nodes having 3 DOFs. The ballast is modelled by

solid45 elements with material characteristics as found in the literature [16]. The diagonals

and bracings are represented by beam4 elements having 6 DOFs at each node. The headed

shear studs are represented by linear spring elements combin14 and connect the correspond-

ing nodes in the longitudinal direction (Figure 16) [17]. The characteristic of the spring

elements is defined by the load-slip curves as given in ref. [18]. The model of the railway

track is presented in Figure 17. The track is modelled as a longitudinally invariant track,

where the dynamic stiffness of the rail pads and the mass of the sleepers are uniformly dis-

tributed along the track. The track model consists of two Euler beams representing the two

rails and mass elements representing the sleepers. The rail pads are represented by springs

between the Euler beams and mass elements. The mass per unit length of the UIC60 rail is

ρrAr=60 kg/m and the vertical bending stiffness is ErIr=6.4×106 Nm2.

Table 3. Element types and material characteristics of numerical model for the Sesia

viaduct.

Element type
E ρ ν Mass Stiffness Damping

[GPa] [kg/m3] [kg] [MN/m] [kNs/m]

Steel Box shell63 205 7850 0.3 − − −

Ballast solid45 0.28 1700 0.28 − − −

Concrete Slab solid45 31 2500 0.17 − − −

Diagonal bracing beam4 205 7850 0.3 − − −

Stud combin14 − − − − 450 −

Lateral panel solid45 15.5 2300 0.17 − − −

Rail beam4 205 7850 0.3 − − −

Sleepers mass21 − − − 290 − −

Krp combin14 − − − − 500 −

Crp combin14 − − − − − 200

Concrete slab

Steel beam

stud

Figure 16. The representation of the shear stud.

Figures 18 and 19 show the FE model of the steel girder and the bridge, respectively.

The computed eigenfrequencies are compared with the frequencies of the symmetrical
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Rail pad Sleeper Rail

Concrete slab

Ballast

Figure 17. The model of the railway track.

modes as identified from the ambient vibration data (Table 4). A good agreement is ob-

tained between the calculated and measured eigenfrequencies. The computed mode shapes

of the bridge are presented in Figure 20. As an indication of the level of agreement between

the measured and predicted mode shapes, the modal assurance criterion values (MAC) for

each mode are computed as given in Table 4. The MAC measures the least-squares fit

between two different mode shapes, with a MAC value of one indicating perfectly consis-

tent modes and a value of zero indicating orthogonality. As shown in Table 4, very good

agreement is found between experimental and predicted mode shapes. The comparisons of

eigenfrequencies and mode shapes show that the numerical model accurately represents the

dynamic behavior of the bridge.

Figure 18. Finite element model of the steel girder.

4. The train model

During the experiments, the bridge response has been measured during the passage of the

Italian high speed train ETR500Y. It is composed of a locomotive followed by 8 passenger
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Figure 19. Finite element model of the Sesia viaduct.

Table 4. Comparison of the computed eigenfrequencies and eigenfrequencies identified

from ambient vibration data.

Mode
Natural frequency [Hz]

MAC
measured computed

First vertical bending mode 4.14 4.15 0.99

First torsional mode 9.00 9.01 0.98

Second vertical bending mode 10.44 10.27 0.99

Second torsional mode 14.28 14.56 0.99

cars and another locomotive. The length of the locomotive is 19.7 m, while the length of the

passenger car is 26.1 m. The average static axle loads for the locomotives and passenger

cars are 176.4 kN and 112.9 kN, respectively. The vehicle (Figure 21) is modelled as

follows: each vehicle is considered as an independent entity with 1 car body, 2 bogies, and

4 wheel sets. Both the primary and the secondary suspension system are modelled as linear

elastic systems represented by springs and dampers. At each side of each wheel set and

bogie horizontal and vertical springs and dampers are introduced. A total of 8 horizontal

and vertical springs and dampers therefore represent the primary suspension system, while

4 horizontal and vertical springs and dampers represent the secondary suspension system.

Each car body and each bogie has 5 DOFs: the displacements in vertical direction (Z) and

lateral direction (Y ), and the rotations about the x-axis (RX ), y-axis (RY ) and z-axis (RZ).

Each wheel set has 3 DOFs: the displacement in vertical direction (Z) and lateral direction
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(a) (b)

(c) (d)

Figure 20. The computed mode shapes for the Sesia viaduct: (a) the first vertical bending

mode, (b) the first torsional mode, (c) the second vertical bending mode, and (d) the second

torsional mode.

(Y ), and rotation about the x-axis (RX ). In this way, the vehicle model has total 27 DOFs.

The dynamic characteristics of the vehicle are provided by the Italian railway company RFI

S.p.A. and listed in Table 5. Before presenting the results of the train-bridge interaction, it

is useful to consider the eigenfrequencies and the eigenmodes of the vehicle.

Table 6 summarizes the eigenfrequencies of the passenger car and describes the corre-

sponding mode shapes. The natural frequencies of the vehicle are found in the frequency

range between 0.26 Hz and 6.07 Hz. The natural frequency of the first bending mode of

the bridge is situated at 4 Hz and therefore in the range of the natural frequencies of the

vehicle. This explains why the frequency of the first bending mode of the bridge decreases

to 3.67 Hz when the train is on the bridge, whereas the frequency of the second bending

mode remains almost unchanged (Table 2). Figure 22 shows the vertical modes of the two

bogies, which are very close to the frequency of the first bending mode of the bridge.

5. Validation of the numerical model

The numerical model of the Sesia viaduct contains more than 41,000 DOFs. Therefore, the

modal superposition method is adopted to solve the equation of the motion of the bridge.
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Figure 21. A 15 DOFs vehicle model for a vehicle with two bogies.

(a) (b)

Figure 22. Vertical modes of the bogies: (a) symmetrical mode at 4.07 Hz and (b) anti-

symmetrical mode at 4.07 Hz.

The threshold for low-pass filtering is 30 Hz according to the Eurocode 1 [19]. The first 300

modes, with natural frequencies ranging from 2.78 Hz to 40.37 Hz, are therefore used in

the train-bridge interaction analysis. A value of 2.5% is assumed for the damping ratio for

all modes, which is a mean value of the identified modal damping ratio. The train runs from

Milano to Torino on the left side of the double track line (Figure 3) at a speed of 288 km/h.

Figure 23 shows the computed time history of the vertical displacement at mid span (point

2b08 on Figure 7). The vertical lines at t = t1 and t = t2 indicate the time at which the train

enters and leaves the second span, respectively. The largest amplitudes of the displacement

correspond to the passage of the locomotive that has an axle load of 176.4 kN, which is

higher than the axle load of 112.9 kN for the passenger car, entering and leaving the bridge.

The maximum absolute value of the displacement is 1.9 mm. Since the ratio between the

deflection and span l=46 m is about 1/25000, it can therefore be concluded that the Sesia

viaduct is very stiff.

Figures 24a and 25a compare the measured and predicted time history of the vertical

acceleration at points 2c06 and 2c12 (Figure 7) after the application of a low-pass filter

with a cut-off frequency of 30 Hz. A good agreement is obtained between the experimental

and predicted results with a similar value for the maximum acceleration. Figures 24b and

25b show the results in the frequency domain. A peak that corresponds to the frequency of

the first bending mode of the bridge at 4 Hz is observed in the predicted as well as in the
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Table 5. Dynamic characteristics of the Italian high speed train ETR500Y.

Item Units Locomotive Passenger-car

M2 kg 55976 34231

IX2 kgm2 53366 54642

IY 2 kgm2 1643086 1821521

IZ2 kgm2 1630520 1760619

M1 kg 3896 2760

IX1 kgm2 3115 2304

IY 1 kgm2 5843 2504

IZ1 kgm2 8107 4071

MW kg 2059 1583

IW kgm2 1164 753

KH N/m 82821 266785

KV N/m 896100 404370

CH Ns/m 0 0

CV Ns/m 7625 3750

KHH N/m 73035 32054

KVV N/m 236030 90277

CHH Ns/m 4625 5000

CVV Ns/m 18125 8125

q0 m 1.5 1.5

b1 m 1.115 0.965

b2 m 1.0425 1.0825

h1 m 0.915 0.7

h2 m 0.098 0.12

h3 m 0.087 0.13

measured spectra. The peaks beyond 20 Hz are due to the higher modes of the bridge, in

particular the third torsional mode and the third bending mode. The one-third octave band

RMS spectra are calculated from the time domain data in the interval [0,10]s and are shown

in Figures 24c and 25c. The correspondence between the predicted and experimental results

is quite good, which indicates that the dynamic behavior of the bridge is well represented

by the FE model.

Figure 26 compares the predicted and measured strains at point S16 (see Figure 12).

The predicted and measured strains have almost the same magnitude and show several

peaks that correspond to the contribution of the axles. The larger strain amplitudes are due

to the larger weight of the locomotive as compared to the one of the passenger car.

The computed time history of the shear force in the stud is very important for the design

and set up of the fatigue tests in the laboratory and the fatigue analysis. Figure 27 shows a

typical time history of the shear force in one stud near the support along girder B.

The passage of successive loads with a uniform spacing can excite the structure in

resonance at the critical speed. Figure 28 shows the predicted maximum displacement

at mid span as a function of the train speed based on computations in the range of train
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Table 6. Computed natural frequencies of the passenger car of the Italian high speed train

ETR500Y.

Mode
Frequency

[Hz]

Lateral and roll mode of the car body 0.26

Anti-symmetrical lateral and roll mode of 2 bogies, yaw mode of the car body 0.40

Symmetrical lateral and roll mode of 2 bogies, lateral and roll mode of car body 0.47

Symmetrical vertical mode of 2 bogies, vertical mode of car body 0.49

Anti-symmetrical vertical mode of 2 bogies, pitch mode of car body 0.64

Symmetrical lateral and roll mode of 2 bogies 3.20

Anti-symmetrical lateral and roll mode of 2 bogies 3.20

Yaw mode of front/rear bogie 3.87

Symmetrical vertical mode of 2 bogies 4.07

Anti-symmetrical vertical mode of 2 bogies 4.07

Anti-symmetrical roll mode of 2 bogies 4.67

Symmetrical roll mode of 2 bogies 4.67

Pitch mode of front/rear bogie 6.07
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Figure 23. Computed time history of the vertical displacement at mid span during the

passage of the Italian high speed train ETR500Y at a speed of 288 km/h.
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Figure 24. Predicted (gray line, with train-bridge interaction) and measured (black line)

acceleration at point 2c06 during the passage of the Italian high speed train ETR500Y at a

speed of 288 km/h: (a) time history, (b) frequency content, and (c) one-third octave band

RMS spectra.
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Figure 25. Predicted (gray line, with train-bridge interaction) and measured (black line)

acceleration at point 2c12 during the passage of the Italian high speed train ETR500Y at a

speed of 288 km/h: (a) time history, (b) frequency content, and (c) one-third octave band

RMS spectra.
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Figure 26. Predicted (gray line) and measured (black line) time history of the strain at point

S16 during the passage of the Italian high speed train ETR500Y at a speed of 288 km/h.

speeds between 250 km/h and 400 km/h with a step of 5 km/h. The maximum value of the

displacement is reached at 375 km/h.

For the Italian high speed train ETR500Y, the characteristic length l0=26.1 m, and the

first natural frequency f1=4.15 Hz, so that the critical speed is equal to 389 km/h. A dif-

ference of 14 km/h is therefore found between this value and the result of the train-bridge

interaction analysis. This could be due to the fact that analytical solution for resonant speed

holds for simply supported beams, whereas symmetrical boundary condition have been as-

sumed in the model of the Sesia viaduct to account for the coupling between adjacent spans.

Figure 29 presents the time history of the displacement and the acceleration at mid span,

for a train speed of 375 km/h. It can be observed that, at the critical speed, the maximum

acceleration of the bridge is less than 100 cm/s2 during the passage of the train ETR500Y,

which is much lower than the maximum allowable acceleration of 350 cm/s2 as specified

in Eurocode 1 [19] for ballast tracks.

6. Conclusion

In this chapter, as a typical example of the use of vibration testing, the experiments of the

Sesia viaduct are presented and the numerical model for dynamic train-bridge interaction is

validated. In the experiments, accelerations are measured as well as axial strains using fiber

optical sensors. Based on the dynamic behavior of adjacent spans, the modes of the bridge

can be approximately subdivided into symmetrical and anti-symmetrical modes, which in-

dicates that, although girders of adjacent spans are not designed to be coupled, neighboring
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Figure 27. Typical predicted time history of the shear force in a stud near the support during

the passage of the Italian high speed train ETR500Y at a speed of 288 km/h.
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Figure 28. Maximum displacement at mid span as a function of the train speed.
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Figure 29. Predicted time history of (a) the displacement and (b) the acceleration at mid

span during the passage of the Italian high speed train ETR500Y at a speed of 375 km/h.

spans are connected through the ballast and rails. Because the symmetrical modes are pre-

dominantly excited during the train passage, symmetrical boundary conditions have been

adopted in the numerical model.

The bridge response is predicted with a dynamic train-bridge interaction model. The

numerical results agree well with the experimental response. From the experimental vali-

dation, it can be concluded that the dynamic response of the bridge under a train passage

can be predicted with a high level of accuracy which provides a valuable tool for the design

and assessment of railway bridges.
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Abstract 
 

In this chapter, a critical review of methods for evaluating dynamic effects on high-

speed railway bridges is performed, discussing the relevant features and practical design 

issues. Closed form solutions for the moving load problem are first discussed and 

compared to envelopes of impact factors in engineering codes. Moving load models 

provide the basic tool for dynamic analysis at design stages, with modal analysis or direct 

time integration. The implications of the number of modes are discussed. The dynamic 

signature models provide quick methods, which serve to identify critical resonant speeds 

as well as the aggressivity of trains. They serve also as a base for the high-speed dynamic 

load models. Finally, vehicle-structure dynamic interaction will provide more refined 

predictions. For general cases, but specially short and medium span bridges, simplified 

interaction models are advisable. Based on the methods discussed some applications to 

analysis of design issues are developed. Firstly the influence of the span length of bridges 

is considered, shorter spans result in more pronounced resonance. An example is shown 

comparing simply-supported and continuous deck bridges, the former are shown to result 

in significantly higher vibrations. Finally, the influence of variation in the basic mass and 

stiffness characteristics of bridges is considered, in order to provide simple options to 

improve design. 

 

 

1. INTRODUCTION: DYNAMIC ACTION OF TRAFFIC ON BRIDGES 
 

Traffic loads on railway bridges are a major action to be considered for guaranteeing 

safety and functionality of the structures. Not only the traffic loads are larger than for road 

bridges, but they also produce significant dynamic effects. Furthermore, the nature of the 
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guided traffic on rails imposes more stringent safety requirements than for road vehicles, 

resulting in limitations to deck accelerations and deformations. With the advent of faster 

trains in new high-speed railways the relevance of these dynamic effects has become one of 

the key design factors for railway bridges. 

The dynamic effects on bridges have been since the early days of railways an important 

concern. The first major accident reported for passing trains in railway bridges was the 

collapse of the Dee river bridge at Chester in 1847, Lewis (2007). This bridge was designed 

by Robert Stephenson with cast iron girders, and its collapse caused 5 deaths. Another 

infamous case is the Tay River Bridge Disaster. The 3.5 km long bridge was built by Sir 

Thomas Bouch in 1878, its collapse in 1879 left all 75 passengers dead (Lewis et al, 2002; 

Martin et al, 2004). From the inquiry which was made at the time, it is interesting to point one 

of the concluding remarks: ―Trains were frequently run through the high girder at much 

higher speeds than at the rate of 25 mph (42 km/h)‖. There are some discrepancies today as to 

whether the leading cause for the collapse was the high winds simultaneously to the traffic 

loads or the fatigue failure enhanced by dynamic effects of traffic loads. 

These accidents among other causes motivated the early interest in the study of the 

dynamic effects of moving loads. The first solutions were proposed by Willis (1849) and 

Stokes (1849). The classical work by Timoshenko (1928) includes some further developments 

in dynamic applications to railway bridges. It is interesting to point out the statement in this 

last work that with the speed of trains at the time the dynamic increment from moving loads 

on the bridge is evaluated to be under 10%, whereas the greatest risk is deemed to provide 

from pulsating forces in rotating balance weights of steam engines, with up to 84% increase. 

The basic solution of a moving load on a simply-supported bridge involves neglecting the 

non-suspended mass (wheelsets) as well as the vibrations of the suspended masses, which is a 

sufficiently approximate solution for many cases. It is easily obtained that the maximum 

dynamic increment over static effects for this case is 𝜑′ = 77%, using standard notation for 

railway structures engineering. This increase is significant, however it may be easily bounded 

by a dynamic factor in the design codes, which increases the static load effects, the so-called 

impact factor. This has been the basis of the approach followed in engineering codes up to 

very recently (UIC, 1979), until high-speed trains have arrived. 

Figure 1 shows an example for a 15 m simply-supported beam-type bridge, for which the 

computed dynamic increment at 220 km/h, with 2% damping, is 𝜑′ = 59%. The critical 

velocity, for the maximum dynamic increment cited above, would be in this case 333 km/h. In 

real bridges, additional dynamic effects must be considered from the irregularities of tracks 

and wheels (𝜑′ ′ in UIC standard railway structures engineering notation, UIC (1979)). 

However, these are generally of less importance for the bridges (in this case they would 

amount up to an additional 0.5 𝜑′′ = 2% dynamic increment for well-maintained track, UIC 

(1979)). 

The new high-speed trains introduce a potentially much greater dynamic effect: 

resonance from regularly spaced axle loads at speeds whose effective frequency may coincide 

with the fundamental frequencies of bridges. As an example, Figure 2 shows the measured 

results for a bridge in the Madrid-Sevilla line, from an AVE S100 (ALSTHOM) train at 220 

km/h. The bridge is composed of a sequence of simply-supported spans with 𝐿 = 38 m.  
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Figure 1. Dynamic increment for moving load on simply-supported 𝐿 = 15 m bridge, from catalog of 

ERRI D214 (ERRI, 1998), with 𝑣 = 220 km/h and damping 𝜁 = 0.02. 

 

 

Figure 2. Measured vertical displacement at center of simply-supported span in viaduct over Tajo river, 

Madrid-Sevilla high-speed line, together with results of simulation with moving load model. AVE S-

100 single unit train at 220 km/h. 

 

From Figure 2 one can find that the measured and computed results show an impact 

coefficient of approximately (1 + 𝜑′) = 2.0, measured with respect to the highest static 

effects due to the locomotive. This effect would have been even greater for a double unit train 

(approx. 400 m length). However, this dynamic effect is not so much a problem for the 

Ultimate Limit State (ULS) of the bridge, as it is sufficiently covered by the safety margins 

embedded in the normative static vertical load envelope LM71 and the impact coefficient 

 ENV1991-3, CEN, 1995). However, in this case the functionality 

of the bridge was impaired: vibrations induced in the catenary posts proved to be excessive 

and they had to be relocated into new positions. In other cases the resonant dynamic effects 

may be even of much greater magnitude, and must be therefore avoided in the design of 

bridges. Resonance is not adequately covered by an impact coefficient and requires a dynamic 

analysis of the bridge. 

As a result of research carried out in Europe to investigate high speed traffic actions 

(ERRI, 1998), the new codes for design of railway bridges take into account resonant 

phenomena from traffic (Eurocode EN1991-2, CEN (2003); code f776-1, UIC (2006); 
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Spanish code IAPF, Ministerio de Fomento (2007)). In addition to conservative static load 

models (LM71) and impact factor envelopes (𝛷) they prescribe dynamic analyses to check 

resonance under certain circumstances. Furthermore they define a High Speed Load Model 

HSLM which provides a dynamic envelope for all European high-speed trains and enables 

interoperability within the trans-European network (TSI, Technical Specification for 

Interoperability, ERA (2005)). 

In general, it is improbable that the structural ULS would be reached from dynamic 

traffic actions in bridges designed according to modern standards. More often, the critical 

issues are Service Limit States (SLS) (Nasarre, 2009) such as the limit of vertical 

accelerations of the bridge deck. The maximum accepted acceleration of the deck with ballast 

track is 𝑎max = 3.5 m/s2 (EN1990-A1, CEN, 2005), in order to avoid destabilization of the 

ballast and unacceptable safety risks to the railway traffic. High levels of acceleration are 

generally observed in short span bridges, due to two reasons: the low overall mass of the 

bridge, and the fact that the resonant action of the axles (bogies) may be more pronounced for 

span lengths shorter than the vehicles. Further discussion of this topic is contained in 

Section 3.1. 

An additional issue is that related to lateral dynamic response of the bridge-vehicle 

system under traffic, due to self-excitation (hunting movement, alignment irregularities) or 

dynamic actions (wind, earthquake). These phenomena arise more seldom, but require 

considerably more complex models for analysis, as discussed in Chapters 6 and 7 of this 

book. As a result of recommendations in the studies of ERRI D181 (ERRI, 1995), some basic 

limits to lateral compliance of bridge spans have been introduced in Eurocode EN1990-A1 

(CEN, 2005), establishing a maximum frequency of 1.2 Hz. 

In this chapter we address the models and design issues for dynamic analysis of dynamic 

effects from traffic, performing a critical review of some aspects and analysing their 

implications for design. In Section 2 the different models available are described. In Section 3 

some practical design issues and applications are discussed. Finally, some concluding 

remarks are summarized in Section 4. 

 

 

2. METHODS FOR DYNAMIC ANALYSIS 
 

2.1. Dynamic Response to Moving Load 
 

2.1.1. Solution for Single Moving Load 

The solution for a moving load on a simply-supported bridge is well established and 

available in closed form under certain assumptions. However, it is interesting to review for 

several reasons. Firstly it provides a basis for defining a dynamic factor (or impact factor) to 

multiply the static response as a method for design. Additionally, the closed form solution 

helps to identify clearly the characteristics of the dynamic behavior. 

From the dynamic equation of vibration of a beam, the solution may be performed with a 

modal analysis (Timoshenko, 1928), in which we shall take only the fundamental mode of 

vibration
1
 of frequency 𝑓0 = 𝜔0/2π. For a load at constant speed 𝑣 the wavelength is defined 

                                                        
1
 In Section 2.2 we shall consider the implications of taking one or more modes. 
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as 𝜆 = 𝑣/𝑓0. Additionally, for a bridge of span 𝐿 a non-dimensional parameter 𝛼 for the load 

velocity may be defined as: 

 𝛼 =
𝜆

2𝐿
=

𝑣

2𝑓0𝐿
 .      (1) 

The time function for displacement at the center of the span, in terms of the maximum 

static response ys=PL
3
/48EI ≈ 2PL

3
/

4
EI and considering some simplifications valid for small 

damping (𝜁 ≪ 1) is: 

 𝑦 𝑡 =
𝑦𝑠

1−𝛼2  sin 𝛼𝜔0𝑡 − 𝛼e−𝜁𝜔0𝑡sin 𝜔0𝑡   ,   (2) 

where the first term within the brackets is due to the excitation of the external load and the 

second to the bridge free vibration. This function is valid during the time the load is on the 

bridge, for which the maximum 𝑦dyn  in terms of 𝑡 may be computed
2
. For the most 

unfavourable case without damping (𝜁 = 0) it is attained for 𝑦 = 0 ⇒  𝜔0𝑡 =
2𝑛

1+𝛼
𝜋, with the 

result 

 
𝑦dyn

𝑦𝑠
=

1

1−𝛼2  sin  
𝛼

1+𝛼
2𝜋 − 𝛼 sin  

1

1+𝛼
2𝜋   .   (3) 

This expression yields an envelope of the dynamic factor with respect to the non-

dimensional parameter 𝛼, plotted in Figure 3. This envelope curve shows a maximum 

response for a critical value of 𝛼𝑐  (and associated critical speed, 𝑣𝑐):  

 𝛼𝑐 = 0.617     ⇒       
𝑦dyn

𝑦𝑠
 

max
= (1 + 𝜑′dyn )max = 1.768 .      (4) 

As an example, for the bridges in the D214 ERRI catalogue (ERRI, 1998) the maxima of 

𝜑dyn
′  correspond to 𝑣𝑐 = 333 km/h for 𝐿 = 15 m and 𝑣𝑐 = 356 km/h for 𝐿 = 20 m, 

velocities which may be attained by modern high-speed trains.  

 

 

2.1.2. Impact Factor in Engineering Codes 

The analytical envelope from equation (3) may be compared with the dynamic factor for 

obtaining the dynamic response of real trains as defined in code f776-1 (UIC, 1979) and 

Eurocode EN1991-2 Annex C (CEN, 2003)
3
 

 𝜑UIC
′ =

𝛼

1−𝛼+𝛼4 .     (5) 

The dynamic factor to multiply the static response under real trains is then  1 + 𝜑UIC
′  . 

This factor is plotted in Figure 3 and compared with the analytical result for dynamic single 

moving load envelope. It may be observed that it includes a safety margin for speeds 

corresponding to 𝛼 >  0.35, showing a maximum value of 2.32 (132% increment). The range 

of validity in the codes for 𝜑UIC
′  is for conventional rail speeds (i.e. 𝑣 ≤ 200 km/h). 

                                                        
2
 It may be seen that for the cases of very fast moving loads when the maximum is reached after the load exits the 

bridge response is lower. 
3
 In these codes the notation 𝐾 is employed instead of 𝛼 in expression (5), with identical meaning. 
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Figure 3. Envelopes of impact coefficient; 𝜑dyn
′  from analytic solution of moving load, 𝜑UIC

′  from code 

f776-1 UIC (1979). The various lobes in the analytic dynamic envelope correspond to the beam 

performing more than one full oscillation during passage of the load. 

 

As a representative example it is useful to apply the evaluation of dynamic effects from 

the Eurocode EN1991-2 (CEN, 2003), for the above mentioned 𝐿 = 15 m bridge and a train 

with 𝑣 = 200 km/h, which would fall in the conventional speed range. In this case resonance 

is not considered and the dynamic effects may be evaluated through an impact factor. This 

factor is applied to the static response for the load model LM71 (Figure 4) 

 

 

Figure 4. LM71 static vertical load application for simply-supported bridge. 

 

For carefully maintained track, the dynamic factor applied to static effects of LM71 

(EN1991-2, clause 6.4.5.2) is 

 Φ2 =
1.44

 𝐿−0.2
+ 0.82 = 1.212 .    (6) 

On the other hand, we may evaluate the dynamic factor 𝜑UIC
′  to be applied for real trains. 

The value of the non-dimensional velocity is 𝛼 = 0.37, from which 

  1 + 𝜑UIC
′ + 0.5𝜑UIC

′′  = 1.5918 ,      (7) 



Dynamics of High-Speed Railway Bridges 95 

where 𝜑UIC
′  provides from equation (5) and 0.5𝜑UIC

′′ = 0.0206 corresponds to additional 

dynamic effects from track and wheel irregularities, as evaluated defined in UIC f776-1 (UIC, 

1979, 2006)  and EN1991-2, annex C (CEN, 2003).  

Considering the proportion between loading of a real passenger train (e.g. consider Figure 

7) and LM71 (Figure 4) is approximately 1/3, results from (7) should be divided by 3 in order 

to compare with (6). Consequently the envelope dynamic factor Φ2 is clearly a conservative 

upper bound for the dynamic effects of real trains at conventional speeds. 

For the case of high-speed  𝑣 > 200 km/h  it would be necessary to perform further 

checks, in particular for maximum accelerations in the deck, and in consequence a dynamic 

analysis with the methods described below. This particular bridge (single track 𝐿 = 15 m 

ERRI D214, ERRI (1998)) would not satisfy the criteria set out in table F1 of EN1991-2 and 

computed accelerations in the dynamic analysis would indeed be excessive, as we shall see in 

Section 2.4.1. 

 

 

2.2. Dynamic Analysis with Moving Loads 
 

The Impact factor, derived from moving load envelopes or analysis of real trains at 

conventional speeds (i.e. ≤ ℎ𝑒 𝐼𝑚km/h) does not cover resonant effects. These may be of a 

much greater nature than moving load effects: in order to consider resonance an impact factor 

approach would be either unsafe or excessively conservative. For circumstances in which 

there is a possibility of resonance, it is necessary to perform a dynamic analysis of the 

complete train taking into account the complete load sequence (Figure 5). 

 

 

Figure 5. Load sequence from HS train for moving load dynamic analysis. 

 

In the simplest case (straight beam subject only to vertical bending) the differential 

equation that governs the dynamics is 

𝑚 𝑢 +  𝐸𝐼𝑢′′  ′′ = 𝑝 𝑥, 𝑡 =  𝑃𝑘 𝛿(𝑥 + 𝑑𝑘 − 𝑣𝑡) 𝑁
𝑘=1   (8) 

for a train with 𝑁 concentrated axle loads 𝑃𝑘  with offsets 𝑑𝑘 , where 𝑥 is the longitudinal 

coordinate, 𝑢(𝑥) the beam vertical displacements, 𝑚  the mass per unit length, and 𝛿 ∙  is the 

kronecker delta function.The brackets  ∙  have the meaning  𝛿(𝜉) = 𝛿(𝜉) if 0 < 𝜉 < 𝐿 (load 

within bridge) or 0 otherwise. Superposed dots represent time derivatives and primes (𝑢’) 
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derivatives with respect to 𝑥. This equation may be generalized for arbitrary structures either 

with 3D beams, torsional effects, shear deformation, or more general continuum-type 

descriptions. In particular, torsion is added straightforwardly to the above equation. For the 

sake of simplicity in this work we shall limit our analyses to equation (8). 

The solution to equation (8) is obtained in two steps, first in space (𝑥 coordinate in this 

simple case) and then in time. For simple cases the spatial solution can in principle be 

obtained analyticallythrough modal analysis, obtaining as a result uncoupled modal equations 

for the amplitude of vibration of each mode (Clough & Penzien, 1993). Considering mode 

shapes 𝜙𝑖(𝑥) and associated circular frequencies 𝜔𝑖: 

 𝑀𝑖𝑦 𝑖 + 2𝜁𝑖𝜔𝑖𝑀𝑖𝑦 𝑖 + 𝜔𝑖
2𝑀𝑖𝑦𝑖 =  𝑃𝑘 𝜙𝑖 𝑥 + 𝑑𝑘 − 𝑣𝑡  𝑁

𝑘=1  , (9) 

where 𝑦𝑖  is the modal amplitudefor 𝜙𝑖 , 𝑀𝑖 is the corresponding modal mass and 𝜁𝑖  the 

damping ratio. These equations may be integrated in time by direct numerical algorithms 

(either coded directly or available within finite element software). As an example, a general 

code for integration of these modal equations
4
 is given in Figure 6. 

 

 

Figure 6. Code for Octave/Matlab for integration of modal equations (9). Coefficients A, B, C, D, A1, 

B1, C1, D1 as defined in Chopra (2007). 

A more general procedure is to employ finite element (FE) software for the discretization 

of the dynamic equations in space. The only feature which is special for this problem, as 

regards general structural dynamics problems, is the adequate definition of the actions from 

the moving loads. As a result of FE discretization the following matrix system of ordinary 

differential equations is obtained 

                                                        
4
 This algorithm is exact assuming a piecewise linear response, see Chopra (2007). 
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 𝐌𝐮 + 𝐂𝐮 + 𝐊𝐮 = 𝐟 𝑡  ,          (10) 

where M, C and K are respectively the mass, damping and stiffness matrices and 𝐟 𝑡  the load 

vector.  

At this point within FE software it may be chosen to integrate directly in time the coupled 

equations (10) with a numerical scheme, or to perform a modal analysis of the discretised 

system and obtain numerical mode shapes and frequencies. These will then be available as 

uncoupled equations identical to (9) and may be integrated in time individually. The modal 

analysis option has several advantages. The number of modes to consider can be chosen thus 

avoiding high-frequency components from higher modes, which are not significant for the 

bridge response. Moreover, the solution is generally much faster. However, the direct time 

integration of the complete system provides a more general approach, which may be 

necessary in some cases, for instance to consider nonlinear effects or contacts. 

Following we discuss an application example, solved with a dynamic moving load 

analysis. It will serve to show some differences with the single moving load solution in 

Section 2.1. In some cases a sequence of two or more axle loads (or bogies) may produce a 

significant increase from the dynamic effect of a single moving load. In Figure 7 we show the 

case of a representative articulated Electrical Multiple Unit (EMU) at the critical moving load 

velocity (𝛼𝑐 = 0.617, 𝑣𝑐 = 353 km/h) together with the quasistatic response neglecting 

inertial vibration. The impact factor produced is (1 + 𝜑′) = 2.45, clearly larger than that for 

a moving load (Figure 3). We remark the response in this case is not a case of resonance, but 

does represent a case for which the simple moving load coefficient is not sufficient, even if it 

were applied to velocities higher than 200 km/h.  

An issue which may be of importance is the number of modes to consider in the analysis. 

Generally this decision must be taken based on engineering judgment and a detailed 

knowledge of the dynamic characteristics of the system. For instance, displacement analysis 

of a simply-supported beam may be generally carried out with only the first (fundamental) 

mode. Acceleration analysis or the extraction of stresses or sectional resultants will often 

require more modes to be considered. For acceleration analysis on the bridge it is generally 

required to consider only frequencies below 30 or 60 Hz, hence higher modes may be directly 

neglected. 

As an example, we present comparative results for the case of the ERRI D214 𝐿 = 30 m 

bridge under the ICE3 HS train in Figure 8. The fundamental (first symmetric) mode 

frequency is in this case 𝑓1 = 3 Hz, and the second symmetric mode is 𝑓3 = 27 Hz (the 2
nd

 

mode is skew-symmetric and has no influence on mid-span movement). The analysis is 

performed here for a resonant velocity. It is clear from Figure 8 (left) that for displacements 

only the fundamental mode is significant. However, a significant influence is seen in Figure 8 

(right) for accelerations from the second symmetric mode. Further modes or even the direct 

integration with the complete model yields only minor increases to these accelerations. 

In order to study the influence of the number of modes for other magnitudes, such as 

stresses or section resultants, we present as a representative example a basic dynamic analysis 

that admits a closed form solution. This will not be a moving load but a simply-supported 

beam under a step load 𝑃 applied at the center. The solution may be developed as the sum of 

modal contributions. We present as a function of time the shear resultant 𝑄 particularized at 

𝑥 = 0, that is the reaction load at one support: 
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𝑄 0, 𝑡 =
−2𝑃

𝜋
  

1

(2𝑛 − 1)(−1)𝑛−1
−

cos(𝜔2𝑛−1 1 − 𝜁2𝑛−1
2 𝑡)

(2𝑛 − 1)(−1)𝑛−1
e−𝜁2𝑛−1𝜔2𝑛−1𝑡  

∞

𝑛=1

+ 

  +

𝜁2𝑛−1

 1−𝜁2𝑛−1
2

sin  𝜔2𝑛−1 1−𝜁2𝑛−1
2 𝑡 

 2𝑛−1  −1 𝑛−1 e−𝜁2𝑛−1𝜔2𝑛−1𝑡

 
 
 
 

 ,  (11) 

where 𝜔n  and 𝜁n  are respectively the angular frequency and damping ratio for mode n. This 

closed form solution enables an easy comparison of the influence of the number of modes, 

presented in Figure 9, where also the results from a FE analysis with direct integration of the 

complete model are shown. It is seen that an accurate representation of the shear force needs 

10 modes, although for displacement analysis only the fundamental first mode would be 

sufficient. Further results are available in Goicolea & Gabaldón (2008). 

 

 

 

 

Figure 7. Vertical displacements for 𝑣 = 353 km/h at the center of span of the 20.0 m length bridge of 

ERRI D 214 catalog (ERRI, 1998) considering moving loads and compared to quasistatic results (no 

bridge vibrations). Passenger train unit with 5 EMU coaches and articulated bogies, individual axle 

loads 𝑃 = 21.5 t. The horizontal axis coordinate reflects instead of time the distance 𝑥 = 𝑣𝑡 in order to 

allow appropriate comparison between trains at different speeds. 
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Figure 8. Influence of number of modes for simple bridge, in displacements and accelerations. ICE3 HS 

train at 𝑣 = 268 km/h on 𝐿 = 30 m bridge from ERRI D214 catalogue (ERRI, 1998). 

 

The above remarks may be relevant in practical situations, in which often a dynamic 

analysis is performed based only on the displacement results. Some problems may require the 

direct evaluation of dynamic stresses or resultants, in which cases the influence of the number 

of modes for convergence needs to be properly checked. The resultant dynamic factor may 

differ to that found for displacements. 

 

 

Figure 9. Reaction force at support for simply-supported beam under step load for different models. 

 

 

2.3. Dynamic Signature 
 

As has been said, for simply-supported bridges the analysis may be based only on the 

first fundamental mode, and as a result the overall response consists in a sum of damped 

harmonics. Each load will result in a damped harmonic term after leaving the bridge (second 
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term within the brackets in equation (2)). If some simplifications are performed, neglecting 

terms that are not significant for resonant conditions, it is possible to obtain closed form 

scalar bounds of this series of harmonics. Such is the base of the methods based on the 

dynamic signature of trains developed in Tartary & Jobert (2000) and ERRI (1998) and 

included in new codes (EN1991-2, CEN, 2003; IAPF, Ministerio de Fomento, 2007). Two 

similar but not identical methods are developed in the above references: DER (Decomposition 

of Excitation at Resonance) and LIR (Residual Influence Line). More details may be found in 

Domínguez Barbero, 2001. The hypotheses for these methods are: 

 Simply-supported bridges under moving loads. 

 Only the first (fundamental) mode is considered. 

 Some terms are neglected which are small with respect to resonant vibration 

response. 

Here we shall employ the LIR model, which considers the residual free vibrations as each 

axle exits the bridge. The forced terms as the load is on the bridge are neglected, which is a 

reasonable assumption at resonance. The expressions for the maximum acceleration at the 

center are: 

Γe𝐶accel𝐴 𝛼 𝐺 𝜆  ,     with   𝐶accel = 1
𝑀  , 

 𝐴 𝛼 =
𝛼

1−𝛼2
 e−2𝜁𝜋/𝛼 + 1 + 2 cos 

𝜋

𝛼
 e−𝜁𝜋/𝛼  ,   (12) 

𝐺 𝜆 = max𝑖=1..𝑁    𝑃𝑖cos(2𝜋𝛿𝑖)e−2𝜁𝜋𝛿𝑖
𝑥𝑖
𝑥1

 
2

+   𝑃𝑖sin(2𝜋𝛿𝑖)
𝑥𝑖
𝑥1

e−2𝜁𝜋𝛿𝑖 
2
 , 

where 𝛿𝑖 =  𝑥𝑖 − 𝑥1 𝜆  are the non-dimensional coordinates of each axle within the 

train.The result is based on the product of three terms: 1) a constant 𝐶accel; 2) a function 𝐴 𝛼  

which does not depend on the train and may be interpreted as a dynamic influence line of the 

bridge, depending on its span through parameter 𝛼; and 3) a function 𝐺 𝜆  which is called the 

dynamic signature of the train, as its shape only depends on the characteristics of the axle 

load sequence of each particular train. A similar expression may be obtained for 

displacements by changing the constant factor, see the above references for details. 

This model avoids the explicit dynamic analysis requiring only an algebraic evaluation of 

equations (12). The results may not be strictly an upper bound for non-resonant cases, but 

they provide a reasonably tight upper bound for resonant cases which are the critical ones. 

As an example, in Figure 10 the signature of HS train ICE2 is shown for different levels 

of damping in the bridge. This function shows a resonant peak when the wavelength 𝜆 equals 

the length of the coach 𝐿 = 26,4 m and secondary peaks for 𝐿/2, 𝐿/3 etc. Signatures for 

other trains will vary, depending on characteristic lengths between axles and load values. 

A practical application of the signature may be performed to obtain an envelope of 

maximum accelerations in terms of train velocity. Figure 11 shows the results for ICE2 train 

and the ERRI D214 bridge 𝐿 = 15 m (𝑓0 = 5 Hz), with 𝜁 = 2%, for speeds between 100 and 

400 km/h. It is compared to the results of a similar velocity sweep performed with dynamic 

analysis of moving loads. As expected, the signature model is an upper bound for the critical 

range of velocities (𝑣 > 200 km/h). For some velocities, e.g. 175 km/h, the results are not a 
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conservative estimation, however this lacks significance as these values are lower and not 

critical for design. 

 

Figure 10. Dynamic signature for ICE2 HS train, for different levels of damping. 

 

 

Figure 11.  Application example: velocity sweep for maximum accelerations for ICE2 train, ERRI 

D214 bridge 𝐿 = 15 m (𝑓0 = 5 Hz), 𝜁 = 2%. Comparison between LIR signature method and 

dynamic moving load analysis. 

 

 

2.4.  Models with Vehicle-Structure Interaction 
 

The above models for dynamic analysis consider the traffic actions as moving loads of 

fixed values, whereas in reality they provide from vehicles which have their own dynamics 
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and will not be constant. More realistic models consider coupled vehicle-bridge dynamic 

models including the interaction between both subsystems.In general, the consideration of 

interaction with vehicles will allow part of the energy of vibration of the bridge to be 

transferred to the vehicles, and consequently will predict lower vibrations on the bridge. 

Vehicle subsystems may be generally considered as rigid bodies, with masses for 

wheelsets 𝑀𝑤 , bogies 𝑀𝑏  and Vehicle box 𝑀, and concentrated springs and dampers, as 

shown in Figure 12. Models for vertical dynamics may include only vertical translation 

degrees of freedom and pitch rotations for vehicle body or bogies. Complete 3D problems 

include all the rotations and should be handled with general multibody models, either linear 

or nonlinear, as described e.g. in Chapter 6 or 7 of this book. 

 

 

Figure 12. Models for vehicle-bridge interaction. 

 

2.4.1.  Simplified Interaction Model 

 Often full vehicle-bridge interaction models are not necessary, as some parts of the 

vehicle will not interact with the bridge, depending on the frequencies of vibration. Bodies 

with frequencies which are very low with respect to the bridge will not be excited by the 

bridge motion and behave as constant moving loads. Bodies with frequencies which are much 

higher will behave as added masses.  

For railway passenger vehicles under vertical motion one can identify three main 

frequencies: 1) vibration of wheelsets considering Hertzian contact with the rails, of the order 

of 100 Hz; 2) vibration of bogies on the primary suspension, of the order of 4 Hz; 3) vibration 

of the vehicle box, of the order of 1 Hz. In practice, the types of bridges which show greater 

dynamic vibrations have fundamental frequencies of the order of 3 to 7 Hz, hence the 

interaction will provide mainly from bogie masses and primary suspensions. Wheelset masses 

behave (from the point of view of bridge dynamics) as rigidly attached to rails, and vehicle 

box masses as moving loads of fixed value. 

For such cases a simplified interaction model is convenient (Figure 13): the bridge will be 

modelled by modal analysis with 𝑖 = 1, … , 𝑛 modes, the train with 𝑗 = 1, … , 𝑘 interaction 

elements (one per wheelset, suspended mass + moving load). 
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Figure 13. Simplified models for vehicle-bridge interaction. 

 

Under these assumptions, the equations for each mode of vibration (𝜙𝑖 = 1, … , 𝑛, with 

amplitudes 𝑦𝑖) are (details in Domínguez Barbero, 2001):  

 𝑀𝑖𝑦 𝑖 + 𝐶𝑖𝑦 𝑖 + 𝐾𝑖𝑦𝑖 =  𝑘
𝑗=1  𝜙𝑖 𝑑rel

𝑗
   𝑝𝑗 + 𝑚𝑏

𝑗
𝑧 𝑗   ,  (13) 

and for each interaction element (𝑧𝑗 = 1, … , 𝑘):  

𝑚𝑏
𝑗
𝑧 𝑗 + 𝑘𝑗  𝑧𝑗 −  𝑛

𝑖=1 𝑦𝑖   𝜙𝑖(𝑑rel
𝑗

)     

 +𝑐𝑗  𝑧 𝑗 −  𝑛
𝑖=1 𝑦 𝑖 𝜙𝑖(𝑑rel

𝑗
) −  𝑛

𝑖=1 𝑦𝑖𝑣 𝜙𝑖′(𝑑rel
𝑗

)  = 0.  (14) 

These equations are simple to implement and represent only a minor extension to the 

moving load modal analysis equations (9), with very small computational cost.  

As a representative example we show in Figure 14 the results with simplified interaction 

models as compared to the moving load models. The case corresponds to a Talgo HS train at 

a high but non-resonant velocity (360 km/h) on the 𝐿 = 15 m bridge previously described 

(ERRI, 1998). Quasistatic results are also shown, allowing to identify in each case the 

dynamic contributions to response. As expected, the interaction models predict a moderately 

lower vibration of the bridge, providing more realistic results. Additionally, we show the case 

for a resonant velocity in Figure 15. For resonance, the reduction in bridge response is more 

significant. However, the resonant response will still be very large and unacceptable, 

especially for accelerations. 

 

 

Figure 14. Talgo HS train at 360 km/h (non-resonant velocity) for 𝐿 = 15 m ERRI D214 (ERRI, 1998), 

damping 𝜁 = 0.01, with interaction and moving loads. 
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Figure 15. Talgo HS train at 236.5 km/h (resonant velocity) for 𝐿 = 15 m ERRI D214, damping 

𝜁 = 0.01, with interaction. 

 

3. DESIGN ISSUES AND APPLICATIONS 
 

3.1. Span of the Bridge 
 

It is known that dynamic effects are of greater relevance for short or medium span 

bridges. There are several causes behind this behavior; in our view the main reason is the 

relation of the bridge span with the length of the vehicles. If the bridge span is shorter than 

the vehicle length, axles (or bogies) will act one at a time on the bridge, and produce resonant 

response for an appropriate frequency of excitation corresponding to a critical velocity. On 

the contrary, for bridge spans larger than vehicles, several axles will be acting simultaneously 

at different points of the bridge, often counteracting their respective actions, and thus 

reducing the resonant effects. Also, the lower mass in short bridges will produce greater 

accelerations. 

A basic but representative application example has been analyzed, considering bridges of 

spans 𝐿 = 20, 30, 40 m from the ERRI D214 catalogue (ERRI, 1998). The analyses have 

been performed both with moving loads and with vehicle-bridge interaction, consisting of a 

velocity sweep from 120 to 420 km/h to obtain the envelope of maxima in terms of velocity, 

see Figure 16. The 𝐿 = 20 m bridge shows a pronounced resonant peak at near 380 km/h, and 
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the interaction model obtains some reductions at this resonant peak; the 𝐿 = 30 m bridge 

shows a less prominent resonance around 280 km/h, with smaller reduction obtained from 

vehicle interaction; finally, the 𝐿 = 30 m bridge shows virtually no resonance within the 

velocity range considered and a very moderate dynamic response which increases slightly 

with speed. Virtually no influence of interaction is seen for this case. 

 

 

Figure 16. Normalised envelope of maximum displacements for ICE2 high-speed train between 120 

and 420 km/h on simply-supported bridges of different spans (L = 20 m, f0 = 4 Hz, = 20 t/m, LM71 = 

11.79 mm, L = 30 m, f0 = 3 Hz, = 25 t/m, LM71 = 15.07 mm and L = 40 m, f0=3 Hz, = 30 t/m, LM71 

= 11.81 mm). Lines without symbols represent analysis with moving loads, solid lines with symbols 

models with interaction. Damping is =2% in all cases. 

 

3.2. Mass and Stiffness of Bridges 
 

In order to verify the basic design options for bridges in relation to dynamic response we 

develop some simple analyses, which show the influence of variations in mass and stiffness. 

These options may be relevant for the design of bridges to reduce dynamic effects. 

We consider as base case the bridge from ERRI D214 catalogue (ERRI, 1998) of 

𝐿 = 20 m, 𝑚 = 20 t/m, bending stiffness 𝐸𝐼 = 20750590 kN·m
2
, fundamental frequency   4 

Hz with damping δ = 1%. The bridge is subject to ICE2 trains with speeds from 120 to 420 

km/h. Variations in mass or stiffness influence the fundamental frequency 𝑓0 as it is 

proportional to  𝐸𝐼/𝑚  . Furthermore, the first critical velocity is also shifted, as the 

expression is 𝑣𝑘 = 𝐷𝑘𝑓0 for a given characteristic axle distance 𝐷𝑘 . 

 

 

3.2.1. Increase Mass of Bridge 

Figure 17 shows the result of increasing the mass per unit length 𝑚  to 25 and 30 t/m, 

keeping stiffness constant. The following effects are seen: 
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 Frequency 𝑓0  and critical speed 𝑣crit decrease with  𝑚 . 

 Maximum displacements at resonance are unchanged . 

 Maximum accelerations at resonance decrease according to 𝑚. 
 

 

Figure 17. variation of mass of bridge – effect on displacements and accelerations. 

 

3.2.2. Increase stiffness of bridge 

In this case the bending stiffness 𝐸𝐼 is increased from the base value by factors 1.25 and 

1.5, keeping mass 𝑚  constant. The fundamental frequencies obtained are respectively 4, 

4.472 and 4.899 Hz. Results are shown in Figure 18, showing the following effects on 

resonant response: 

 

 Frequency 𝑓0 and critical speed 𝑣crit increase according to  𝐸𝐼. The increase in 

critical velocity has the effect of expelling the resonant peaks from the range of 

design velocities. 

 Maximum displacements at resonance decrease according to 1/𝐸𝐼. 

 Maximum accelerations at resonance are unchanged. 

 

Figure 18. Variation of stiffness of bridge – effect on displacements and accelerations. The vertical 

black line defines the limit for the design speed, 420 km/h. 
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3.2.3. Simultaneous increase of mass and stiffness 

Finally a simultaneous variation of mass and stiffness is performed, with proportions 1.25 

and 1.50. The frequency is unchanged at 𝑓0 =  4 Hz. Results are shown in Figure 19, with the 

following effects on resonant response: 

 

 Frequency 𝑓0 and critical speed 𝑣crit are unchanged. 

 Maximum displacements at resonance decrease. 

 Maximum accelerations at resonance decrease. 

 

 

Figure 19. variation of mass and stiffness of bridge – effect on displacements and accelerations. 

 

 

3.3. High-Speed Trains and Dynamic Load Models 
 

Several distinct types of HS trains exist in Europe, having been classified into three 

families (CEN, 2003): conventional (independent coaches with two bogies), articulated 

(coaches sharing bogies) and regular (coaches on single wheelsets without bogies). In order to 

enable interoperability of trans-European HS lines it is necessary to consider all possible 

circulation speeds and all possible current and foreseeable trains. If such trains were to be 

checked individually this would be a difficult task. 

A useful tool for ensuring interoperability is the envelope of dynamic signatures of real 

HS trains in Europe according to equation (123), shown in Figure 20a. A fictitious family of 

trains has been designed to provide an envelope covering the real HS trains (EN1991-2, CEN, 

2003; TSI for HS, ERA, 2006). This is called High Speed Load Model (HSLM) and includes a 

family of 10 reference trains. The envelope of HSLM is plotted in Figure 20b and shows how 

it covers the envelope of existing HS trains (TSI HS, ERA, 2006; EN1991-2, CEN, 2003). 
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Figure 20. Signature envelopes for real HS trains and HSLM envelope. 

 

3.4. Continuous Bridges 
 

Following we show in a representative example the difference in dynamic behavior of 

continuous deck bridges with respect to simply-supported spans. The ―Arroyo del Salado‖ 

Viaduct (Sanz & Goicolea, 2005) in the Córdoba-Málaga HS line has been employed for this 

purpose, in which the proposed solution is a continuous deck with 30 spans of 30 m each, 

with concrete in-situ box section, see Figure 21. 

 

 

 

 

 

Figure 21. Continuous viaduct section for ―Arroyo del Salado‖ and 6 first modal shapes 

 

For the continuous deck several modes, not just the fundamental one, participate 

significantly in the structural vibration. In this case 10 modes appear under 30 Hz. These 

modes involve deformation of the complete structure, not being limited to a single span. The 

six main modes are shown in Figure 21, with frequencies between 4.43 Hz and 17.0 Hz. 

Loads from train axles will act in these modes generally not under the same phase, as a result 
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the action of some axles will counteract the action of others. For the simply-supported case 

the first 3 modes are for 4.43, 17.0 and 24.5 Hz. The dynamic results for accelerations are 

shown in Figure 22, considering the 10 HSLM reference trains. For the simply-supported 

spans (left subfigure) acceleration values are obtained clearly above the admissible limit 

(3.5 m/s2), for the higher speeds. On the contrary, for the continuous deck (right subfigure) 

lower accelerations are obtained, specially for the resonant high speeds. 

 

 

Figure 22. Acceleration envelopes for velocity sweeps. Left subfigure corresponds to simply-supported 

solution, right subfigure to continuous deck solution; black line defines design limit of 3.5 m/s2. 

 

 

CONCLUSION 
 

In this chapter, a critical review of methods for evaluating dynamic effects on high-speed 

railway bridges is performed, discussing the features and design issues. The following 

remarks are summarized as conclusion. 

The analytical solution to the moving load problem allows an understanding of the 

maximum value of this effect and its limitations, as well as the parameters influencing 

dynamic response. The results are compared to the impact factors included in engineering 

codes for conventional rail speeds. 

Methods for dynamic analysis based on moving loads provide the main tool at the design 

stages. They yield slightly conservative evaluations, which are accurate enough for most 

practical situations. An important issue to consider is the number of modes to employ in the 

computations if a modal analysis is carried out. 

The dynamic signature methods may be an option for quick appraisal of dynamic effects 

and identification of critical resonant speeds. They also provide a basis for establishing 

dynamic load models such as HSLM (CEN, 2003; ERA, 2006). 

Models with coupled vehicle-bridge interaction provide a more refined and less 

conservative evaluation, which may be of interest in special cases or for research. For short or 

medium span bridges simplified interaction models are advisable. 

Two basic issues are reviewed which affect adversely the dynamic response of bridges: 

the short span lengths (as opposed to spans clearly longer than vehicle lengths), and the 

simply-supported bridges (as opposed to continuous deck bridges). 
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The influence of mass and stiffness of the bridge is discussed, as their variation provides 

simple options for adjusting the dynamic design. 
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Abstract 
 

The simply-supported beam is one of the most common bridge styles in railway 

system. In this chapter, the dynamic responses of a simply-supported beam subjected to 

various moving loads are studied by analytic method. The simply-supported beam with 

uniform section is modeled by a distributed parameter motion equation and solved by the 

superposition method. The cases of moving concentrated force, moving concentrated 

mass, moving distributed mass, and moving vehicle with wheel, sprung mass, spring and 

damper, are adopted as the moving loads. The effects of ground motion and moving load 

with varying speed are considered. The analytic solution of the dynamic displacement 

responses is derived. The pathogenesis for resonance and its occurrence conditions of 

train and simply-supported beam system are analyzed. As case studies, the resonant 

responses of several simply-supported beam bridges under different trains are analyzed 

and explained. 

 

 

1. INTRODUCTION 
 

Dynamic response of a simply-supported beam subjected to various moving loads is 

fundamental for the vehicle-bridge interacted system, which can be solved with a simple 

model by analytic method. The dynamic model and its analytic results are helpful for 

                                                        
*
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studying the principle of the dynamic behaviors for both bridge and vehicle, as well as for 

evaluating and checking the dynamic response for engineering purpose. 

The analytic model of the vehicle-bridge interacted system is an easy and effective way 

to study the question of bridge dynamic response. Wiriyachai et al (1982) performed impact 

study with various bridge models. Diana and Cheli (1989) studied the dynamic interaction of 

railway systems with large bridges. Frýba (1996, 1999) considered the vehicle and the bridge 

as a coupling system and derived the analytic solutions when the beam subjected to moving 

loads. Fafard (1993) studied the dynamic response of a bridge-vehicle interaction system. 

Yang (2003) simplified the effect of train vehicle as two sets of concentrated forces and 

studied the dynamic response when the supports of the bridge vibrate. Chen et al (2007) 

studied the effect of speed varying when the sprung-mass model is moving on the simply-

supported beam.  

It is found that when a series of train vehicles travel through a railway bridge, the loading 

frequencies will change with the train speed. The resonant vibration may occur when the 

loading frequency coincides with the natural frequency of the bridge or the train vehicles. The 

strong vibration induced by the resonance of train-bridge system not only directly influences 

the working state and serviceability of bridge, but also reduces the stability and safety of 

moving train vehicles, deteriorates the riding comfort of the passengers, and sometimes even 

destabilizes the ballast track on the bridge. Therefore, it is necessary to analyze this problem 

and to develop some methods to predict the resonant speeds of the running trains and to 

assess the dynamic behaviors of railway bridges under resonance conditions. Xia (2005, 

2006) derived the formula of resonant train speeds under various conditions. Matsuura (2000) 

systematically studied the resonance of single-span bridges during the design of the 

Shinkansen bridges. By using the half vehicle model, he obtained the resonant curves of 

several bridges with different spans. Frýba (1996) theoretically studied the dynamic 

interaction of a beam under moving loads and proposed the corresponding resonance formula. 

Li and Su (1999) investigated the resonant vibration for a simply-supported girder under 

high-speed trains, using an idealized vehicle model with a rigid body and four wheel-sets. 

Yang and Yau (2002a, 2002b) proposed a suitable numerical model to study the resonance of 

a beam induced by moving loads and the corresponding effect of resonance cancellation. Ju 

and Lin (2003) established a 3-D finite element model to investigate the resonant 

characteristics of multi-span bridges with high piers and simply-supported beams under high-

speed trains.  

 

 

2. VIBRATION OF A SIMPLY-SUPPORTED BEAM SUBJECTED TO 

VARIOUS MOVING LOADS 
 

According to the common working state for railway simply-supported beam bridges, the 

vibration of a simply-supported beam subjected to various moving load cases is studied in 

this section, both by analytic and numerical methods. 
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2.1. Vibration of a Simply-supported Beam Subjected to a Moving 

Concentrated Force 
 

The study is started from the simplest problem: the vibration of a simply-supported beam 

subjected to a moving concentrated force. 

If the mass of a moving load is much smaller than the mass of the beam, the inertia force 

caused by the mass of moving load can be ignored and then the analysis model is simplified 

as a simply-supported beam subjected to a moving concentrated force, as shown in Figure 1, 

where P(t) stands for the moving concentrated force which varies with time. When P(t) is a 

constant, it equates with the case where only the action of gravity is considered. 

 

P  t(  )

y  Vt,t(      )

x

Vt

y

L

 

Figure 1.  Model of a simply-supported beam subjected to a single moving concentrated force. 

 

It is assumed that the simply-supported beam has a uniform section with constant EI, the 

dead load is distributed with uniform mass density m  in unit length, the damping is 

considered as viscous damping with the damping force proportional to the vibration velocity 

of structure, and the motion of the beam meets the small deformation theory and is in the 

elastic range. According to the coordinate system shown in Figure 1, the motion equation for 

the beam subjected to the concentrated force can be expressed as: 
4 2

4 2

( , ) ( , ) ( , )
δ( ) ( ) ,

y x t y x t y x t
EI m c x Vt P t

tx t

  
   

 
   (1) 

where c is the damping coefficient. The boundary conditions of simply-supported beams are: 

y(0, t) = 0, y(L, t) = 0.  is the Dirac function and meets the three equations: 

,
δ( ) ,

0,

x
x

x

 
  







       (2a) 

 

 
δ( ) ( )d ( ),x f x x f 




        (2b) 

 

 

0,

δ( ) ( )d ( ), ,

0,

b

a

a b

x f x x f a b

a b



  



 


   
  

    (2c) 

Equation (1) is a partial differential one, which can be solved by the superposition 

method. In this method, the original geometry coordinate of the structure is transformed into 
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the modal coordinate or the generalized coordinate. For a continuous structure in single 

dimension, the transformation is expressed as: 

1

( , ) ( ) ( ),i i

i

y x t q t x




       (3) 

where qi(t) is the generalized coordinate that is the function of time; i(x) is the modal 

function. Equation (3) indicates that any rational displacement of a structure can be expressed 

with superposition of modes related to the boundary conditions of the structure. 

The modal component of any deformation of the structure can be acquired via the 

orthogonality properties of mode-shapes. For a beam with uniform section, the contribution of 

the nth mode to displacement y(x,t) can be obtained by multiplying n(x) on both sides of 

Equation (3) and integrating them along the beam length as:  

  

 0  0
1

( ) ( , )d ( ) ( ) ( )d . (4)
L L

n i n i

i

x y x t x q t x x x  




  
 

Owing to the orthogonality properties of mode-shapes, the integration on the infinite 

series on the right side of Equation (4) is zero when i≠n, and only one non-zero term left 

when i=n, so the generalized coordinate for the nth mode can be expressed as: 
 

 0

 
2

 0

( ) ( , )d
( ) , (5)

( )d

L

n

n L

n

x y x t x
q t

x x







  
By decomposing the motion equation for simply-supported beam, and substituting 

Equation (3) into Equation (1), one obtains: 
4 2

4 2
1 1 1

d ( ) d ( ) d ( )
( ) ( ) ( ) δ( ) ( ). (6)

d d d

i i i
i i i

i i i

x q t q t
EI q t m x c x x Vt P t

x t t


 

  

  

     
 

By multiplying the modal function n(x) on each term of the equation, integrating along 

the beam length, and utilizing the orthogonality properties of mode-shapes, one obtains: 
4 2

   
2 2

4 2 0  0  0

 

 0

( ) ( ) ( )
( ) ( ) d ( )d ( )d

         δ( ) ( ) ( )d . (7)

L L L
n n n

n n n n

L

n

d x d q t dq t
EIq t x x m x x c x x

dx dt dt

x Vt P t x x


  



 

 

  

  
For the simply-supported beam with uniform section, the mode-shape function can be 

assumed as a trigonometric function: 

( ) sin .n

n x
x

L


       (8) 

Substituting it into Equation (7) and noticing that:  

 
2

 0
sin d

2

L n x L
x

L


        and     

 

 0
δ( ) ( )sin d ( )sin

L n x n Vt
x Vt P t x P t

L L

 
   

After integration one obtains: 
2 4 4

2 4

d ( ) d ( )
( ) ( )sin . (9)

2 d 2 d 2

n n
n

q t q tL L L n n Vt
m c EIq t P t

t t L L

 
    

For the simply-supported beam with uniform section, the nth circular frequency and the 

nth damping coefficient are 
2 2

2n

n EI

mL


   and 2n n nc m  , respectively. 
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Dividing both sides of Equation (9) by 
2

mL
 and assuming 

d

d

q
q

t
 , 

2

2

d

d

q
q

t
 , Equation 

(9) becomes the standard form of the nth modal equation for the simply-supported beam: 

2 2
( ) 2 ( ) ( ) ( )sinn n n n n n

n Vt
q t q t q t P t

mL L


     .     (10) 

This is a liner differential equation with constant coefficients, and all the modal equations 

(n = 1,2,….) are independent. The particular solution can be obtained by the Duhamel 

integral: 

 
( )

D
 0

D

2
( ) ( )sin sin ( )dn n

t
t n

n n

n V
q t P e t

mL L

   
   



 
  ,            (11) 

where 2

D 1n

n n     is the nth natural circular frequency of the damped system. 

By substituting Equations (8) and (11) into Equation (3), the particular solution of the 

simply-supported beam under moving concentrated forces is obtained: 

 
( )

D
 0

1 D

2 1
( , ) sin ( )sin sin ( )dn n

t
t n

n
n

n x n V
y x t P e t

mL L L

    
   




 



   .  (12) 

The general solution of the displacement response for the simply-supported beam under 

moving concentrated forces consists of the complementary solution in Equation (1) and the 

particular solution in Equation (12). 

The analysis mentioned is for the simply-supported beam, so the trigonometric series can 

be used as the mode-shape function. In fact, any kind of structure can be solved by the 

superposition method if appropriate mode-shapes are used. 

The analysis above is for the case of one moving concentrated force. The result can be 

extended to the case where a series of moving concentrated forces with different velocities Vj, 

as shown in Figure 2. In this case, the solution of the motion equation can be directly 

written as: 

 
( )

D
 0

1 1D

2 1
( , ) sin ( )sin sin ( )d .n n

N t j t n

jn
n j

n Vn x
y x t P e t

mL L L

  
 

   



 

 

     (13) 

Only the first few modes in Equations (12) and (13) are needed to be taken according to 

the analysis precision. For example, for the mid-span deflection of a simply-supported beam, 

the first mode is enough to obtain a good solution.  

(      )V t

L

y  Vt,tj

V t2

V t1

P  t
j
 (  )  (  )P  t1

 (  )P  t2

x

y  

Figure 2. Model of a simply-supported beam subjected to a series of moving concentrated forces. 
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2.2. Vibration of a Simply-supported Beam subjected to a Moving 

Concentrated Mass 
 

If the mass of moving load cannot be ignored comparing to the mass of the beam, the 

inertia force of the load must be taken into account, together with the moving gravity force. In 

this case, the analysis model can be simplified as shown in Figure 3. Suppose a mass M1 

moves along the beam without detachment, the displacement of the mass is identical with the 

deflection of the beam y(Vt,t) at the same position. 

 

M

P=M g

1

1

y  Vt,t(      )

x

Vt

y

L

 

Figure 3. Model of a simply-supported beam subjected to a moving concentrated mass 

 

According to the same assumption mentioned in Section 2.1, when the mass M1 moves 

along on the beam with constant speed V, the force acting on the beam is the sum of the 

gravity force 1GP M g  and the inertia force
2

1 2

d ( , )

d
I

x Vt

y x t
P M

t


 : 

2

1 1 2

d ( , )
( , ) δ( )

d

y x t
P x t x Vt M g M

t

 
   

 
,       (14) 

where 
2 2 2 2

2

2 2 2

d ( , ) ( , ) ( , )
2

d

y y x t y x t y x t
V V

t t x t x

  
  

   
, so the external force on the beam is: 

2 2 2
2

1 1 2 2

( , ) ( , ) ( , )
( , ) δ( ) 2

y x t y x t y x t
P x t x Vt M g M V V

x tt x

    
      

     

,            (15) 

where the first term in the parenthesis is the vertical acceleration of the beam at the position 

of the mass; the second term is the vertical acceleration due to the change of vertical velocity 

under the load moving; the third term is the centrifugal acceleration due to the load moving 

on the vertical curve caused by the curvature of the beam during vibration.  

Obviously, the last two terms relate to the stiffness of the bridge and the moving speed of 

the load, which can be ignored for common railway beams with small deflection under live-

load and common speed. Therefore, the motion equation of the simply-supported beam 

subjected to a moving mass can be expressed as:  

4 2 2

14 2 2

( , ) ( , ) ( , ) ( , )
δ( )

y x t y x t y x t y x t
EI m c x Vt M g

tx t t

    
     

   
.           (16) 
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Using the superposition method mentioned in Section 2.1, substituting Equation (3) into 

Equation (16), multiplying the nth mode-shape function n(x) on each term, integrating them 

along the beam, and considering the orthogonality properties of mode-shapes, the left-hand 

side of Equation (16) is the same as that of Equation (9), while the right-hand side becomes: 

 

1
 0

1

( ) δ( ) ( ) ( ) ( )d
L

n i i n

i

P t x Vt M g q t x x x 




 
   

 
 .   (17) 

By assuming ( ) sinn

n x
x

L


   and x = Vt, the generalized force of the simply-supported 

beam with uniform section is: 

 

1
 0

1

( ) δ( ) ( )sin sin d
L

n i

i

i x n x
P t x Vt M g q t x

L L

 



 
   

 
  

1 1

1

sin ( )sin sin .i

i

n Vt i Vt n Vt
M g M q t

L L L

  



               (18) 

The orthogonality condition is not used in the last step of the equation, because the force 

acts on the beam only at x = Vt and the integral is not along the beam length. The physical 

meaning of the equation is that the nth generalized force is the product of external forces 

acting on the beam and the corresponding mode-shape function n(x) at the positions of the 

forces. It should be noticed that, the inertia force is related to the real acceleration of the beam 

at the position of the mass, but not to the acceleration of any mode. This fact indicates that the 

modes are still coupled due to inertia force, in spite of using the superposition method. 

By combining Equations (16) to (18), one obtains: 

2

1

1

2
( ) 2 ( ) ( ) ( )sin sinn n n n n n i

i

i Vt n Vt
q t q t q t M g q t

mL L L

 
  





 
    

 
 . (19) 

Moving the unknown acceleration from the right-hand side to the left yields: 

2

1

1

2
( ) ( )sin sin 2 ( ) ( )n i n n n n n

i

i Vt n Vt
q t M q t q t q t

mL L L

 
  





    

1

2
sin

n Vt
M g

mL L


  .        (20) 

The equation has infinite unknown variable which are independent with each other, so it 

seems that there is no advantage of using the superposition method. However, the dynamic 

response of structures is actually controlled mainly by some low order modes of vibration. 

Thus in practice, a few lowest modes are often enough to obtain a satisfied result when the 

superposition method is used, so the computation efficiency can be greatly improved. 

For a simply-supported beam, by taking N terms from the displacement series, the 

degree-of-freedom will decrease from infinity to N, and the N-order motion equations are 

given as: 

{ } { } { } { }q q q F  M C K ,             (21) 

where {q} = [q1,q2,…,qN]
T
 is the generalized displacement vector; {F} = [F1,F2,…,FN]

T
 

is the generalized force vector; M is the generalized mass matrix: 
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M 11 M 12 M 1

M 21 M 22 M 2

M 1 M 2 M

1

1

1

N

N

N N NN

Φ Φ Φ

Φ Φ Φ

Φ Φ Φ

  

  

  

 
 


 
 
 

 

M , 

C is the generalized damping matrix; K is the generalized stiffness matrix. Both of them are 

diagonal matrices. 
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K , 

where 1
M

2M

mL
  , 1

F

2M g

mL
  , nm n m   . And sinn

n Vt

L


   is the function value of the 

nth mode-shape at time t and position x = Vt. 

It can be seen that the mass matrix in Equation (21) is a full matrix for the simply-

supported beam subjected to moving mass, instead of a diagonal one, so the motion equations 

are coupled. In this case, the superposition method cannot completely decouple the equations, 

while it can effectively decrease the total order by choosing a limited number of N. 

With the mass moving on the beam, the coefficient nm in the generalized mass matrix M 

changes and makes the Equation (21) a linear simultaneous differential equation of the second 

order with time varying coefficients. It can be solved by some numerical methods. 

 

 

2.3. Vibration of a Simply-supported Beam subjected to Moving Distributed 

Mass 
 

If the beam is long enough, the distributed force becomes the most dominant. By the 

similar method, vibration of simply-supported beam subjected to moving distributed mass can 

be analyzed. Herein only the uniform distributed mass is considered. The model is shown in 

Figure 4, assuming the density of distributed mass  , the length of distributed mass lp, which 

is shorter than the beam span L.  

 

Figure 4. Model of a simply-supported beam subjected to moving distributed mass: (a) going-in satge, 

(b) passing-on stage, (c) going-out stage. 
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The dynamic effect of moving distributed mass on the beam has two parts: the gravity 

force and the inertia force caused by vibration. According to the analysis in Section 2.3, the 

motion equation for the simply-supported beam subjected to moving distributed mass is 

written as:  
4 2

4 2

( , ) ( , ) ( , )
( , )

y x t y x t y x t
EI m c p x t

tx t

  
  

 
.  (22) 

According to Figure 4, the force p(x,t) can be expressed as 

2

2

1 H( ) (Going-in stage)
( , )

( , ) H[ ( )] H( ) (Passing-on stage)

H[ ( )] (Going-out stage)

p

p

x Vt
y x t

p x t g x Vt l x Vt
t

x Vt l

 

  
  

      
    

,  (23) 

where H(t) is the unit step function, which describes a unit rectangular force with distributed 

mass, and its effective width and location is decided by the speed V and time t. 

When the motion equation is solved by the superposition method, by substituting 

Equation (3) into Equation (22), multiplying each term by the nth mode-shape function 

( ) sinn

n x
x

L


  , and integrating them along the beam, the left-hand side of Equation (22) is 

the same as Equation (9) and the right-hand side is expressed as follows according to the 

position of the load on the beam. 

(1) Going-in stage 
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 (2) Passing-on stage 
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(3) Going-out stage 
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 , (26a) 
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 ,    (26b) 

where the subscripts G, I stand for gravity force and inertia force, respectively.  

Since the distributed mass is not distributed along the whole span, the orthogonality 

conditions of mode-shapes are not applicable, and thus the expressions are complicated. As 

an example, the passing-on stage is analyzed to illustrate the motion equation with 

generalized coordinates. According to Equation (25), the equation of the nth generalized 

coordinate is expressed as: 

p2

1

4 2
( ) 2 ( ) ( ) sin ( ) ,

2
n n n n n n n i in

i

n lg
q t q t q t q t

nm L m

 
    

 





           (27) 

where 

p
sin ,

2
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2 2
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i n L V L

   
   

   
.        (29) 

By moving the unknown acceleration from the right-hand to the left, one obtains: 

p2

1

2 4
( ) ( ) 2 ( ) ( ) sin .

2
n i in n n n n n n

i

n lg
q t q t q t q t

m nm L

 
   

 





             (30) 

For a simply-supported beam, if N order generalized coordinate is adopted, the degree-of-

freedom decreases from infinity to N, and the N order matrix is the same as Equation (21). 

{ } { } { } { },q q q F  M C K     (31) 
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where {q} = [q1,q2,…,qN]
T
 is the generalized displacement vector; {F} = [F1,F2,…,FN]

T
 

is the generalized force vector; M is the generalized mass matrix: 

M 11 M 12 M 1

M 21 M 22 M 2

M 1 M 2 M

1

1
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N
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N N NN

Φ Φ Φ

Φ Φ Φ
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M , 

where; M

2

m





 ,

p

F

4
sin

2

n lg

nm L





 , C is the generalized damping matrix, K is the 

generalized stiffness matrix, and they are the same as in Equation (21). 

The following characteristics can be drawn from Equations (27) to (31): 

(1) When the distributed mass moves on the beam, the coefficient nm in generalized 

mass matrix M changes, which makes the motion equation a linear simultaneous differential 

equation of the second order with time varying coefficient.  

(2) It can be proved that if considering   as the density of the whole mass M1 along the 

load length lp, when lp → 0, the distributed mass changes into the concentrated mass, the 

equations for the concentrated mass can be obtained by the limit of Equation (25) and 

Equations (27) to (30). 

The motion equations for the going-on and going-out stages can be obtained by the 

similar method.  

 

 

2.4. Vibration of a Simply-supported Beam subjected to a Moving Vehicle 
 

Vehicles have vibration mitigation devices, which consist of springs and dampers. The 

devices not only decrease the impact action on the bridge from vehicles, but also change the 

dynamic performance of vehicles. In this section, the discussion is extended to a more general 

case, i.e. the vibration of a simply-supported beam subjected to a moving vehicle with a 

wheel (unsprung-mass), a spring, a damper and a sprung-mass, as shown in Figure 5. 

 

 

Figure 5. Model of a simply-supported beam subjected to a moving vehicle 
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By assuming the dynamic deflection of the beam y(x,t), the dynamic displacement of the 

sprung-mass Z(t), and the unsprung-mass moving along the beam without detachment, the 

displacement of unsprung-mass is identical to the deflection of the beam at the same location, 

and can be expressed as y(Vt,t), therefore the vehicle can be regarded as a vibration system 

with single degree-of-freedom. 

The forces acting on the sprung-mass M2 contain the inertia force
I2 2 ( )P M Z t , the 

elastic force  S 1 ( , ) ( )
x Vt

P k y x t Z t


   caused by the relative displacement between M2 and 

M1, and the damping force 
D 1

d ( , )
( )

d
x Vt

y x t
P c Z t

t


 
  

 
 caused by the velocity difference 

between M2 and M1. The motion equation for the sprung-mass is expressed by balancing the 

forces in Figure 5 as: 

2 1 1
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x Vt
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M Z t k Z t y x t c Z t

dt




 
       

 
.  (32) 

Notice that 
d ( , ) ( , )

d

y y x t y x t
V

t t x

 
 

 
, where the first term is the vibration velocity of the 

beam at the position of load; the second term is the additional velocity caused by the load 

movement on the slope of deformation of the beam during vibration. For a common bridge 

and the current vehicle speed, the effect of the second part is quite small and can be ignored, 

thus Equation (32) becomes: 
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.  (33) 

The forces acting on the beam contain the gravity force G 1 2( )P M M g 
, the inertia 

force of unsprung-mass
2

I 1 2

d ( , )

d
x Vt

y x t
P M

t


 , the elastic force  '
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caused by the velocity difference between M2 and M1. Thus: 
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Notice that 
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, the applied forces on the beam becomes:  

 1 2( , ) δ( ) ( )P x t x Vt M M g  
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( , ) ( , )
( ) ( , ) ( )
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.         (35) 

The motion equation for the simply-supported beam subjected to the vehicle load is 

expressed as: 
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4 2
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.   (36) 

Substituting Equation (3) into Equation (36), multiplying the nth mode-shape function 

n(x) on each term, integrating them along beam length, the left-hand side of Equation (36) is 

the same as in Equation (9), while the right-hand side becomes: 

1 2( ) ( ) ( ),n n nP t P t P t          (37a) 
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P t x Vt k Z t c Z t k q t c q t x x dx 




 
     

 
 .  (37c) 

For a simply-supported beam with uniform section, by assuming ( ) sinn

n x
x

L


   and 

x=Vt, the two parts of the generalized force are given as: 

1 1 2 1
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    ,              (37b‘) 

 2 1 1 1 1

1

( ) ( ) ( ) sin ( ) ( ) sin sinn i i

i

n Vt i Vt n Vt
P t k Z t c Z t k q t c q t

L L L

  



       .   (37c‘) 

The orthogonality of mode is not used in the last step, for the same reason as in 

Section 2.2 and Section 2.3. 

It must be mentioned that the elastic force, damping force and inertia force are related to 

the displacement, velocity and acceleration of beam at the location of the wheel, but not 

related to a certain mode. The fact proves that for a moving vehicle, the beam modes are still 

coupled with each other when the superposition method is used, similar to the result in 

Section 2.3. 

From Equations (35) to (37), one obtains:  

2

1 2

1 1 1

1

2
( ) 2 ( ) ( ) ( ) sin

                           ( )sin sin ( ) ( ) sin

n n n n n n

i

i

n Vt
q t q t q t M M g

mL L

i Vt n Vt n Vt
M q t k Z t c Z t

L L L


  

  




   



    

 

1 1

1

[ ( ) ( )]sin sini i

i

i Vt n Vt
k q t c q t

L L

 




  


 .        (38) 

By moving the unknown displacement, velocity and acceleration from the right-hand side 

to the left side, it becomes: 

1 1

1 1

2 2
( ) ( )sin sin 2 ( ) ( )sin sinn i n n n i

i i

M ci Vt n Vt i Vt n Vt
q t q t q t q t

mL L L mL L L

   
 

 

 

   
     

   
 

 

2 1
1 1

1

2 2
          ( ) ( )sin sin ( ) ( ) sinn n i

i

k i Vt n Vt n Vt
q t q t k Z t c Z t

mL L L mL L
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1 2

2
( ) sin

n Vt
M M g

mL L


  .   (39) 

If the movement of beam at the wheel position is expressed by the superposition method, 

by assuming ( ) sinn

n x
x

L


   and 

1

( , ) ( )sini

i

i Vt
y x t q t

L





 , and the motion Equation (33) of 

sprung-mass can be expressed as: 

2 1 1 1 1

1 1

( ) ( ) ( ) ( )sin ( )sin 0i i

i i

i Vt i Vt
M Z t c Z t k Z t c q t k q t

L L

  

 

      .        (40) 

Equation (40) indicates that the movement of sprung-mass M2 is coupled with all modes 

of the beam due to the spring and the damper. 

The motion equations for the simply-supported beam and the sprung-mass can be 

obtained by the simultaneous equation composed of Equations (39) and (40). 

This is a simultaneous equation with infinite degrees-of-freedom. For a simply-supported 

beam, if N terms of displacement series are taken, the number of generalized degrees-of-

freedom of beam becomes N. Considering the degree-of-freedom Z(t) of mass M2, the motion 

equations of the system can be expressed with matrices and vectors of N+1 order as follows: 

{ } { } { } { }X X X F  M C K ,   (41) 

where {X} is the generalized displacement vector: 

 
T

1 2{ } , , NX q q q Z .    (42) 

M is the generalized mass matrix: 

M 11 M 12 M 1

M 21 M 22 M 2

M 1 M 2 M

2

1 0

1 0

0

1 0

0 0 0 0

N

N

N N NN

Φ Φ Φ

Φ Φ Φ

Φ Φ Φ

M

  

  

  

 
 


 
 
 

 
 
 

M .                  (43) 

C is the generalized damp matrix: 

1 1 c 11 c 12 c 1 c 1

c 21 2 2 c 22 c 2 c 2

c 1 c 2 c c

1 1 1 2 1 1

2

2

2

N

N

N N N N NN N

N

Φ Φ Φ

Φ Φ Φ

Φ Φ Φ

c c c c

      

      

      

  

  
 

 
 
 
 

  
    

C .  (44) 

K is the generalized stiffness matrix: 
2

1 k 11 k 12 k 1 k 1

2

k 21 2 k 22 k 2 k 2

2

k 1 k 2 k k

1 1 1 2 1 1

N

N

N N N NN N

N

Φ Φ Φ

Φ Φ Φ

Φ Φ Φ

k k k k

     

     

     

  

  
 

  
 
 

  
    

K .    (45) 

{F} is the generalized force vector: 

 
T

F 1 F 2 F{ } , , , , 0NF       ,   (46) 
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where 1
M

2M

mL
  , 1

c

2c

mL
  , 1

k

2k

mL
  , 1 2

F

2( )M M
g

mL



 , sinn

n Vt

L



  is the function 

value of the nth mode-shape at time t and location x = Vt, and nm = nm. 

The results show that for the simply-supported beam subjected to a moving vehicle, the 

mass matrix of the system is non-diagonal, but the coupling term with M2 is zero. However, 

the stiffness and damping matrices are non-diagonal and full, which couples all the equations. 

Therefore the coupled equations cannot be completely decoupled by the superposition 

method, but the equations‘ order can be reduced. 

With the mass is moving on the beam, the coefficient nm in the generalized mass matrix 

M, stiffness matrix K and damping matrix C varies with time, which makes motion equation 

into a linear simultaneous differential equation of the second order with time varying 

coefficient. 

 

 

2.5. Vibration of a Simply-supported Beam subjected to a Moving Vehicle 

under Seismic Excitation 
 

In this section, discussion is focused on the seismic response of a simply-supported beam 

subjected to a moving vehicle consisting of the wheel (moving unsprung-mass) M1, the 

sprung-mass M2, the spring k1 and the dashpot c1, as shown in Figure 6.  

 

Figure 6. Model of a simply-supported beam subjected to a moving vehicle considering ground 

movement 

 

In this case, suppose g ( )y t  is the seismic acceleration of the ground, and identical 

seismic excitations occur at two bearings of the beam; and the other details of the model 

remain the same as in Section 2.4, the inertia force PI2 acting on the sprung-mass M2 can be 

expressed as:  

I2 2 g( ) ( ) .P M Z t y t        (47) 

And the elastic force PS and damping force PD are the same as those in Section 2.4. Thus 

the motion equation for the sprung-mass M2 can be directly written as: 
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2 1 1 2 g

( , )
( ) ( ) ( , ) ( ) ( )x Vt

x Vt

y x t
M Z t k Z t y x t c Z t M y t

t




 
          

.         (48) 

As the vehicle moves on the beam at a constant speed, the load on beam is composed of 

the inertia force 
2

I1 1 g2

( , )
( )

x Vt

y x t
P M y t

t


 
  

  

, the elastic force 
S S'P P , the damping force 

D D'P P , and the gravity of the moving vehicle G 1 2( )P M M g  . It can be expressed in 

terms of  

G I S D

2

1 2 1 g2

( , ) δ( )[ ' ' ]

( , )
δ( ) ( ) ( )

P x t x Vt P P P P

y x t
x Vt M M g M y t

t

    

  
      

  

 

 1 1

( , )
( ) ( , ) ( )

y x t
k Z t y x t c Z t

t

  
      

.                  (49) 

Therefore, the motion equation for the simply-supported beam subjected to a moving 

vehicle under seismic excitation can be expressed as: 
4 2

g4 2

2

1 2 1 g2

( , ) ( , ) ( , )
( )

( , )
δ( ) ( ) ( )

y x t y x t y x t
EI m y t c

x t t

y x t
x Vt M M g M y t

t

   
   

   

  
      

  

 

 1 1

( , )
( ) ( , ) ( )

y x t
k Z t y x t c Z t

t

  
      

.                (50) 

When the modal superposition method is applied for analysis of the simply-supported 

beam, because
1

( , ) sin ( )i

i

i x
y x t q t

L





 , the motion equation of the beam related to the nth 

mode can be derived as: 
4 4

gb gw 1 24
( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2
n n n n n n n

L L L n
mq t cq t q t P n t P t P t P t

L


              (51) 

in which Pn1(t) and Pn2(t) are the nth generalized force on the bridge without seismic 

excitation, and can be found in Equation (37). Pgbn(t) is the nth generalized seismic force on 

the beam and can be expressed as: 

gb g

2
( ) ( )

π
n

mL
P t y t

n
      (n = 1,3,5,…).   (52) 

Pgwn(t) is the nth generalized seismic force from the moving mass M1 on the beam and 

can be expressed as: 

gw 1 g( ) ( )sin .n

n Vt
P t M y t

L


               (53) 

The motion equation for the sprung-mass M2 can be expressed in terms of: 

2 1 1 1 1 2 g

1 1

( ) ( ) ( ) ( )sin ( )sin ( )i i

i i

i Vt i Vt
M Z t c Z t k Z t c q t k q t M y t

L L

  

 

       .      (54) 
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Equations (51) and (54) thus constitute the basic equations of the simply-supported beam 

subjected to moving vehicle under earthquakes. Thus the coupled motion equations for the 

system can be expressed as: 

{ } { } { } { }X X X F  M C K ,    (55) 

where the generalized displacement vector of the bridge {X}, the generalized mass matrix M, 

damping matrix C and stiffness matrix K are the same as in Equations (42) to (45). {F} is the 

generalized force vector, consisting of two parts:  

0 g{ } { } { }F F F  ,    (56) 

where {F0} is the vector of generalized forces from the wheel on the bridge deck and can be 

expressed as: 

 
T

0 F 1 F 2 F{ } , , , ,0NF       ,             (57) 

where 1 2
F

2( )M M
g

mL


 ; {Fg} is the vector of generalized forces excited by earthquakes 

and can be expressed as: 
T

g g1 g1 g 2 g{ } , , , , ( )NF M y t         (58) 

in which 

1

g

1

2 4
sin ( 1,3,5,7,...)

2
sin ( 2,4,6,8,...)

n

n Vt
M n

mL L n

n Vt
M n

mL L









 

 
 


.   (59) 

From the equations deduced above, one can find that: 

(1) In analysis of a simply-supported beam and a moving vehicle subjected to 

earthquakes, the dynamic model can be established by simply introducing the seismic forces 

into the motion equations of the system without considering earthquakes. 

(2) For a simply-supported beam discretized with concentrated masses, the seismic forces 

equal to the seismic inertial forces of the masses multiplied by the earthquake ground 

acceleration. 

(3) For a simply-supported beam discretized with generalized coordinates, the seismic 

forces are the generalized seismic inertial forces of the modes concerned. 

(4) For the wheel of the vehicle moving on the beam as a movable mass without any 

independent degree-of-freedom, the generalized seismic forces acting on the beam equal to 

the products of the seismic inertial force of wheel mass multiplied by the modal function 

value at the wheel position. 

These conclusions provide very convenient conditions for establishment of the dynamic 

model of train-bridge system subjected to earthquakes. 

 

 

2.6. Vibration of a Simply-supported Beam subjected to a Moving Vehicle 

with Varying Speed  
 

2.6.1. Basic equations 

In this section, the study is extended to the vibration of a simply-supported beam 

subjected to a moving vehicle with varying speed. The assumptions and parameters for the 
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beam and the vehicle are defined the same as in Section 2.4, except that the vehicle moving 

speed is varying. The model is shown is Figure 7. 

Suppose that the vehicle moves on the beam with the initial speed V0, and the 

acceleration, the displacement and the velocity are respectively a(t), s(t) and V(t) varying with 

the time t.  

The forces acting on the sprung-mass M2 include the inertia force
I2 2 ( )P M Z t , the 

elastic force S 1 ( )[ ( ) ( , )] |x s tP k Z t y x t   caused by the displacement between M2 and M1, the 

damping force '

D 1

( )

d ( , )
( )

d
x s t

y x t
P c Z t

t


 
  

 
caused by the velocity difference between M2 

and M1. By balancing the forces on mass M2, the motion equation for M2 can be expressed as: 

2 1 1( )
( )

d ( , )
( ) ( ) ( , ) ( ) 0

x s t
x s t

y x t
M Z t k Z t y x t c Z t

dt


 
       

  
,  (60) 

where 
d ( , ) ( , )

d

y y x t y x t

t t x

 
 

 
. Since the speed of moving vehicle varies, both the two parts 

should be considered. Thus the motion equation for M2 can be expressed as: 

2 1 1( )

( )

( , ) ( , )
( ) ( ) ( , ) ( ) ( ) 0

x s t

x s t

y x t y x t
M Z t k Z t y x t c Z t V t

t x



                  

. (61) 

 

 

Figure 7. Model of a simply-supported beam subjected to a moving vehicle with varying speed. 

 

When the vehicle moves along the beam at speed V(t), the forces acting on the beam 

include the gravity of the moving masses (sprung and unsprung), the inertia force 
2

I 1 2

( )

d ( )

d
x s t

y t
P M

t


  of the unsprung-mass M1, the elastic force '

S SP P  caused by the 

displacement between M2 and M1, and damping force '

D DP P  caused by the velocity 

difference between M2 and M1. Thus the forces acting on the beam can be written by 

balancing the forces on the beam as: 

  G I S D( , ) δ ( ( )P x t x s t P P P P      
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2

1 2 1 1 12

( , ) ( , )
δ ( ( ) ( ) ( ) ( , ) ( )

y x t y x t
x s t M M g M k Z t y x t c Z t

t t
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(62) 

Notice that
2 2 2 2
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2 2 2

d
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, 

where 
d ( )

( )
d

V t
a t

t
  is the acceleration of the vehicle movement, Equation (62) can be 

rewritten as: 

 ( , ) δ ( ( )P x t x s t    

2 2 2
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 1 1
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t x

    
          

.   (63) 

So the dynamic equilibrium equation of the simply-supported beam subjected to a 

moving vehicle with varying speed is: 
4 2

4 2

( , ) ( , ) ( , )
( , )

y x t y x t y x t
EI m c P x t

x t t

  
  

  
.       (64) 

When the equation is solved by the superposition method, using 
1

( , ) ( ) ( )i i

i

y x t q t x




   

and ( ) sinn

n x
x

L


  , the motion equation of the beam with generalized coordinates becomes: 

2 2
( ) 2 ( ) ( ) ( )n n n n n n nq t q t q t P t

mL
         (n = 1,2,…).  (65) 

The terms on the left-hand side of Equation (65) are the same meaning as on the common 

case, while in the right-hand side: 

1 2( ) ( ) ( )n n nP t P t P t  ,    (66) 

where 

 1 1 2 1
0

1 1

2

1 1

2

2

1 2 1

1

( ) δ ( ( ) ( ) ( ) ( ) 2 ( ) ' ( ) ( )

( ) ' ( ) ( ) ( ) " ( ) ( )

( ) ( )
( ) sin ( ) ( )cos ( )sin

L

n i i i i

i i

i i i i n

i i

i

i

P t x s t M M g M q t x q t x V t

q t x a t q t x V t dx

n s t i i s t i i
M M g M q t a t V t

L L L L

 

  

    

 

 

 

 





 
     




  



 
     

 

 

 


( )s t

L

 
 
  

 

1 1

1 1

( ) ( ) ( ) ( ) ( )
sin 2 ( ) ( )cos sin ( )sin sini i

i i

n s t i i s t n s t i s t n s t
M q t V t M q t

L L L L L L

      

 

    ,  (67) 



Nan Zhang, Man Xu, Shangyou Chen et al. 132 

 

  

2 1 1
0

1 1

1

1 1 1

1

( ) δ ( ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ' ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) sin ( ) sin sin

L

n

i i i i i i n

i

i

i

P t x s t k Z t c Z t

k q t x c q t x q t x V t x dx

n s t i s t n s t
k z t c Z t q t c

L L L

   

  









  


   



    







 

1 1

1

( ) ( ) ( )
( ) sin ( )cos sini

i

i s t i s t n s t
q t k cV t

L L L

  



 
  

 
 .  (68) 

By moving the unknown displacement, velocity and acceleration terms from the right-

hand side to the left-hand side in Equation (65), one obtains: 

1
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  .        (69) 

For the motion equation of the sprung-mass M2, if the displacement of the beam at the 

position of wheel is expressed by the superposition method, Equation (61) becomes:  

2 1 1 1

1

( )
( ) ( ) ( ) ( )sini

i

i s t
M Z t c Z t k Z t c q t

L





     

1 1
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L L L

   

 

    .  (70) 

The motion equation for the system is established by the simultaneous Equations (65) and 

(70). When N-order modes are considered for the beam, and adding the degree-of-freedom of 

sprung-mass M2, the N+1 simultaneous motion equations in matrix form are formulated as: 

{ } { } { } { }X X X F  M C K ,          (71) 

where  
T

1 2{ } ( ), ( ), , ( ), ( )NX q t q t q t Z t  is the generalized displacement vector, M is the 

generalized mass matrix, which is the same as shown in Equation (43), C is the generalized 

damping matrix: 

1 1 11 C 11 12 C 12 1 C 1 C 1

21 C 21 2 2 22 C 22 2 C 2 C 2

1 C 1 2 C 2 C C

1 1 1 2 1 1

2

2

2

N N

N N

N N N N N N NN NN N

Nc c c c

            

            

            

  

     
 

    
 
 
 

     
    

C . (72) 

K is the generalized stiffness matrix: 
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K . (73) 

{F} is the generalized force vector 
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. 

Compared with Equations (44) and (45) where the vehicle moves along the beam with 

constant speed, there appears additional terms nm in the damping matrix C, and nm and n 

in the stiffness matrix K, while the other terms remain the same. 

 

2.6.2. Case Study 

As a case study, the dynamic responses of a simply-supported beam subjected to a 

moving vehicle are calculated with the equations derived above. The main parameters of the 

beam and the vehicle are listed in Table 1, and the gravity acceleration is regarded as 10 m/s
2
.  

Three cases are considered in the calculation, where vehicle moves on the beam with 

constant speed of 80 km/h, with initial speed and constant acceleration of 15 m/s
2
 and 

constant deceleration of -15 m/s
2
, respectively. 

Figure 8 shows the deflection histories of the beam at mid-span for the three cases. It can 

be seen that the history under the moving vehicle at constant speed is similar to that at 

varying speed. 

 

Table 1. Parameters for beam and wheel-sprung-mass unit 

Bridge parameter Value Vehicle unit Value 

Beam length /m 16 Sprung mass M2/ kg 4000 

Bending stiffness /N-m
2
 2.05×10

10
 Under-spring mass M1/ kg 2380 

Mass per unit length /kg-m
-1

 9360 Spring coefficient k1/ N-m
-1

 5.32×10
6
 

Damping ratio 0.02 Damping coefficient c1/ N-s-m
-1

 7.00×10
4
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Figure 8. Mid-span deflection of the beam subjected to a moving vehicle. 

In order to study the influence of initial vehicle speed on the deflection, the deflection 

dynamic factor of the beam is calculated and compared for the cases where the vehicle moves 

at constant speed in the speed range 54 ~ 324 km/h (15 ~ 90 m/s) and at varying speed with 

acceleration 10 m/s
2
. The results are shown in Figure 9. 

 

Figure 9. Distributon of dynamic factor of the beam deflection versus initial vehicle speed. 

 

It can be found that in both cases, the dynamic factors do not increase in proportion to 

vehicle speed. The relation between them is complex, showing a wave-like distribution. This 

can be explained as resonance that the vehicle speed determines the acting frequency on the 

beam, and when the acting frequency is equal or close to the natural frequency of the beam, 

the resonance will occur and the response of the beam will be amplified. 

In order to study the influence of speed variation on the dynamic response of the beam, 

the speed-varying effect factor is defined as the ratio of beam deflection under varying speed 

to that under constant speed. Thus the speed-varying effect factor is the function of initial 

vehicle speed, and acceleration. 
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The distribution of speed-varying effect factor versus the initial vehicle speed ranging 

from 54 km/h to 324 km/h is shown in Figure 10, where the acceleration of 10 m/s
2
 and -10 

m/
2
 are considered. 

 

Figure 10.  Distribution of speed varying effect factor versus initail vehicle speed. 

It is obvious that the speed-varying effect factor varies with the initial speed of vehicle, 

which shows a symmetrical distribution for the cases of acceleration and deceleration. The 

values of speed-varying effect factor are very small (less than 1.03), and in trend get smaller 

with increase of initial vehicle speed. Thus the varying of vehicle speed has little influence on 

the dynamic response of the beam when the acceleration or deceleration is small. 

 

 

2.7. Vibration of a Simply-supported Beam subjected to a Moving Vehicle 

Considering External Loads 
 

Furthermore, we extend the problem in Section 2.4 to a more general case as shown in 

Figure 11, where the beam and moving vehicle are acted on by external forces, such as wind 

force and collision force, thus the system will be forced to vibrate.  

 

 

Figure 11. Model of a simply-supported beam subjected to a moving vehicle considering external loads 
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Suppose the external loads acting on the beam and the sprung mass can be expressed as: 
e

B B( , ) ( - ) ( ),F x t x P t       (75a) 

e

M M( ) ( ).F t P t               (75b) 

In this case, the motion equations for the system under external forces can be easily 

deduced as 
e{ } { } { } { }+{ },X X X F F  M C K    (76) 

where {F
e
} is the external force vector, which is expressed as 

 
Te

B1 B3 B M{ } ( ), ( ), , ( ), ( )NF P t P t P t P t ,          (77) 

where 
B ( )nP t  is the nth generalized force of the beam. 

e

B B
0

2
( )= ( , ) sin d

L

n

n x
P t F x t x

mL L


  

B B
0

2 2
= ( - ) ( ) sin d = ( )sin

L n x n
x P t x P t

mL L mL L

 
    .             (78) 

The other matrices and vectors in Equation (76) remain the same as those in Section 2.4. 

The external load can be any kind of force, such as turbulent wind force, impact collision 

force, and so on. When the external force history is given, the motion equations (76) for the 

system can be solved with the Duhamel integral or by step-by-step integration method. 

 

 

3. RESONANCE ANALYSIS OF A SIMPLY-SUPPORTED BEAM 

SUBJECTED TO MOVING LOADS 
 

The resonance of train-bridge system is influenced by many factors, such as the 

periodically loading on the bridge of the moving load series formed by the wheel-axle 

weights of the train vehicles; the harmonic forces on the bridge of the moving trains excited 

by rail irregularities, wheel flats and hunting movements; and the periodical actions on the 

moving vehicles of long bridges with identical spans and their deflections, and so on. When a 

train travels on a bridge at a certain speed, the vehicles with lateral wind pressure may form a 

lateral moving load series, which may be transferred through the vehicle wheels to the bridge 

girder. Therefore, the static wind forces due to mean wind may also induce dynamic response 

of the bridge. For the curved bridge, the centrifugal forces from the car bodies will form 

similar lateral moving load series on the bridge as well. 

The resonant vibrations of the train-bridge system are very complicated. The resonance 

mechanisms and conditions of the train-bridge system are analyzed in this section, including 

the bridge resonance induced by moving train loads and the vehicle resonance excited by the 

deformation of the bridge. The predicted resonant train speeds are compared with the critical 

train speed from the dynamic simulation of train-bridge interaction model or the field 

measurements. 
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3.1. Bridge Resonance Induced by Moving Load Series 
 

3.1.1. Fundamental Analysis Model 

The resonance of the train-bridge system is affected by the span, total length, lateral and 

vertical stiffness of the bridge, the compositions of the train, and the axle arrangements and 

natural frequencies of the vehicles. The general mechanism of bridge resonance induced by 

moving load series can be described as follows.  

A simply supported beam without damping subjected to a series of concentrated constant 

loads P with identical interval dv is analyzed (see Figure 12b), to simulate the loading actions 

of a real train moving on the bridge. The train consists of several identical cars with the full 

length lv of each car, the rated distance lc between the two bogies of a car, and the fixed 

distance lw between the two wheel-axles of a bogie (see Figure 12a).  
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lv lv
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(a) Arrangement of wheel loads of a train 

V
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dv dv dv
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(b) Simplified moving load series 

Figure 12. Loading series of train vehicles on the bridge. 

 

Suppose the load series travel on the beam from left to right at a constant speed V, and 

the distance of the first force passed is X=Vt. For the load series with identical intervals, there 

exists a time delay t = dv/Vt between any two successive forces. The motion equation for the 

beam acted on by such moving load series can be written as 
4 2 1

v

4 2
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( , ) ( , )
δ

N

k

y x t y x t k d
EI m x V t P

x t V





     
     

    
 ,  (79) 

where: Lb is the span length of the beam; E is the elastic modulus; I is the constant moment of 

inertia of the beam cross section; m  is the constant mass per unit length of the beam; y(x, t) is 

the displacement of the beam at position x and time t; N is the total number of moving loads; 

and  is the Dirac delta function. 

Equation (79) can be expressed in terms of the generalized coordinates as 
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The particular solution of Equation (80) for the first vibration mode of the beam is 
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where: /    is the ratio of exciting frequency to the natural frequency of the beam; 

 21/ 1   is the dynamic magnification factor; b/V L   is the exciting circular frequency 

of the moving loads; and is the natural circular frequency of the beam 
2

2
b

EI

L m


  .     (82) 

The displacement response of the beam where only the first mode is considered can thus 

be expressed as 
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The first term of the right side of Equation (83) represents the forced response of the 

beam due to the moving loads while the second term represents the transient response due to 

its free vibration. According to their different mechanisms, the resonant responses of a 

simply-supported beam subjected to moving load series can be divided into two types. 

 

3.1.2. Bridge Resonance Induced by Periodically Loading of Moving Load Series 

Firstly, the discussion is made for the second progression term of Equation (83), to 

explain how the transient response in common sense may induce the resonance of the beam.  

Before considering the second progression series, it is instructive to introduce the 

necessary transformation of triangular progression. For the sum of a finite triangular 

progression sin( )a ix , (i = 1, 2, ……m), it can be expressed as  
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    .         (84) 

The two terms of Equation (84) can be further expressed as 
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Introducing them into Equation (84) leads to 
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Now let i = k, m = N-1, v /x d V , and a = t, the progression term of the transient 

response in Equation (83) becomes the form: 
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For v / 2d V i   , the second term of Equation (87) becomes an indeterminate form     

0 / 0, but when L‘Hospital‘s rule is applied, the limit solution is found to be 
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Obviously, the extreme condition with physical significance for Equation (87) is 

v

2

d
i

V


       (i = 1, 2, 3, …).       (89) 

Substituting this condition into Equation (87), the limit value of the transient response 

term in Equation (83) is obtained as 
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 .               (90) 

It can be seen that each force in the moving load series may induce the transient response 

of the structure, and the successive forces form a series of periodical excitations. The 

response of the structure will be successively amplified with the increase of the number of 

forces traveling through the beam. 

The similar results can be obtained for higher modes of the bridge. Considering all of 

these modes and let b2n nf  , the resonant condition of the bridge under moving load series 

can be derived from Equation (89) as 

b v
br

3.6 nf d
V

i

 
     (n =1, 2, …,i =1, 2, …),  (91) 

where: Vbr is the resonant train speed (km/h); fbn is the nth vertical or lateral natural frequency 

of the bridge (Hz); dv is the intervals of the moving loads (m), and the multiplicator                 

i = 1, 2, … is determined by the extreme condition Equation (89). 

Equation (91) indicates that when a train moves on the bridge at speed V, the regularly 

arranged vehicle wheel-axles may produce periodical dynamic actions on the bridge with the 

loading period dv/V. The bridge resonance occurs when the loading period is close to the nth 

natural vibration period of the bridge. A series of resonant responses related to different 

bridge natural frequencies may occur corresponding to different train speeds. This is defined 

as the first resonant condition of bridge, which is determined by the time of the load traveling 

through the distance dv. 

 

3.1.3. Bridge Resonance Induced by Loading Rate of Moving Load Series 

As for the first progression term of Equation (83) that represents the forced response of 

the bridge, there is no multiplicator  and the frequency  is replaced by  , which is 

different from the second term. An extreme condition similar to Equation (89) can thus be 

directly written as  
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v
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      （i = 1,2,3, …).          (92) 

Substituting b/V L   into Equation (92), the train speed V in the numerator is 

counteracted with that in the denominator and thus results in the extreme condition 

v b2d iL     （i =1,2,3, …).          (93) 

The limit value of the steady-state response progression can be obtained by using this 

extreme condition 
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 .   (94) 

There is no train speed V expressed in Equation (93), namely, no resonant train speed 

exist. Equations (93) and (94) show that when the interval of loads equals to 2i times of the 

bridge span, i.e. the half wavelength formed by the beam deflection, the successive increase 

of the number of the passing wheel axles may gradually enlarge the bridge response. 

However, since the minimum axle intervals of real vehicles are much smaller than 2 times of 

the bridge span length, and the actual arrangement of wheel axles of the train vehicles is 

never identical, this solution is only of mathematical significance. Therefore, the resonant 

train speed cannot be derived in this way.   

In fact, the second resonance of the simply-supported beam under moving train loads can 

be directly determined from Equation (83) by the dynamic magnification factor 21/(1 ) . 

When the frequency ratio = 1, i.e. =n n  , the dynamic magnification factor 21/(1 )  

will become infinitive. At this time the resonant vibrations of the bridge is excited. For the 

simply-supported beam under moving loads, the loading frequency is b/n n V L  , and the 

nth natural frequency of the beam is b2n nf  , the resonant train speed Vbr can be 

described as 

b b
br

7.2 nf L
V

n

 
     (n =1, 2, …),            (95) 

where Lb is the length of the bridge span (m). 

Equation (95) indicates that the bridge resonance occurs when the time of the train‘s 

traveling through the bridge equals to half or n times of the natural vibration period of the 

bridge. This is defined as the second resonant condition of bridge, which is determined by the 

loading rate of the moving loads related to the bridge span. 

The resonant train speed calculated from Equation (95) is rather high. For instance, the 

minimum natural frequencies for the simply supported beams with moderate or small spans 

are between 80/Lb and 120/Lb according to the Bridge Design Code of China, and the 

corresponding resonant train speeds estimated by Equation (95) are from 576km/h to 

864km/h, which are far higher than the current train speeds in operation. The second resonant 

condition, however, is of certain significance in the resonance analysis for flexible bridges 

such as those with high piers. 

The resonance problems can be solved for other types of bridges such as continuous 

beams, rigid frame, and so on, in a similar way to that for the simply-supported beam. 
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3.1.4. Examples for Bridge Resonance Induced by Moving Load Series 

Generally, the vertical vibration resonance of the bridge is carried out for individual 

single-span beams. 

In the dynamic analysis of the bridges on the Beijing-Shanghai High-speed Railway, the 

dynamic interaction model of train-bridge system was used to study the resonant responses 

induced by the Germany train ICE3, the France train TGV, the Japanese train E500 and the 

high-speed train CHT designed in China. Figure 13 shows the simulated distribution curves 

of the dynamic factors versus train speed for the PC box beams with 20m and 32m spans, 

where dynamic factor is defined as the ratio of the maximum dynamic to the maximum static 

deflection of the beam under the same load. 
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(a) L = 20m                                                               (b) L = 32m 

Figure 13. Dynamic factors of simply-supported beams vs train speed. 

 

It is given that the natural frequencies of the 20 m and 32 m PC box beams are 7.73 Hz 

and 4.23 Hz, respectively. By using Equation (91), the corresponding resonant train speeds of 

TGV with the average full length of each car 18.7 m can be estimated as 520 km/h and 284.8 

km/h. And the corresponding resonant train speeds are 285 km/h and 400 km/h for 

ICE3、E500 and CHT whose average car lengths are all approximately 26m. From this 

example, the calculation is based on dv = lv, namely the full length of vehicle is taken as the 

load interval, where the four axle loads of the rear bogie at the previous car and the front 

bogie at the following car are combined as a concentrated load. The resonant train speeds 

estimated by Equation (91) are in good accordance with the critical train speeds from the 

simulated results, as compared in Figure 13.  

The lateral resonance analysis has special significance for bridges with high piers under 

moving load series induced by centrifugal forces or the lateral wind pressures. Since the 

lateral frequency of the bridge system is usually much lower than the vertical frequency, the 

critical train speed for lateral resonance is also lower.  

A simply-supported steel truss with the span of 48 m is analyzed as an example. The 

moving load series are the lateral axle loads induced by wind pressures acting on vehicle 

bodies. The train concerned is composed of one locomotive followed by 18 passenger cars. 
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The full length of each car is 26.57 m. The mean wind velocity is 25 m/s. The resonant train 

speeds are evaluated by Equations (91) and (95). 

The lateral natural frequency of the truss is 1.86 Hz. The resonant train speed for the first 

resonant condition estimated by Equation (13) is 

b v
br1

3.6 3.6 1.86 26.57
178 km/h

1

nf d
V

i

   
   . 

The resonant train speed for the second resonant condition estimated by Equation (95) is  

b b
br 2

7.2 7.2 1.86 48
643 km/h

1

nf L
V

n

   
   . 

To verify the evaluated resonant conditions, the dynamic responses of the truss under 

various train speeds are analyzed by the whole history simulations of train-bridge system, 

with the calculation train speeds in the range of 5~700 km/h. Figure 14 shows the distribution 

curve of the lateral displacements of the truss versus train speed. 
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Figure 14. Lateral displacements of steel truss vs train speed. 

 

The comparison between the estimated resonant train speeds and the simulated critical 

train speeds is in good accordance. The two types of resonant responses are obvious in the 

distribution curve of the lateral displacements of the truss versus train speed, where the peak 

values can be easily observed at the estimated resonant train speeds. The second resonant 

train speed, however, is of little significance because it is much higher than that in reality. 

Since bridges often contains piers to support the bridge girders, the dynamic effects 

cannot be ignored in studying the bridge resonance. The lateral vibration of a bridge with 

piers is often analyzed as a system instead of a simply-supported beam, because of the 

coupled movement of the piers and beams.  

In the analysis, the basic global lateral deformation of the bridge deck on which the train 

runs can be reasonably assumed as a sinusoidal wave with a half wavelength Lb and the 

frequency fb. The moving load series are formed by the same lateral wind loads as in the first 

example.  
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A bridge system consisting of two 32 m simply-supported beams and a 56 m high pier is 

analyzed as an example. The modal analysis shows that the first mode of the bridge is 

dominated by the lateral vibrations of the pier. With respect to the bridge lateral frequencies 

0.95 Hz, 2.52 Hz and 5.02 Hz, the resonant train speeds estimated by the first resonant 

condition Equation (91) include 

b1 v
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The possible resonant train speeds estimated from the second resonant condition 

Equation (95) include  
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The dynamic responses of the bridge under various train speeds are analyzed by the 

whole history simulations of train-bridge system, with the calculation train speeds in the 

range of 5 ~ 900 km/h. Figure 15 shows the distribution curves of the lateral displacements of 

the pier top versus train speed. 
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(a) V = 5 ~ 150 km/h                                              (b) V = 5 ~ 900 km/h 

Figure 15. Lateral displacement of high piers vs train speed. 

 

The curves show that the lateral resonance of the pier is obvious: the lateral 

displacements appear peak values at the train speeds which are slightly lower than the 

estimated ones by the first resonant condition. One can also find the peak displacements at 

380 km/h and 740 km/h, which are close to the corresponding resonant train speeds estimated 

from the second resonant condition. There is no obvious peak displacement at 581 km/h since 
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the mode shape of the second mode of the bridge is very small at the pier top. Considering 

that the natural frequency of the bridge will decrease when loaded by the train, the estimated 

results are in accordance with those from the whole history simulations of train-bridge 

system.  

Furthermore, one can estimate the responses of the bridge under the vehicle centrifugal 

forces. As moving load series, the vehicle centrifugal forces play the same mechanism to 

induce the lateral vibrations of the bridge as the mean wind pressures acting on the vehicle 

bodies. Thus the calculated curves in Figure 15 can also be used for estimating centrifugal 

forces. According to the Fundamental Code for Design on Railway Bridge & Culvert in 

China, the design centrifugal force can be 15% of the static load of vehicles, which is about 

2.5 times of the design wind load of vehicles. Therefore, when considering the vehicle 

centrifugal forces, much bigger pier-top displacements will be excited than those shown in 

Figure 16. 
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          (a) H = 55 m, f = 1.08 Hz                                         (b) H = 32 m, f = 1.67 Hz 

Figure 16. Lateral displacements of piers vs train speed. 

3.2. Bridge Resonance Owing to the Sway Forces of Train Vehicles 
 

The third bridge resonance is induced by the periodical actions on the bridge of the lateral 

moving load series owing to the sway forces of the train vehicles. The sway forces of vehicles 

may be excited by the track irregularities and wheel hunting movements. The resonant train 

speed in this case can be determined by 

b s
br

3.6 nf L
V

i

 
     (n =1, 2, …,i =1, 2, …).  (96) 

This equation is basically the same as Equation (91) for the first resonance condition, 

except that dv is replaced by Ls which represents the dominant wavelength of the track 

irregularities or wheel hunting movements. The multiplicators n = 1, 2, …, i = 1, 2, … show 

that when the dominate frequency of the track irregularities or wheel hunting movements 

equals to the nth natural frequency or their higher harmonic frequencies, the resonance of the 

bridge occurs. This is called the third resonant condition of bridge. 

In spite that both the track irregularities and the wheel hunting movements are of random 

properties, Equation (96) can still be used to estimate the lateral resonance of the bridge 

induced by their dominant wavelengths. A good example is presented in Figure 16, the 

distributions of the lateral displacements of the two high piers versus train speed. The data in 

the figure were measured in the field experiments at two real bridges on the Chengdu-



Dynamic Responses of a Simply-Supported Beam … 145 

Kunming Railway in China. One can find that the peak values appear at certain train speeds, 

which are in good accordance with the estimated resonant train speeds of 33 km/h and 51.1 

km/h, respectively. The estimated resonant train speeds are calculated by Equation (96), using 

the hunting wavelength Ls = 8.5 m of the worn wheels, the given pier heights H = 55 m and 

32 m, and the corresponding frequencies f = 1.08 Hz and 1.67 Hz, respectively. 

 

 

3.3. Application Ranges of Resonance Conditions 
 

Based on the analysis above, the resonant vibrations of bridges induced by moving trains 

have been classified into three mechanisms. The first is related to the intervals of the moving 

load series, which form the periodically loading on the bridge. The second is induced by the 

loading rate, i.e. the relative moving speed of the train vehicles to the bridge. The third is 

owing to the swing forces of the train vehicles excited by the track irregularities and wheel 

hunting movements. 

In the above resonant conditions, the axle loads of the train vehicles are assumed to be in 

equidistance. While in reality, there exist several axle intervals in a real train: the full length lv 

of a car, the rated center-to-center distance lc between two bogies of a car, the fixed axle 

distance lw between two wheel-sets of a bogie, and the different compositions of these 

distances. According to the relative lengths between the beam span or the bridge length and 

the above loading intervals, when Equation (91) is used to analyze the first resonance induced 

by moving trains, the application ranges can be further discussed as follows (ref. Figure 12 

and Figure 17).  
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Figure 17.  Time histories of load series moving on bridge. 

 

b wL l : When the bridge length Lb is shorter than the fixed axle distance lw of a bogie, 

there can only be 1 wheel-set at any moment on the bridge, with the shortest excitation period 

w /l V and some other longer periods as v c( ) /l l V , v /l V … . However, it is only an 

extremal situation in theory, for there does not exist such short bridge in reality. 
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w b v cl L l l   : When the bridge length Lb is longer than the fixed axle distance lw of a 

bogie but shorter than the distance v cl l  between the rear bogie of the previous car and the 

front bogie of the following car, there can still be only 1 wheel-set at any moment on the 

bridge, with the main excitation period v c( ) /l l V  and some longer periods as v /l V …, 

while the shorter period w /l V  is not obvious. This situation may occur for the bridges with 

very short spans. 

v c b vl l L l   : When the bridge length Lb is longer than the distance v cl l  between the 

rear bogie of the previous car and the front bogie of the following car, but shorter than the full 

length lv of the car, there can be 2 wheel-sets simultaneously on the bridge, with the main 

excitation period v /l V , while the shorter periods as w /l V  and v c( ) /l l V  are not obvious. 

Since the full lengths are about 25 m for passengers car and 15 m for freight cars, this 

situation may occur for the commonly used bridges with small spans. 

v b Tl L l  : When the bridge length Lb is longer than the full length lv of a car but shorter 

than the total length lT of the whole train, there can be more than 1 cars and 2 wheel-sets 

simultaneously on the bridge, neither of the above excitation periods as w /l V , v c( ) /l l V  

nor v /l V  is obvious. This situation may occur for the common bridges with moderate spans, 

or for the lateral resonance analysis of the bridge as a whole.. 

T bl L : When the bridge length Lb is longer than the total length lT of the train, there can 

be several cars with many wheel-sets simultaneously on the bridge, thus the load series can 

not form periodically loading to the bridge system. This situation may occur for long span 

bridges, or for the lateral resonance analysis of the bridge as a whole. However, The resonant 

conditions proposed in Section 3.1 cannot be directly used to analyze the resonant conditions 

for long span bridges, because the whole course of the train traveling over the bridge longer 

than the total length of the train is equivalent as a half loading period, and thus no harmonic 

load forms. Therefore, Equations (91) and (95) cannot be directly used to estimate the 

resonant train speeds. As for the third resonant condition where the bridge resonace is excited 

by rail irregularites or wheel hunting, no obvious resonance can be observed for long span 

bridges because of the counteractions between the forces from the wheelsets moving with 

different phases. 

Thus it can be seen that when using the above equations to analyze the train induced 

resonance of the bridge, the loading intervals can be the full length lv of a car, the rated 

center-to-center distance lc of a car, the fixed axle distance lw of a bogie, and the different 

compositions of these distances. While for a row of train vehicles, the arrangement of the axle 

loads is not in equidistance, and neither equal are the values of all axle forces which are 

affected by the bridge damping, track irregularities and other complicated factors. Therefore, 

a series of resonant vibrations may be excited with different response levels when the train 

moving at various speeds on the bridge, and a series of corresponding resonant train speeds 

could be found. Therefore, the precise resonance analysis usually depends on the simulation 

calculations of the train-bridge dynamic interaction system according to the real conditions of 

the train composition, the wheel arrangement and vehicle loads. 
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3.4. Resonance Analysis of Train Vehicles 
 

As a row of train vehicles is traveling over a bridge at a speed V, the periodical actions on 

the vehicles can be excited by the deflections of the bridge that consists of a long series of 

identical spans. The loading frequency can be estimated as 

b/f V L .     (97) 

The vehicle resonance occurs when this loading frequency coincides with the natural 

frequency of the train vehicles (ref. Figure 18), when the dynamic responses of the vehicle 

will be greatly amplified. The critical train speed can be written as 

vr v b3.6 ,V f L  
    

(98) 

where Vvr is the critical train speed (km/h); fv is the natural vertical frequency of the vehicle 

(Hz); Lb is the span length of the bridge (m). 
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Figure 18. Vehicle vibration induced by bridge deflection curves 

 

The excitation of bridge deflections on the vehicles is equivalent with the mass-spring 

system on the ground in harmonic vibrations. The transmissibility between the amplitudes of 

the mass and the deflection of the beam can be estimated as (Clough and Penzien, 1993). 
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For a half vehicle model with the sprung-mass M = 24 t, the equivalent spring stiffness 

k=800 kN/m and the damping ratio = 0.2, the natural frequency is calculated as 0.92 Hz. At 

the critical train speed, i.e. =1, the transmissibility can be calculated as TR = 2.69. It means 

that when the deflection of the beam is 2 mm, the amplitude of the vehicle will be as large as 

5.38 mm. Moreover, the resonance of vehicles will in turn enlarge the dynamic impact on the 

bridge. 

The fundamental vertical natural frequencies of the train vehicles are usually between 

0.8 ~ 1.5 Hz. For the railway bridges with 20 ~ 40 m spans, the corresponding critical train 

speeds could thus be estimated as Vvr  = 57 ~ 216 km/h. Therefore, it is better not to arrange 

long series of identical spans in the design of railway bridges, to prevent the vehicle 

resonance due to the bridge deflections. The other effective schemes to minimize the 

influence of bridge vibration on the responses of vehicles include: to control the stiffness of 

the bridges to reduce the span deflections, and to apply the cancellation technique through 

adjusting the span length and/or the stiffness of the bridge to eliminate the resonance of the 

beams. 

 



Nan Zhang, Man Xu, Shangyou Chen et al. 148 

3.5. Conclusions 
 

The resonant vibrations of train-bridge system can be divided into following types 

according to their generation mechanisms: 

(1) Bridge resonance excited by periodically loading of moving load series of moving 

vehicles, due to the wheel intervals of the vehicles.  

(2) Bridge resonance excited by the loading rate of moving load series of vehicles. 

(3) Bridge resonance excited by the periodical actions of the sway forces of running 

vehicle induced by rail irregularities and hunting movements. 

(4) Vehicle resonance excited by the periodical actions of regularly arranged bridge spans 

and their deflections. 

For bridge resonance analysis, the load series consist of not only the vertical forces of 

axle weights of the train vehicles, but also the lateral forces transmitted from the wheels due 

to the centrifugal forces or wind pressures acting on the vehicles, which should be noticed. 

 

 

CONCLUSION 
 

In this chapter, the dynamic responses of a simply-supported beam subjected to various 

moving loads are studied by analytic method. The simply-supported beam with uniform 

section is modeled by a distributed parameter motion equation and solved by the 

superposition method. The cases of moving concentrated force, moving concentrated mass, 

moving distributed mass, and moving vehicle with wheel, sprung mass, spring and damper, 

are adopted as the moving loads, and the analytic solutions for the dynamic displacement 

responses are derived. The effects of ground motion and moving load with varying speed are 

also considered. It has been demonstrated that there exist three forms of bridge resonance 

related to uniformly spaced moving load series. The mechanism for resonance and its 

occurrence conditions of train and simply-supported beam system are proposed.  

For a real train composed of a series of vehicles, the arrangement of the axle loads is not 

in equidistance, thus a series of resonant vibrations may be excited when the train moving at 

various speeds on the bridge, and a series of corresponding resonant train speeds could be 

found. The solution for is problem should be further studied. 
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Chapter 5

EFFICIENT MODELS FOR TRAIN-BRIDGE

INTERACTION

G. De Roeck and K. Liu∗

K. U. Leuven, Belgium

Abstract

This chapter deals with the analysis of efficient modelling of the train-bridge in-

teraction system. For the prediction of the bridge response, it is investigated under

which conditions a moving load model suffices and when it is necessary to account

for the dynamic train-bridge interaction effect. An efficient modelling technique for

multi-span viaducts based on substructuring is presented. It is shown that the com-

ponent mode synthesis model can accurately reproduce the dynamic properties of the

entire structure while avoiding the extensive computations required by a full FE model

of the bridge. Finally, a solution algorithm for solving the coupled train-bridge system

is proposed and validated against existing solution algorithms. It is demonstrated that

the proposed solution algorithm allows a good representation of the dynamic response

of the coupled system with less computational cost.

Keywords: train-bridge interaction, dynamic effect, substructuring, efficient solution algo-

rithm

1. Introduction

As has been mentioned in Chapter 2, the numerical model for dynamic train-bridge inter-

action consists of a model for the vehicle subsystem and a model for the bridge subsystem.

The dynamic analysis of the coupled system should be based on efficient models for both

the vehicle and the bridge, and efficient algorithms to allow for the dynamic analysis in

a reasonable computational cost. In this chapter, methodologies for the modelling of the

bridge and the vehicle, along with algorithms for solving the coupled train-bridge interac-

tion problem will be discussed.

∗E-mail address: kai.liu@bwk.kuleuven.be
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1.1. Vehicle model

The vehicle can be considered as a system composed of a car body, bogies, wheel sets,

connected by suspension systems consisting of springs, absorbers, and linkages. The wheel

sets are connected to the bogies by the primary suspension system, while the car body and

the bogies are connected by the secondary suspension system. Various vehicle models have

been developed for the dynamic analysis of bridges (Figure 1).

vt vtP

1/ 2 bogie

vt

bogie bogie

car body

(a) (b) (c)

(f)(e)(d)

1/ 2 bogie

1/ 4 car body

Psinωt

Figure 1. The evolution of vehicle models for dynamic analysis.

Early studies only considered the static axle loads of the vehicle (Figure 1a). The clas-

sical case of a simply supported beam traversed by a constant moving load was first solved

by Krȳlov (1905) [1] and then by Timoshenko (1908) [2]. An elaborate discussion of beam

structures subjected to moving loads is presented by Frýba (1973) [3].

The vehicle model shown in Figure 1b considers a harmonic force that represents the

unbalanced counterweight on the driving wheels of steam locomotives. This problem was

first solved by Timoshenko (1922) [4] and worked out in detail by Inglis (1934) [5]. The

analytical solution of the response of a beam subjected to a harmonic varying force is given

by Frýba (1973) [3].

For cases where the inertia of the vehicle cannot be neglected, a moving mass model

should be adopted (Figure 1c). The problem was originally formulated by Willis (1849) [6],

who derived the differential equation with the idealization of a massless but flexible beam

subjected to a moving mass with constant speed. Willis’ equation was solved by Stokes

(1849) [7] using a power series expansion. Foda and Abduljabbar (1998) [8] used a Green’s

function approach to determine the dynamic deflection of an undamped simply supported

Euler-Bernoulli beam of finite length subjected to a moving mass. Akin et al. (1989) [9]

presented a numerical-analytical method based on modal functions to study the vibration of

bridges travelled by a moving mass model for several types of boundary conditions.

When the interaction between the moving vehicle and the bridge is significant, the ve-

hicle dynamics should be considered as well. The simplest model in this case is the sprung

mass model (Figure 1d), that consists of a moving mass supported by a spring dashpot sys-

tem. Biggs (1964) [10] presented a semi-analytical solution for the problem of a simple

beam traversed by a sprung mass. Yang et al. (2000) studied the dynamic response of a

bridge subjected to a series of sprung masses numerically. Pesterev et al. (2003) [11] stud-

ied the solution of the moving oscillator problem for large and small values of the spring

stiffness. It was found that when the spring stiffness goes to infinity, the moving oscillator

problem and the moving mass problem for a simply supported beam are equivalent in terms
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of beam displacements, but not in terms of stresses.

When the motion of the car body is considered, a two-degree of freedom (DOF) model

(Figure 1e) that considers both the vertical motion of the car body and bogie is used.

In order to more realistically represent the dynamic characteristics of the vehicle, dedi-

cated multi-body models have been developed recently (Figure 1f). The multi-body model

of the vehicle is composed of a rigid body of the car body, the front and the rear bogies,

each of the bogie is supported by two wheel-sets. Wu et al. (2003) [12] considered 2 DOFs

for the car body and each bogie to account for the vertical and pitching motions. Xu et al.

(2004) [13] assigned a total of 5 DOFs to the car body and also to each bogie, to consider

the vertical, lateral, rolling, yawing, and pitching motions (Figure 2).

Pitching motion Yawing motion

Rolling motion
Vertical
motion

Lateral
motion

1y

1x

1z

Figure 2. Definition of different motions of the vehicle.

As has been shown, various vehicle models have been developed in the past, going

from a simple moving load model to more sophisticated multi-body model which can be

used to account for train-bridge interaction. However, it is not clear what type of vehicle

model should be used in the analysis. A limited survey of references comparing the dy-

namic response of the bridge predicted with different vehicle models is given. In [14], it

is pointed out that the moving force is a good approximation for the moving mass if the

mass is relatively small compared to the mass of the supporting structure and the speed

and acceleration of the moving mass are low. Karoumi [15] concluded that the moving

force model is adequate when the vehicle runs at a normal speed on a rail surface with no

roughness. Rigueiro [16] investigated the dynamic response of railway bridges subjected to

moving vehicles using two methodologies: a moving load model and a train-bridge inter-

action model. It was found that taking dynamic train-bridge interaction effect into account

results in 33% lower displacements and accelerations for the numerical case considered.

These studies, however, only consider a limited number of cases, so that it is hard to gen-

eralize these conclusions. It is therefore necessary to perform a thorough parametric study

to investigate in which case a moving load model suffices and under which conditions it is

necessary to account for the dynamic interaction between the train and the bridge. In the

present chapter, a parametric study is performed to elucidate the determining factors that

influence train-bridge interaction.
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1.2. Bridge model

To obtain an accurate prediction of the bridge response during the train passage, an appro-

priate bridge model is required. The model should be capable of representing the actual

stiffness of the system, the mass distribution, the damping, and boundary conditions. Var-

ious types of bridge models have been developed. In the past, a simple beam model was

mostly adopted as it accounts for the essential characteristics of the bridge response. Ana-

lytical models of simply-supported Euler-Bernoulli beams are widely used, mainly because

of their simplicity and the possibility to obtain a closed-form solution. In the case where the

simplifications introduced by the Euler-Bernoulli theory are unacceptable, a Timoshenko

beam theory, accounting for shear deformations and rotary inertia, is used. These models,

however, are limited to bridges with simple configurations, cross-sections and structural

arrangements. Later, the use of finite element (FE) programs has allowed more realistic

models of complex structures.

Railway bridges are often built as simply supported multi-span or continuous viaducts,

as illustrated in Figures 3 and 4. In this case, a model of the entire viaduct is needed to

give an accurate prediction of the dynamic response of the bridge during the passage of the

train. This is true for continuous viaducts. While for simply supported multi-span viaducts,

this holds as well because a weak coupling is often present between adjacent spans by the

continuous ballast and rails which results in the coupling of modes between adjacent spans.

Moreover, vehicles are already vibrating when entering a new span, which is neglected in

the one span model of the viaduct. The evaluation of the eigenproperties of a refined model

of a large viaduct, however, can be cumbersome and requires a large computational cost.

Figure 3. A multi-span simply supported viaduct: the Sesia viaduct.

To solve this problem, one feasible approach is to develop a one span model to represent

the complete viaduct by applying appropriate boundary conditions at the span ends [17].

To model the weak coupling, assumptions should be made about the type of boundary

conditions that simulate the best the modes that are predominately excited during the train

passage. For example, from the modal analysis of the experimental data of the Sesia viaduct

which is a composite railway bridge consisting of 7 spans (Figure 5), coupled modes are

found between adjacent spans that can be approximately divided into symmetrical and anti-

symmetrical modes. Therefore, a choice has to be made between symmetrical and anti-

symmetrical boundary conditions at the span ends [18]. While from the modal analysis of
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Figure 4. A continuous viaduct: the Arroyo del Valle viaduct.

the experimental data of the Antoing bridge consisting of 5 spans (Figure 6), any coupling

effect between adjacent spans is hardly present because the ballast and the rails are almost

situated at the center of gravity of the cross section [19].

Figure 5. Cross section of the Sesia viaduct.

To overcome the aforementioned drawbacks of the one span model, another approach

is to use submodelling techniques to set up a reduced-order model of the viaduct. Sub-

modelling techniques allow constructing models to analyze more efficiently the dynamic

behavior of structures that are too large or complex. The first ideas about a dynamic sub-

structuring known as component mode synthesis (CMS) were developed by Hurty [20, 21]

in the 1960s. The method has been extensively developed since then, resulting in the classic

methods by Craig and Bampton [22, 23], Rubin [24], MacNeal [25], and Hintz [26]. Inter-

esting reviews of the CMS method can be found in [27–31]. The CMS method subdivides

a construction into substructures which are analyzed independently for natural frequencies
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Figure 6. Cross section of the Anoting viaduct.

and for mode shapes. The substructure mode shapes are then assembled to give frequencies

and mode shapes of the original structure [31]. With this method, the computational cost

can be greatly reduced. An example of using submodelling techniques to create an entire

model of a multi-span railway viaduct will be given in this chapter.

1.3. Solution algorithm

The interaction between a bridge and a travelling train is a coupled dynamic problem. The

bridge and the train interact with each other through the contact points between the wheel

sets and the rails. The solution of the equations of motion of the coupled system is difficult

due to the fact that the positions of contact points are time dependent as the train moves on

the bridge. At each time step, the motion of the bridge influences the force transferred to the

vehicle and this, in turn, changes the force acting on the bridge and influences its dynamic

behavior.

Blejwas et al. [32] have proposed to solve the vehicle-bridge interaction problem by the

adoption of Lagrange multipliers to couple the equations of motion of the vehicle and the

bridge. By this method however, the total number of unknowns and thus the computation

effort is increased. Later, Garg et al. [33] used a Guyan reduction scheme to condense the

vehicle DOFs to the associated DOFs of the bridge. Yang et al. [34] used the dynamic

condensation method to eliminate the interaction forces from the two sets of equations

of motion. This leads to a single equation of motion which is assembled and solved. A

drawback of these approaches, however, is that they do not yield an accurate solution for

the vehicle response.

A number of other approaches have been developed that can generally be subdivided in

strongly coupled algorithms and loosely coupled iterative algorithms. The strongly coupled

scheme considers the vehicle and bridge as a single integrated system. The system matrices

depend on the position of the vehicle and therefore need to be updated at each time step.

This leads to relatively long computation times. In the loosely coupled iterative algorithm,

the bridge and vehicle are considered as two separate subsystems. The two subsystems are

coupled by enforcing compatibility of the wheel sets and the rail at the contact points. At
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each time step, the equations of motion of the two subsystems are solved separately with

an iterative procedure. A drawback of this strategy is that it may lead to divergence or

slow convergence in the iteration process. These two approaches have been used to solve

the problem of dynamic train-bridge interaction for various types of bridges. An overview

of references with the solution algorithm employed is given in Table 1, where solution

algorithm 1 and solution algorithm 2, corresponding to the strongly coupled algorithm and

the loosely coupled iterative algorithm, respectively.

Table 1. Overview of solution methods for train-bridge interaction analysis

Ref.
bridge bridge vehicle solution

type model model algorithm

Ju et al. [35] arch bridge FE model 2D 1

Yang et al. [36] beam beam model 2D 1

Cheung et al. [37] beam beam model 2D 1

Au et al. [38, 39] cable-stayed bridge FE model 2D 1

Xia et al. [40] girder bridge FE model 3D 1

Zhang et al. [41] continuous girder bridge beam model 3D 1

Song et al. [42] girder bridge FE model 3D 1

Lee et al. [43] girder bridge FE model 3D 1

Xia et al. [44] suspension bridge FE model 3D 1

Cai et al. [45] suspension bridge FE model 3D 1

Kwark et al. [46] continuous girder bridge FE model 3D 2

Xu et al. [13] cable-stayed bridge FE model 3D 2

Majka et al. [47] beam beam model 3D 2

Delgado et al. [48] truss bridge FE model 2D 2

Zhang et al. [49] multi-span girder bridge FE model 3D 2

1 strongly coupled algorithm 2 loosely coupled iterative algorithm

Both solution algorithms will be presented in this chapter. Furthermore, a more efficient

solution algorithm will be developed to overcome the drawbacks of the strongly coupled

algorithm and the loosely coupled iterative algorithm.

2. The Effect of Dynamic Train-Bridge Interaction on the

Bridge Response

2.1. Moving load model

The first method considered is the so-called moving load model [50], where the train is

modelled as a series of moving loads. The time history of the displacement Vb(x, t) at

a position x along the bridge when only the first N0 modes are considered in the modal

superposition can be written as follows:

Vb(x, t) =
N0

∑
n=1

φn(x)qn(t), (1)

where qn(t) is the generalized coordinate corresponding to the nth mode φn(x).
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In case of proportional damping, the following equations of motion are obtained in

terms of the modal coordinates for the beam subjected to the ith axle load:

q̈n(t)+2ξnωnq̇n(t)+ω2
nqn(t) =

φn(xi)

Mn

FGi, (2)

where ξn is the modal damping ratio of the nth mode, Mn is the modal mass. FGi is equal to

the weight of the ith axle of the train.

In the case of a simply supported beam with a length l, mass per unit length mb, and

uniform bending stiffness EI, the modes φn(x) are:

φn(x) = sin
(nπx

l

)

(3)

and the natural frequencies ωn:

ωn =
n2π2

l2

√

EI

mb

. (4)

In equation (2) Mn is the modal mass and is equal to:

Mn = mb

l
Z

0

φ2
n(x)dx =

mbl

2
. (5)

Substituting equations (3) and (5) in equation (2) yields the equation of motion for the nth

mode of the simply-supported beam as:

q̈n(t)+2ξnωnq̇n(t)+ω2
nqn(t) =

2FGi

mbl
sin

(nπvt

l

)

. (6)

By Duhamel’s integral, the response of the generalized coordinate qn(t) can be directly

derived as:

qn(t) =
2

mblωDn

t
Z

0

FGisin
(nπvτ

l

)

e−ξnωn(t−τ)sinωDn(t −τ)dτ. (7)

The dynamic response of the bridge under the ith axle load can therefore be written as

follows:

Vb(x, t) =
2

mbl

N0

∑
n=1

1

ωDn

sin
nπx

l

t
Z

0

FGisin
nπvτ

l
e−ξnωn(t−τ)sinωDn(t−τ)dτ. (8)

2.2. Train-bridge interaction model

Various vehicle models have been used to study the dynamic effect of the train on the

bridge. These models differ in schematization made in the identification of different masses

and elastic elements, as well as the degrees of freedom used to describe their motion. In

this study, the vehicle models presented in Figure 7 are considered. Vehicle model (c) is

an elaborate model that considers both the vertical motion of the car body and the two

bogies, while vehicle models (a) and (b) are simplified versions of vehicle model c. In the

following, the equations of motion of the coupled train-bridge system are presented for the

vehicle models. The loosely non-iterative solution algorithm is used to solve the equations

of motion of the coupled train-bridge system.
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bogie

car body

(a) (b) (c)

2 bogie1/

2 bogie1/

4 car body1/

bogie

Figure 7. (a) a 1-DOF (b) a 2-DOF, and (c) a 3-DOF vehicle model for dynamic train-bridge

interaction analysis

2.2.1. Vehicle model (a)

Figure 8 shows a free body diagram of one axle of vehicle model (a) moving on a bridge.

Based on the force equilibrium, the dynamic equation of motion of the coupled system can

be written as:










MbV̈b +KbVb +CbV̇b = Pb(t)

M1

2
V̈1 +2KVV1 +2CVV̇1 = Pv(t)

, (9)

where M1 is the mass of the bogie, KV and CV denote the stiffness and damping coefficients

of the primary suspension system, respectively, and V1 is the displacement of the bogie.

2 bogie

M V /21 1

2KV 2CV

M VW W

1/

W

-M V +W W

2K (V -V )+2C (V -V )v v1 W 1 W

2K (V -V )+2C (V -V )v v1 W 1 W

2K (V -V )+2C (V -V )v v1 W 1 W

-M V +W W 2K (V -V )+2C (V -V )+Fv v1 W 1 W G

Figure 8. Free body diagram of one axle of vehicle model (a).

The force vector Pv is written in terms of the displacement and velocity of the wheel

set:

Pv(t) = 2KVVW +2CVV̇W. (10)

The force Pb transferred to the bridge from one axle of vehicle model (a) is written as:

Pb(t) = y(t)FG +y(t)
(

−MWV̈W +2KV(V1−VW)+2CV(V̇1−V̇W)
)

, (11)
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where y(t) is the NDOF ×1 vector that transfers a moving unit load to nodal loads according

to the position of the axle. MW and FG represents the mass and the static axle load of the

wheel set. VW and V̇W represent the displacement and velocity of the wheel set, respectively.

2.2.2. Vehicle model (b)

A free body diagram of one axle of vehicle model (b) is shown in Figure 9.

2K (V -V )+2C (V -V )vv vv2 1 2 1

2KV 2CV

2KVV 2CVV

2 bogie1/

4 car body1/

M VW W

M V /21 1

M V /42 2

W

-M V +W W 2K (V -V )+2C (V -V )v v1 W 1 W

2K (V -V )+2C (V -V )v v1 W 1 W

-M V +W W 2K (V -V )+2C (V -V )+Fv v1 W 1 W G

2K (V -V )+2C (V -V )v v1 W 1 W

2K (V -V )+2C (V -V )vv vv2 1 2 1

Figure 9. Free body diagram of of one axle of vehicle model (b).

The equation of motion of the system can be written as:

{

MbV̈b +KbVb +CbV̇b = Pb(t)

MvV̈v +KvVv +CvV̇v = Pv(t)
. (12)

The mass matrix of one axle of vehicle model (b) takes the following form:

Mv = diag{M1/2,M2/4}, (13)

where M1 and M2 are the mass of the bogie and the car body, respectively.

The stiffness matrix of one axle of vehicle model (b) is expressed as:

Kv =

[

2KV +2KVV −2KVV

−2KVV 2KVV

]

, (14)

where KV and KVV are the spring stiffnesses of the primary and secondary suspension sys-

tem, respectively.
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The damping matrix Cv can be obtained by replacing the stiffness coefficients in equa-

tion (14) for the stiffness matrix by the corresponding damping coefficients.

The displacement vector Vv is defined as:

Vv = {V1,V2}
T, (15)

where V1 is the vertical displacements of the bogie, and V2 is the vertical displacement of

the car body.

The force vector Pv is written in terms of the displacement and velocity of the wheel

set:

Pv =

[

2KVVW +2CVV̇W

0

]

. (16)

The force Pb transferred to the bridge from one axle of vehicle model (b) is derived as:

Pb(t) = y(t)FG +y(t)
(

−MWV̈W +2KV(V1−VW)+2CV(V̇1−V̇W)
)

. (17)

2.2.3. Vehicle model (c)

A free body diagram for vehicle model (c) is shown in Figure 10. The equation of motion

of the system takes the same form as given in equation (12).

The mass matrix of the vehicle is taking the form of:

Mv = diag{M1,M2,M1}. (18)

The stiffness matrix of the vehicle system is expressed as:

Kv =









4KV +2KVV −2KVV 0

−2KVV 4KVV −2KVV

0 −2KVV 4KV +2KVV









. (19)

The damping matrix Cv can be obtained by replacing the stiffness coefficients in equa-

tion (19) for the stiffness matrix in the corresponding damping coefficients.

The displacement vector Vv is defined as:

Vv = {V1,V2,V3}
T, (20)

where V1 and V3 are the vertical displacements of the front and back bogie, respectively,

while V2 is the vertical displacement of the car body.

The force vector Pv is expressed in terms of the displacements and velocities of the

wheel sets:

Pv =









2KV(VW1 +VW2)+2CV(V̇W1 +V̇W2)

0

2KV(VW3 +VW4)+2CV(V̇W3 +V̇W4)









, (21)

where VWi and V̇Wi (i = 1,2,3,4) represent the displacement and velocity of the ith wheel

set, respectively.
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Figure 10. Free body diagram of vehicle model (c).

The force Pb transferred to the bridge is derived as:

Pb(t) =
4

∑
i=1

yi(t)FGi +
4

∑
i=1

yi(t)
(

−MWiV̈Wi +2KV(V j −VWi)+2CV(V̇ j −V̇Wi)
)

, (22)

where V̈Wi (i = 1,2,3,4) represents the acceleration of the ith wheel set, V j ( j = 1|i=1,2,

j = 3|i=3,4) represents the displacement of the bogie, MWi and FGi (i = 1,2,3,4) represent

the mass and the axle load of the ith wheel set, respectively.
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2.3. Parametric study of train-bridge interaction

In the following, a parametric study is performed to identify the determining factors for

the effect of dynamic train-bridge interaction and to investigate the conditions under which

dynamic train-bridge interaction needs to be taken into account. Since for simply supported

bridges, the results of ERRI D214 show that resonance is unlikely for spans longer than 40

m [51], in this study, it has been limited to the case of simply supported bridges of relatively

short span without consideration of transverse effects. The simply supported bridge in Ref.

[15] is chosen as the reference case in the present parametric study. The characteristics of

the bridge are as follows. The bridge has a length l of 34 m, a mass per unit length mb =

11400 kg/m, a bending stiffness EI = 9.92× 1010 Nm2, and a modal damping ratio ξ of

2% for all considered modes. The fundamental natural frequency fb = 4.01 Hz. The bridge

model is created using the FE program ANSYS with beam4 elements, an element length of

1 m is adopted. The threshold for low-pass filtering is set 30 Hz following Eurocode 1 [52].

The train type considered in this study is the Italian high speed train ETR500Y (Chap-

ter 2). The natural frequencies of the car body and the bogie can be estimated from the

following equations:

fvc =
1

2π

√

4KVKVV

M2(2KV +KVV)
, (23)

fvb =
1

2π

√

2KV +KVV

M1

. (24)

The values for KV and KVV of ETR500Y are used to estimate the frequencies of the car

body and the bogie as 0.49 Hz and 4.06 Hz, respectively.

The following dimensionless parameters are defined: the dimensionless speed α, the

dimensionless frequency µ, and the dimensionless mass ρ. Apart from these parameters,

the influence of the bending stiffness EI and the modal damping ratio of the bridge ξ is

investigated as well.

The dimensionless speed α is defined as:

α =
v

fbl0
, (25)

where v is the train speed, l0 is the characteristic length of a car, and fb is the fundamental

natural frequency of the bridge. The critical speed vcr leading to resonance for a long series

of regularly spaced axles corresponds to a value α = 1. For the Italian high speed train

ETR500Y, the characteristic length l0 of the passenger car is 26.1 m, so that with a value

of fb = 4.01 Hz for the fundamental natural frequency of the bridge, the critical speed is

reached at 377 km/h.

The dimensionless frequency µ is:

µ =
fv

fb

, (26)

where fv and fb are the frequency of the vehicle and the natural frequency of the first

bending mode of the bridge, respectively. Due to the low value of the natural frequency
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fvc of the car body, this part of the vehicle is dynamically uncoupled from the bridge. The

natural frequency fvb of the bogie is therefore considered for fv in equation (26). For the

train and the bridge in the current study, fvb = 4.06 Hz while fb = 4.01 Hz, so that the

value of µ is 1.01 in the reference case.

The dimensionless mass ρ is defined as:

ρ =
Mv

Mb

, (27)

where Mv is the total mass of the train and Mb is the mass of the bridge. With Mv =
445544 kg and Mb = 387600 kg, the value of ρ is therefore 1.1495 in the reference case.

2.3.1. Influence of the vehicle speed

The influence of the vehicle speed is investigated in this subsection. The considered speed

range is in the range between 0 to 1.2, which corresponds to a speed range of [0,450] km/h.

Figures 11(a) and 12(a) present the time history of the displacement and the acceleration

at mid span of the bridge with α equal to 1, as obtained by the moving load model and

vehicle model (c). The two vertical lines at t = t1 and t = t2, indicate the time at which

the train enters and leaves the bridge, respectively. It is shown how the response of the

bridge gradually builds up during the train passage and attenuates when the train has left

the bridge. A reduction of the magnitude of the response of the bridge is observed when

dynamic train-bridge interaction is taken into account.

Figures 11(b) and 12(b) compare the frequency content of the displacement and the ac-

celeration at mid span of the bridge, predicted by the moving load model and vehicle model

(c), respectively. It can be observed that the frequency content of both the displacement

and the acceleration are concentrated at low frequencies below 5 Hz. A large peak occurs at

4.01 Hz both for the moving load model and the vehicle model, corresponding to the natural

frequency of the first bending mode of the bridge. The magnitude of the peak is reduced by

using a dynamic train-bridge interaction model.
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Figure 11. (a) Time history and (b) frequency content of the displacement at mid span as

obtained by the moving load model (dashed gray line) and vehicle model (c) (solid black

line).



Efficient Models for Train-Bridge Interaction 165

(a)
0 2 4 6 8 10

−550

−450

−350

−250

−150

−50
0

50

150

250

350

450

550

Time [s]

A
cc

el
er

at
io

n
[c

m
/s

2
]

t = t1 t = t2

(b)
0 5 10 15 20 25 30

0

100

200

300

400

500

600

Frequency [Hz]

A
cc

el
er

at
io

n
[c

m
/s

2
/H

z]

Figure 12. (a) Time history and (b) frequency content of the acceleration at mid span as

obtained by the moving load model (dashed gray line) and vehicle model (c) (solid black

line).

The dynamic amplification factor DAFu for the displacement at mid span of the bridge

is defined as:

DAFu =
udyn(l/2)

usta(l/2)
, (28)

where udyn(l/2) is the maximum dynamic displacement and usta(l/2) is the maximum static

displacement at mid span of the bridge.

Figures 13 and 14 present the dynamic amplification factor DAFu and the maximum

vertical acceleration at mid span, respectively, as a function of the dimensionless speed α.
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Figure 13. The dynamic amplification factor DAFu for the displacement at mid span as a

function of the dimensionless speed α for the moving load model (solid black line), vehicle

model (a) (solid gray line), vehicle model (b) (dashed black line), and vehicle model (c)

(dashed gray line).
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Figure 14. Maximum vertical acceleration at mid span as a function of the dimensionless

speed α for the moving load model (solid black line), vehicle model (a) (solid gray line),

vehicle model (b) (dashed black line), and vehicle model (c) (dashed gray line).

For low values of α, there is no significant difference between the different train load

models. The difference, however, gets larger when the dimensionless speed α approaches

a value of 1, which corresponds to the resonant speed. In general, the moving load model

produces the largest dynamic amplification, while vehicle models a, b, and c generate a

lower dynamic amplification. This is due to the presence of the suspension system which

results in a reduction of the contact force applied to the bridge.

2.3.2. Influence of the frequency of the suspension system of the vehicle

The importance of dynamic train-bridge interaction is determined by the natural frequencies

of the two subsystems. In the following, the stiffness of the suspension system is modified

to investigate the influence of the dimensionless frequency µ = fv

fb
in the range from 0.1 to

2.0. Figures 15 and 16 show the dynamic amplification factor DAFu and the acceleration at

mid span at resonant speed, respectively, as a function of the dimensionless frequency µ.

When the value of the dimensionless frequency µ is close to 0, only a small difference

is found between the results for the moving load model and vehicle models a, b, and c. Due

to the low stiffness of the suspension system, the vehicle is dynamically uncoupled from

the bridge and the static load is the only component that affects the response of the bridge.

In this case, a moving load model satisfactorily represents the vehicle. In the case where

the stiffness of the suspension system is relatively high, corresponding to a high value for

µ, the train can be represented by a moving mass. In the case when dynamic train-bridge

interaction is accounted for, the dynamic response of the bridge at resonant speed reaches its

minimum value when the natural frequency of the vehicle is about 1.4 times of the natural

frequency of the bridge.
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Figure 15. The dynamic amplification factor DAFu for the displacement at mid span at

resonant speed as a function of the dimensionless frequency µ for the moving load model

(solid black line), vehicle model (a) (solid gray line), vehicle model (b) (dashed black line),

and vehicle model (c) (dashed gray line).
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Figure 16. Maximum vertical acceleration at mid span at resonant speed as a function of

dimensionless frequency µ for the moving load model (solid black line), vehicle model (a)

(solid gray line), vehicle model (b) (dashed black line), and vehicle model (c) (dashed gray

line).

2.3.3. Influence of the mass of the vehicle

A modification of the vehicle mass changes both the quasi-static force and the dynamic

force and therefore affects the dynamic response of the bridge. In this subsection, the

response of the bridge to a moving train is considered for values of the dimensionless mass

ρ = Mv

Mb
between 0.1 and 3. The dimensionless mass ρ is modified by changing the mass

of the vehicle, while the stiffness of the suspension system is adjusted correspondingly to

maintain a constant value of 1.01 for the dimensionless frequency µ as in the reference case.
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Figures 17 and 18 present the dynamic amplification factor DAFu and the acceleration at

mid span at resonant speed, respectively, as a function of the dimensionless mass ρ.
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Figure 17. The dynamic amplification factor DAFu for the displacement at mid span at

resonant speed as a function of the dimensionless mass ρ for the moving load model (solid

black line), vehicle model (a) (solid gray line), vehicle model (b) (dashed black line), and

vehicle model (c) (dashed gray line).
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Figure 18. Maximum vertical acceleration at mid span at resonant speed as a function of

the dimensionless mass ρ for the moving load model (solid black line), vehicle model (a)

(solid gray line), vehicle model (b) (dashed black line), and vehicle model (c) (dashed gray

line).

From Figures 17 and 18, it is observed that for low values of the dimensionless mass ρ,

a small difference is found between the results for the three vehicle models and the moving

load model. With an increasing dimensionless mass, however, dynamic train-bridge interac-

tion becomes more important, and reduces the dynamic amplification factor DAFu. Figure

18 also shows that the dynamic response increases linearly with increasing dimensionless
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mass ρ for the moving load model and for a dimensionless mass ρ of 3, the acceleration at

mid span is reduced by 32% by dynamic train-bridge interaction.

2.3.4. Influence of the bending stiffness of the bridge

The effect of the bending stiffness of the bridge on the dynamic response of the bridge is

now investigated. The stiffness of the suspension system of the vehicle is adjusted so that

both dimensionless parameters µ and ρ maintain the same value as in the reference case.

Two additional values of 0.5EI and 2.0EI are considered for the bending stiffness of the

bridge.

Figures 19 and 20 show the dynamic amplification factor DAFu and the maximum ac-

celeration at resonant speed, respectively, as a function of the dimensionless speed α for

the three values of the bending stiffness. Similar results are observed for the three differ-

ent values of the bending stiffness. As has been observed previously, dynamic train-bridge

interaction hardly affects the dynamic response of the bridge at low values of the dimen-

sionless speed α. At resonant speed (α = 1) the response is reduced in a similar way for

the three values of the bending stiffness of the bridge.
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Figure 19. The dynamic amplification factor DAFu for the displacement at mid span as a

function of the dimensionless speed α for the moving load model (solid line) and vehicle

model (c) (dashed line) with a bending stiffness for the bridge of 0.5EI (thin gray line),

1.0EI (black line), and 2.0EI (thick gray line).

2.3.5. Influence of the damping ratio of the bridge

In this subsection, the influence of the modal damping ratio of the bridge is analyzed. The

following values of the modal damping ratio ξ are considered: ξ = 1%, ξ = 1.5%, ξ = 2%,

ξ = 2.5%, and ξ = 3%, which are common values of the damping ratio of railway bridges.

The influence of the damping ratio on the dynamic response of the bridge is shown

in Figures 21 and 22. As expected, an increase in the modal damping ratio of the bridge

results in a reduced magnitude of the response and a reduced effect of dynamic train-bridge

interaction.
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Figure 20. Maximum vertical acceleration at mid span as a function of the dimensionless

speed α for the moving load model (solid line) and vehicle model (c) (dashed line) with

a bending stiffness for the bridge of 0.5EI (thin gray line), 1.0EI (black line), and 2.0EI

(thick gray line).
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Figure 21. The dynamic amplification factor DAFu for the displacement at mid span at

resonant speed as a function of the damping ratio ξ for the moving load model (solid black

line), vehicle model (a) (solid gray line), vehicle model (b) (dashed black line), and vehicle

model (c) (dashed gray line).

Through this parametric study, the following conclusions can be drawn:

1. The dynamic amplification attains its maximum value at the critical train speed

where the passage of a series of regularly spaced axles excites the bridge at its resonance

frequency.

2. The train speed is an important parameter that influences the effect of dynamic

train-bridge interaction. When the train speed approaches its critical value, dynamic train-

bridge interaction results in a lower bridge response as compared to the moving load model.

The reduction is larger for the bridge acceleration at mid span than for the corresponding
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Figure 22. Maximum vertical acceleration at mid span at resonant speed as a function of

the damping ratio ξ for the moving load model (solid black line), vehicle model (a) (solid

gray line), vehicle model (b) (dashed black line), and vehicle model (c) (dashed gray line).

displacement.

3. When the ratio of the natural frequency of the bogie and the natural frequency of

the first bending mode of the bridge is much smaller than one, the response of the bridge

can be estimated by a moving load model. For an increasing ratio, dynamic train-bridge

interaction becomes more important and reduces the dynamic amplification at the critical

speed.

4. The results are dependent on the type of vehicle model and it is therefore important

to choose a suitable vehicle model in the analysis. Among the vehicle models adopted in

the study, vehicle models b and c give the most accurate prediction, while vehicle model a

provides a good approximation in the case where the natural frequency of the car body is

much smaller than the natural frequency of the bogie.

5. Dynamic train-bridge interaction is more important when the ratio of the mass of the

vehicle and the bridge is relatively large. When the mass parameter is low, a moving load

model is sufficient for the dynamic analysis of the bridge. With an increasing mass, the

effect of dynamic train-bridge interaction becomes more important.

6. A larger value of the modal damping ratio of the bridge not only results in a lower

dynamic response of the bridge, but also leads to a decreased effect of dynamic train-bridge

interaction.

3. Efficient Train-Bridge Interaction Analysis for Multi-Span

Viaducts

In this section, the CMS method is used to form an efficient model of multi-span viaducts

in order to reduce the computational cost. Basically, the CMS method involves three basic

steps: 1) divide the original structure into several components, 2) define the component

modes in terms of the degrees of freedom of the interface and modal degrees of freedom,

and 3) couple the component mode models to form the reduced-order model of the entire
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system. For the simply supported multi-span viaducts, each span is considered as a com-

ponent, the nodes for the rail and the ballast at the span ends form the interface between

adjacent spans (Figure 23).

Krs Crs

Rail
Sleepers

Ballast
Bridge

BoundaryBoundary

InterfaceInterface

Figure 23. Component for multi-span simply supported railway bridge.

In Chapter 2, only one span of the Sesia viaduct was modelled and the coupling between

adjacent spans was taken into account approximately by applying appropriate boundary

conditions on the rails and the ballast. In the following, both the full FE model and the

CMS reduced model are set up for the complete viaduct. The element types and material

properties of the component model are the same presented in Chapter 2. The viaduct is

divided into 7 components, labeled α1,α2, ...,α7 each corresponding to one span. The

interface nodes between the two spans include 2 nodes for the rail modeled with beam

elements and 42 nodes for the ballast modeled with volume elements, resulting in a total of

138 DOFs for each interface (Figure 23).

The full FE model of the Sesia viaduct has more than 300,000 DOFs, leading to a

high computational cost for the modal analysis. For the CMS reduced model, the first 339

fixed-interface modes up to 45.03 Hz are included, resulting in a total of 3201 DOFs (339

DOFs ×7+138 DOFs ×6=3201 DOFs), which greatly reduces the computational cost of

the modal analysis. The eigenfrequencies of the bridge predicted with the two approaches,

are compared to the experimental frequencies in Table 2. A very good agreement is ob-

tained between the two approaches. Quasi anti-symmetrical and quasi symmetrical modes

of the second span are accurately predicted by the two models. The computed mode shapes

of the first anti-symmetrical bending mode, first symmetrical bending mode, second anti-

symmetrical bending mode, and second symmetrical bending mode of the complete bridge

are presented in Figure 24. The CMS model is now used to study the dynamic response of

the bridge under a train passage.

The response of the bridge during several train passages has been recorded. Figure

25 presents the predicted vertical displacement at the mid section of the first span and the

mid section of the seventh span from Torino to Milano for an ETR500Y train running from

Milano to Torino on the left side of the double track line at a speed of 288 km/h. The vertical

lines at t = t1 and t = t2 indicate the time at which the train enters and leaves the seventh

span from Torino to Milano, as illustrated in Figure 26. It can be observed that due to the

dynamic coupling between adjacent spans, the vibratory energy of the seventh span slowly

decreases after the train leaves the span. The vertical lines at t = t3 and t = t4 indicate the



Efficient Models for Train-Bridge Interaction 173

Table 2. Comparison of the predicted and measured eigenfrequencies of the Sesia viaduct

Mode

Frequency [Hz]

experiment

full CMS one-span

FE reduced symmetrical

model model model

First anti-symmetrical bending mode 3.62 3.63 3.63 -

First symmetrical bending mode 4.14 4.15 4.15 4.15

First anti-symmetrical torsional mode 8.35 8.39 8.40

First symmetrical torsional mode 9.00 8.95 8.99 9.01

Second anti-symmetrical bending mode 10.00 9.99 9.99 -

Second symmetrical bending mode 10.44 10.23 10.24 10.27

Second anti-symmetrical torsional mode 11.26 11.52 11.58 -

Second symmetrical torsional mode 14.28 14.30 14.32 14.56

time at which the train enters and leaves the first span from Torino to Milano (Figure 26).

The first span starts to vibrate before the train enters the span due to the dynamic coupling

between adjacent spans.

Figures 27 and 28 compare the predicted and experimental vertical acceleration at points

2c06 and 2c12 on the second span from Torino to Milano. A low pass filter of 30 Hz has

been applied to the results. The vertical lines at t = t5 and t = t6 indicate the time at which

the train enters and leaves the second span from Torino to Milano.

Compared to the results predicted by the model of a single span presented in Chapter

2, a clear improvement is observed. By applying the CMS, a reduction of the magnitude of

acceleration is achieved as shown in Figures 27(a) and 28(a), resulting in a better agreement

between the predicted and measured results.

From Figures 27(b) and 28(b), it can be observed that the dominant frequencies are well

predicted by the CMS model, especially for lower frequencies between 0 and 15 Hz. The

frequency peak around 4 Hz is better predicted by the CMS model than by the one span

model. Furthermore, a reduction of the magnitude of vibration is found around 20 Hz with

the CMS model.

Details of the time history of the acceleration in Figures 27 and 28 are shown in Figures

29 and 30. The experimental results show that the spans start to vibrate before the train

enters, which is due to the coupling between adjacent spans. This phenomenon is well

represented by the CMS model. When the train is on the bridge, there is an excellent match

between the experimental and predicted results by the CMS model. When the train leaves

the considered span, the level of the free vibration is slightly underestimated by the CMS

model.
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Torino Milano

(a)

(b)

(c)

(d)

Figure 24. The computed mode shapes for the Sesia viaduct bridge: (a) the first anti-

symmetrical bending mode, (b) the first symmetrical bending mode, (c) the second anti-

symmetrical bending mode, and (d) the second symmetrical bending mode.
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Figure 25. The predicted displacement at the mid section of the first span (dashed line) and

the mid section of the seventh span (solid line) from Torino to Milano.
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Figure 26. Position of the train at time: (a) t = t1, (b) t = t2, (c) t = t3, and (d) t = t4.

4. A Comparison of Different Solution Algorithms for the Nu-

merical Vehicle-Bridge Interaction

The most general approach for the solution of the equations of motion of the coupled sys-

tem is the direct numerical integration method. A large number of time integration meth-

ods, such as Wilson’s method, Newmark’s method, the Average acceleration method, etc.

have been developed for the numerical solution of differential equations. In this study, the

Newmark-β method [53] is adopted to solve the equations of motion. The Newmark-β

method can be written in the following form:














Ẋi = Ẋi−1 +
[

(1− γ)Ẍi−1 + γẌi

]

∆t

Xi = Xi−1 + Ẋi−1∆t +

[(

1

2
−β

)

Ẍi−1 +βẌi

]

∆t2
, (29)
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Figure 27. Experimental (black line) and predicted acceleration at point 2c06 by the one

span model (gray line) and the CMS model (red line): (a) the time history, (b) the frequency

content, and (c) the one-third octave band RMS spectra.
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Figure 28. Experimental (black line) and predicted acceleration at point 2c12 by the one

span model (gray line) and the CMS model (red line): (a) the time history, (b) the frequency

content, and (c) the one-third octave band RMS spectra.
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Figure 29. Time history of the experimental (black line) and predicted acceleration at point

2c06 by the one span model (gray line) and the CMS model (red line) (a) 0 ∼ 2 s, (b) 1 ∼
5 s, and (c) 4 ∼ 10 s.
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Figure 30. Time history of the experimental (black line) and predicted acceleration at point

2c12 by the one span model (gray line) and the CMS model (red line) (a) 0 ∼ 2 s, (b) 1 ∼
5 s, and (c) 4 ∼ 10 s.
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where β = 0.25 and γ = 0.5 according to the trapezoidal rule. This results in a stable

algorithm for any time increment ∆t.

The accuracy of step-by-step time integration method depends on the time step ∆t. In

the study of train-bridge interaction, two criteria are generally considered for the choice of

the time step ∆t : 1) the time step ∆t should be small enough to capture the highest fre-

quency of the system considered; 2) the time step ∆t should be small enough to capture the

train passage with sufficient accuracy. If the excitation due to track unevenness and wheel

hunting movement are considered, two additional criteria should be considered: 3) the time

step ∆t should be small enough to capture the upper frequency in the excitation due to track

unevenness; 4) the time step ∆t should be small enough to capture the frequency of the

wheel hunting motion. According to the aforementioned factors, the following parameters

are defined:

Tmin =
1

fmax

, Ts =
l

v
, Tr =

λmin
r

v
, Th =

Lh

v
, (30)

where fmax is the upper frequency of interest of the coupled system, l is the span of the

bridge, v is the train speed, λmin
r is the shortest wavelength considered for the track uneven-

ness, and Lh is the wavelength of wheel hunting.

The wavelength range of track unevenness is chosen:

λmin
r ≥ v/ fmax, (31)

where fmax is the upper frequency of interest of the system.

From equation (31), one can easily get that Tr ≥ Tmin and, hence, the time step ∆t which

meets the first criterion will automatically satisfy the third criterion.

In [50], a time step ∆t ≤ Tb/10 is suggested for a reasonable integration accuracy, where

Tb is the smallest vibration period of the bridge. The following criterion is therefore pro-

posed for a preliminary choice of ∆t:

∆t ≤
1

10
×min

{

Tmin,Ts,Th

}

. (32)

In the following three solution algorithms are discussed for the solution of the equations

of motion of the coupled system: (1) a strongly coupled algorithm, (2) a loosely coupled

iterative algorithm, and (3) a loosely coupled non-iterative algorithm.

4.1. Strongly coupled algorithm

The first approach for the solution of the equations of motion of the coupled train-bridge

system is the strongly coupled algorithm. In this case, the two subsystems are considered

as an integrated system. The equation of motion of the coupled system is reformulated as

follows:
[

Mvv 0

0 Mbb

]{

V̈v

V̈b

}

+

[

Cvv Cvb

Cbv Cbb

]{

V̇v

V̇b

}

+

[

Kvv Kvb

Kbv Kbb

]{

Vv

Vb

}

=

{

Fv

Fb

}

, (33)
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where the force vectors Fv and Fb are known at each time step. In case of track unevenness

and wheel hunting movements are not considered, Fv equals zero and Fb represents the

static axle loads of the wheel sets.

The system matrices are time-dependent, however, and must be updated at each time

step. The solution procedure is presented in Figure 31 and the procedure is described as

follows:

No

Yes

t = t0

Set the initial conditions
for the bridge and the vehicle

t = t +∆t

Form the equivalent matrices

for the coupled system

Calculate the forces Fv and Fb

Solve the equation of

motion of the system

Vv(t), V̇v(t), V̈v(t) of the vehicle

Vb(t), V̇b(t), V̈b(t) of the bridge

VW(t), V̇W(t), V̈W(t) of the wheel

t > tend

End

Figure 31. Flowchart for the strongly coupled algorithm.

1. Determine the initial position of each wheel set of the vehicle on the bridge. Set the

initial conditions for the displacement V0
b and V0

v, velocity V̇0
b and V0

v, and accelera-

tion V̈0
b and V̈0

v of the bridge and the vehicle.

2. Determine the new positions of the wheel sets at the time t +∆t assuming a constant

speed v. Form the equivalent matrices of the coupled system and compute the force

Ft+∆t
v applied to the vehicle and Ft+∆t

b applied to the bridge at the time t + ∆t. Solve
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the equation of motion of the coupled system according to the Newmark-β method in

equation (29).

3. Repeat step 2 until the end of the time steps.

4.2. Loosely coupled iterative algorithm

In order to avoid the update of the system matrices at each time step, another approach can

be followed where the vehicle subsystem and the bridge subsystem are treated separately.

The two subsystems are linked by coupling the displacements of the wheel sets and the

rail. As described before, the equations of motion of the vehicle subsystem and the bridge

subsystem can be expressed as:
{

MvV̈v +CvV̇v +KvVv = Pv

MbV̈b +CbV̇b +KbVb = Pb

. (34)

The equations of motion of the two subsystems are solved separately with a step-by-step

procedure and the displacements, velocities, and accelerations of the vehicle and bridge at

a certain time are computed iteratively as shown in Figure 32. The procedure is described

as follows:

1. Determine the initial position of each wheel set of the vehicle on the bridge. Set the

initial conditions for the displacement V0
b and V0

v, velocity V̇0
b and V0

v, and accelera-

tion V̈0
b and V̈0

v of the bridge and the vehicle.

2. Start the iterative process:

(a) Determine the new positions of the wheel sets at the time t + ∆t assuming a

constant speed v. Assume values of accelerations V̈t+∆t
0 for the vehicle and the

bridge at the time t +∆t, e.g., V̈t+∆t
0 = V̈t .

(b) Calculate the displacement Vt+∆t
0 and velocity V̇t+∆t

0 for the vehicle and the

bridge at the time t +∆t according to the Newmark-β method in equation (29).

(c) Compute the force Pt+∆t
v transferred to the vehicle, solve the equation of motion

of the vehicle according to the Newmark-β method in equation (29). Compute

the force Pt+∆t
b transferred to the bridge, solve the equation of motion of the

bridge according to the Newmark-β method in equation (29).

(d) Check the convergence. Convergence is studied using the displacement incre-

ment norm ‖V‖, defined as the root mean square of the norm of the displace-

ment increment vector. The allowable tolerance for the convergence check is

denoted by Tol:

‖Vt+∆t
n −Vt+∆t

n−1 ‖

‖Vt+∆t
n ‖

≤ Tol, (35)

where Tol is the allowable tolerance values between 10−5 and 10−8 for an ac-

ceptable accuracy of the solution [54]. At each time step, the iteration is con-

tinued until convergence is reached according to equation (35).

3. Repeat step 2 until the end of the time steps.
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No
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Yes

1kaikai

No

t = t0

Set the initial conditions

for the bridge and the vehicle

t = t +∆t

Assume V̈b(t), V̈v(t)

Vb(t), V̇b(t) of the bridge

Vv(t), V̇v(t) of the vehicle

VW(t), V̇W(t), V̈W(t) of the wheel

Calculate the force Pb acting on the bridge

Solve the equation of

motion of the bridge

Vb(t), V̇b(t), V̈b(t) of the bridge

Calculate the force Pv acting on the vehicle

Vv(t), V̇v(t), V̈v(t) of the vehicle

t > tend

Convergency

criterion

Solve the equation of

motion of the vehicle

End

Figure 32. Flowchart for the loosely coupled iterative algorithm.

4.3. Loosely coupled non-iterative algorithm

With the previous loosely coupled iterative algorithm, many iteration steps may be required

to reach convergence at each time step. In order to overcome this drawback, a non-iterative

algorithm is proposed. It is based on the assumption that when the time step is sufficiently

small, the force acting on the vehicle can be estimated from the displacements and velocities

of the wheel sets in the previous time step. The procedure is presented in Figure 33 and

described as follows:

1. Determine the initial position of each wheel set of the vehicle on the bridge. Set the

initial conditions for the displacement V0
b and V0

v, velocity V̇0
b and V̇0

v, and accelera-

tion V̈0
b and V̈0

v of the bridge and the vehicle.

2. Determine the new positions of wheel sets at the time t + ∆t assuming a constant

speed v. Compute the force Pt+∆t
v transferred to the vehicle in terms of the displace-



184 G. De Roeck and K. Liu

No

Yes

t = t0

Set the initial conditions

for the bridge and the vehicle

t = t +∆t

Calculate the force Pv acting on the

vehicle based on the previous

movements of the wheel

Solve the equation of

motion of the vehicle

Vv(t), V̇v(t), V̈v(t) of the vehicle

Calculate the force Pb acting on the bridge

Solve the equation of

motion of the bridge

Vb(t), V̇b(t), V̈b(t) of the bridge

VW(t), V̇W(t), V̈W(t) of the wheel

t > tend

End

Figure 33. Flowchart for the loosely coupled non-iterative algorithm.

ments and velocities of wheel sets of the previous time step. Solve the equation of

motion of the vehicle according to the Newmark-β method in equation (29).

3. Compute the force Pt+∆t
b applied to the bridge in terms of the displacements Vt+∆t

v and

velocities V̇t+∆t
v of the vehicle. Solve the equation of motion of the bridge according

to the Newmark-β method in equation (29).

4. Repeat steps 2 and 3 until the end of the time steps.
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4.4. Numerical validation

The proposed loosely coupled non-iterative solution algorithm is now verified by compar-

ing with the strongly coupled solution algorithm and the loosely couple iterative solution

algorithm. The influence of the time step on the accuracy of the predicted results is inves-

tigated. A simply supported beam model is used for the bridge. The bridge has a length

l = 32 m, a mass per unit length mb = 14000 kg/m, and a bending stiffness EI = 7.29×1010

Nm2. The fundamental frequency of the bridge is equal to 3.5 Hz. The bridge model is cre-

ated using the FE program ANSYS [55] with beam4 elements, adopting an element length

of 1 m. The track unevenness is generated from the PSD function according to the German

low disturbing irregularity profile. The wheel hunting motion is not considered. When the

modal superposition method is used in the analysis, in order to obtain accurate results for

the bridge response, a sufficient number of modes of the bridge should be taken into ac-

count. In this study, modal superposition is applied and the first 7 modes up to 30.3 Hz are

included. The train type considered in the analysis is the Italian high speed train ETR500Y

(Chapter 2). The vehicle is modelled as a multi-body model with 15 DOFs. A train speed

of 350 km/h is considered in the analysis.

In this case, fmax is equal to the upper frequency of interest of the bridge. According

to equation (32), we have ∆t ≤ 1
10

min{Tmin,Ts}= 1
10

min{Tb,Ts} = min{0.0033,0.033}s =

0.0033 s.

Figures 34 and 35 present the time history of the response of the bridge and the vehicle

calculated using the three algorithms with ∆t = Tb/10, at a train speed of 350 km/h. The

tolerance of the loosely coupled iterative algorithm is set to 10−6. In Figures 34 and 35,

the two vertical lines at t = t1 and t = t2 indicate the time at which the train enters and

leaves the bridge, respectively. It can be seen that the results obtained for the bridge and the

vehicle with the three algorithms almost coincide with each other. It is also observed that

the response of the bridge remains zero before the train enters and its vibration gradually

builds up during the train passage and attenuates when the train has left the bridge. In

the following, the influence of the time step on the accuracy of the results of the different

solution algorithms will be studied.

Different time steps ∆t = Tb/ j with j = 10, 20, 30, 40, 50, 60, 70, 80, and 90 are now

considered to evaluate the accuracy of the results. The solution obtained using the strongly

coupled algorithm with a time step ∆t = Tb/100 is considered as the reference solution and

used to check the loosely iterative and non-iterative solution algorithms. The error e(∆t) of

the results is computed based on the reference solution as follows:

e(∆t)i =

T0
R

0

‖ure f −u(∆t)‖

T0
R

0

‖ure f‖

×100, i = 1,2,3. (36)

The displacement and acceleration at the mid span of the bridge as well as the displace-

ment and acceleration of the car body of the first passenger car are now studied to check the

influence of the time step on the accuracy of the predicted results with T0 = 10 s. Figure

36 shows the convergence of the displacement at mid span of the bridge for the different

solution algorithms. It can be observed that the error for the displacement is less than 1.5%
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Figure 34. (a) Vertical displacement and (b) vertical acceleration at mid span of the bridge

during the passage of the Italian high speed train ETR500Y at a speed of 350 km/h pre-

dicted by the strongly coupled algorithm (solid line), the loosely coupled iterative algorithm

(dashed line), and the loosely coupled non-iterative algorithm (dotted line).
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Figure 35. (a) Vertical displacement and (b) vertical acceleration of the car body of the first

passenger car of the Italian high speed train ETR500Y at a speed of 350 km/h predicted by

the strongly coupled algorithm (solid line), the loosely coupled iterative algorithm (dashed

line), and the loosely coupled non-iterative algorithm (dotted line).

for all solution algorithms and generally decreases with decreasing time step ∆t.

The convergence of the acceleration at mid span of the bridge is presented in Figure

37. It can be observed that, in the range of values considered for the time step, its effect

on the accuracy of the acceleration of the bridge is more pronounced than its effect on

the displacement of the bridge. When the time step ∆t is equal to Tb/10, the error for the

acceleration of the bridge is larger than 10% for all solution algorithms. The error strongly

decreases with decreasing time step ∆t. When the time step ∆t is smaller than Tb/40, the

error for the acceleration decreases to a value lower than 2% for all solution algorithms.

Figures 38 and 39 show the influence of the time step ∆t on the accuracy of the predicted

vehicle response. For all time steps considered, the relative error is less than 1% for both

the displacement and acceleration of the vehicle for the three solution algorithms. In this

case, the accuracy of the vehicle response is less sensitive to the time step ∆t.
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Figure 36. The error of the vertical displacement at mid span of the bridge for the strongly

coupled algorithm (dot), the loosely coupled iterative algorithm (circle), and the loosely

coupled non-iterative algorithm (star).
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Figure 37. The error of the vertical acceleration at mid span of the bridge for the strongly

coupled algorithm (dot), the loosely coupled iterative algorithm (circle), and the loosely

coupled non-iterative algorithm (star).

From Figures 36 to 39, it can be concluded that the criteria given by equation (32) for

the choice of the time step are sufficient for an accurate evaluation of the displacement of

the bridge and for vehicle response, while a smaller size of time step should be used for

an accurate prediction of the acceleration of the bridge. Generally, the strongly coupled

algorithm gives the most accurate results but requires the system matrices to be updated at

each time step. While for the loosely coupled iterative algorithm, the number of iteration

cycles required to reach convergence are listed in Table 3.
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Figure 38. The error of the vertical displacement of the car body of the first passenger car

for the strongly coupled algorithm (dot), the loosely coupled iterative algorithm (circle),

and the loosely coupled non-iterative algorithm (star).
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Figure 39. The error of the vertical acceleration of the car body of the first passenger car for

the strongly coupled algorithm (dot), the loosely coupled iterative algorithm (circle), and

the loosely coupled non-iterative algorithm (star).

Table 3. Iteration cycles for the loosely coupled iterative algorithm with different time steps.

Number of time
10 20 30 40 50 60 70 80 90

steps per period Tb

Total number of
2485 4556 6165 7215 8352 9813 11287 12773 14251

iteration cycles
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5. Conclusion

This chapter investigates efficient dynamic analysis of the coupled train-bridge interaction

system. The results of a moving load model are compared to those of an analysis of dy-

namic train-bridge interaction considering different vehicle models with a varying degree of

sophistication. The effect of several parameters related to the train and the bridge is studied.

An efficient modelling of multi-span viaducts using substructuring method is presented.

To do this, the original structure is divided into several components and each component

is reduced individually and coupled by enforcing compatibility between adjacent spans to

form the reduced-order model. This technique allows for a considerable reduction of the

computational cost for the evaluation of the eigenproperties of a refined model for complex

structures. The CMS approach is used to develop a reduced model of the 7 spans of the Sesia

viaduct. It is shown that the CMS reduced model can accurately reproduce the dynamic

properties of the entire structure without requiring an extensive computational cost.

Finally, a loosely coupled non-iterative algorithm for solving the coupled train-bridge

interaction problem is proposed and validated with respect to two existing solution algo-

rithms: the strongly coupled algorithm and the loosely coupled iterative algorithm. It has

been demonstrated that the loosely coupled non-iterative algorithm is able to give an accu-

rate prediction of the bridge response to a train passage at a reduced computational effort.
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Abstract 
 

When a high-speed railway vehicle crosses a bridge dynamic effects from lateral 

movement of the vehicle and the bridge appear and may in some cases endanger the 

traffic safety and passengers comfort. Whereas vertical dynamic action from traffic has 

been the subject of numerous studies and included in engineering codes, lateral dynamic 

effects have not yet been studied sufficiently. In this paper several methods for studying 

the dynamic effects of railway traffic in bridges due to lateral motion are presented and 

discussed. These methods may be included within general-purpose finite element codes, 

with additional models for multibody systems, kinematic constraints between vehicle and 

bridge and rail-wheel contact interface. The structure is discretized with standard finite 

elements and vehicles are considered with 3D multibody models. Special attention is paid 

to the interface between the vehicle and the structure and the track alignment 

irregularities, which are an important source of excitations for the vehicle and bridge. 

Three different methods are presented, attending to the treatment of wheel-rail contact. 

The first one is a simple method, which does not allow any relative movement between 

the vehicle wheelset and the track. Secondly a linearized approach that allows relative 

motion between wheels and rails is described, which considers biconic wheel and rail 

profiles and linear models for the tangent and normal contact. Finally, a fully nonlinear 

method that has been newly developed by the authors and it is based on rigorous 

consideration of kinematics, realistic geometry of wheel and rail profiles and detailed 

models for considering wheel and rail rolling contact. The methodologies presented are 

applied in two test cases: a validation study of the hunting movement of a single railway 

wheelset under an impact load; dynamic interaction between a train composed by six cars 

and a simply supported bridge. 

                                                        
*
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1. INTRODUCTION 
 

The revival of railways as an efficient means of transport has been an important 

phenomenon in many developed and developing countries in the last twenty years. The 

efficiency of high-speed passenger railways shown by Japan, France and Germany is one of 

the key factors for this renewed interest. A great amount of new infrastructure has been 

constructed in the new lines in China, Korea, Taiwan, France and Spain among others. For 

example, Spain has in 2011 over 2000 km of high-speed lines for speeds above 250 km/h. 

This infrastructure includes a large number of bridges and viaducts of various types, for 

which the structural safety and functionality for railway traffic are key requirements. In this 

work we focus on a not so well studied topic, the lateral dynamic effects of railway traffic 

when crossing bridges, which may be an important concern in some cases. 

As was reported in the study D181 of the European Railway Research Institute (ERRI 

D181, 1996) resonant lateral dynamic effects which compromised the traffic safety were 

noticed in several European bridges. Generally, these bridges had open steel decks and very 

low lateral bending stiffness and were simply supported. From the conclusions obtained in 

this study limitations of the lateral deformability and frequency were adopted in the 

Eurocodes (EN1990-A1, 2005) and the national codes (IAPF-07, 2007). 

Due to the orography of the Iberian Peninsula, often the railway lines have to cross deep 

valleys and for that purpose many long viaducts are built. Usually these viaducts are 

supported on very tall piers or arches, sometimes taller than 100 m, and have continuous 

decks which can be longer than 1000 m. Due to that, these structures are very slender and 

their first lateral vibrations frequencies are very low, as the viaduct shown in Figure 1. 

The bridges studied by (ERRI D181, 1996) are not of the same type as the tall and long 

bridges that are being built in Spain. In relative terms the lateral compliance is high in both 

types, giving rise to low frequencies of lateral vibration, lower than 1 Hz, which cause 

concern for possible coupling with vehicle box lateral frequencies. However, the typical 

Spanish high-speed railway viaducts have longer wavelengths (several hundreds of meters) 

for the main structural modes. On the contrary, the bridge considered in the ERRI D181 study 

have wavelengths in the order of tens of meters, equal to the bridge span. These shorter 

wavelengths make possible that some resonant effects could appear in the vehicles, whose 

kinematic wavelengths are of the same order of magnitude to those of the ERRI D181 

bridges. 

However, there are still some uncertainties related to the coupled behavior of vehicles 

and structures, which have not been studied in depth. Furthermore, it is convenient to have 

trusted models, which enable safety analyses for lateral actions, as strong lateral winds and 

earthquakes. Hence, there is a need for further studies of this topic. 

The development and validation of methods that will be applied in future works for 

studying the dynamic interaction between viaducts and railway vehicles is the aim of this 

work. A detailed description of several methods which establish the vehicle-bridge interaction 

in a realistic way is presented. Furthermore, simple simulations are performed for validating 

these models. 
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Figure 1. Viaduct over 'Arroyo de las Piedras' river, in the high-speed line Córdoba--Málaga, in Spain 

(Millanes et al., 2007). Courtesy of Ideam S.A. 

As it will be seen later, the coupled models which are needed for studying the lateral 

response of vehicles and structures are more complex than those applied for vertical dynamic 

effects. This is due to several factors: the 3D kinematic constraints, the need to include 3D 

multibody dynamics for vehicles and finally, the complexity of the wheel-rail contact, which 

plays an essential role in the lateral dynamic response of the train. 

As proposed by Zhang et al. (2008) the vehicle-structure interaction models can be split 

up in five main issues (see Figure 2): 

 

1. dynamic model for the vehicle subsystem; 

2. dynamic model for the structure subsystem; 

3. geometric track description, including its alignment irregularities; 

4. wheel-rail contact; and 

5. algorithms for solving the coupled set of differential equations. 

 

For discretizing the structure, the finite element method is a versatile solution, either 

using beam elements, as in Tanabe et al. (2003), Zhang et al. (2010) and Nguyen et al. 

(2009b), or shell (Song et al., 2003) or solid elements (Kwasniewski et al., 2006). 

Multibody dynamic techniques provide an accurate description of railway vehicle 

response. These methods establish the dynamic equations for rigid bodies which are 

connected between them with discrete spring and dampers and joints and/or constraints. 

Linearized models, which assume small displacements of the vehicles, are used for studying 

the vehicle-bridge interaction in some works, as in Zhang et al. (2010), Nguyen et al. (2009b), 

Song et al. (2003), and Xia & Zhang (2005). We wish to point out that these models also 

neglect inertial quadratic terms due to angular velocities, such as centrifugal, Gyroscopic or 

Coriolis. These inertia terms are generally negligible in 2D vertical dynamics, but may play a 

role in lateral dynamics which is necessarily 3D. More complete models, which include 

nonlinear effects, can be found in Shabana et al. (2008) and Popp & Schiehlen (2010). 
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Figure 2. Vehicle-bridge interaction schema. 

A key point in the dynamic interaction between railway vehicles and structures is to 

establish the geometric, kinematic and dynamic relationships between both subsystems, 

through adequate wheel-rail contact theories. The wheel-rail contact phenomenon is a key 

ingredient railway vehicle system dynamics for studying guidance and dynamic stability. 

However, such models are neither customary nor simple to introduce in structural dynamics 

applications. The more simplistic approach for modeling the wheel wheel-rail contact is to 

consider a perfect guided path. This will be called the rigid method, explained in Section 

3.5.3, and is applied in Song et al. (2003), Xia et al. (2003), and Dias et al. (2008). In this 

method it is assumed that the contact points at wheels and rail share positions and velocities, 

neglecting the relative movements which appear between the vehicle wheelset and the track. 

An option for introducing this relative motion is to prescribe a relative sinusoidal 

displacement between the wheels and the rails, such is described by Zhang et al. (2008), Xia 

& Zhang (2005), Xia et al. (2003), and Dias et al. (2008). With such method it is possible to 

consider an upper bound critical case in which the hunting movement is fully developed. 

However, this simplistic model has important limitations and does not consider the real 

dynamic coupling between vehicle and structure. 

For considering the dynamic effects that appear in the wheel-rail contact, the relative 

motion and stresses in the contact patch between the vehicle wheels and the rail must be taken 

into account. The small size of the contact patch as compared to the structure and the vehicle 

requires a solution at a different scale, which justifies the introduction of special ad-hoc 

models (Kalker, 1990). Several ingredients need to be considered for these models. The first 

point is to consider the geometry of the wheel and rail profiles. Once the position of the 

contact point at the wheel and the rail has been determined it is necessary to compute the 

normal and tangential forces. For calculating the normal stress distribution and the contact 

patch in railway dynamics the Hertz theory (Hertz, 1882) provides good results, having been 

used in the work of Tanabe et al. (2003), Shabana et al. (2008), Popp & Schiehlen (2010), 

Nguyen et al. (2009a), and will be the approach adopted in this paper. For more advanced 

studies of railway dynamics, non-Hertzian theories may be applied also (Ayasse & Chollet, 

2006). A linearization of the Hertz theory can also be used, as in Nguyen et al. (2009b), and 

explained further down in this work. 
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To consider the tangential forces several models are available: 1) the Kalker linear theory 

(Kalker, 1967), which is only valid when the relative creep between wheels and rails is small, 

is the most simple method and was used in Tanabe et al. (2003), Zhang et al. (2010), Nguyen 

et al. (2009b), Xia & Zhang (2005), and Nguyen et al. (2009a); 2) for more advanced vehicle 

models FastSim (Kalker, 1982) and Polach methods (Polach, 1999) provide more accurate 

results; 3) finally, a more rigorous method is the exact three-dimensional rolling contact 

theory, a variational method developed in (Kalker, 1979). This last method is computationally 

very expensive and it is unfeasible to be used for the study of the dynamic response of a full 

train. A possible solution, proposed in (Kalker, 1996), consists on obtaining the tangent 

contact forces by interpolation in a look-up table, which has been precomputed using the 

variational method. 

A further aspect that needs to be taken into account is alignment irregularities, which are 

an important source of excitations for the vibrations of vehicles and structures, and are 

unavoidable in the track geometry. The ideal procedure is for these to be measured directly 

from the track, as in Zhang et al. (2008, 2010) and Xia et al. (2003). If the track or the 

measures are not available it is possible to generate track irregularity profiles using adequate 

statistical methods such as power spectral density functions, as defined in Claus & Schiehlen 

(1997). This last solution is applied in Nguyen et al. (2009b) and Dias et al. (2008). 

The last component which is necessary for the interaction model is the strategy to be used 

for obtaining the numerical solution of the set of differential equations at each time step. One 

option is to integrate separately the vehicle and structure equations and to establish at each 

step an interactive loop for achieving the force and displacement compatibility. This approach 

has been used in Zhang et al. (2008), Nguyen et al. (2009b), and Xu et al. (2004). A different 

solution is to integrate the full set of coupled differential equations directly, as it is developed 

in Zhang et al. (2010), Xia & Zhang (2005), Xia et al. (2003), Yang & Yau (1997), and Yau 

& Yang (2004). In this work we follow this last procedure. 

In what follows three different methods for studying the vehicle-bridge interaction for 

high-speed railways are considered. A previous and general description is made first in 

Section 2 of the main wheel-rail contact theories. Following, in Sections 3.1 and 3.2 the 

vehicle and structure model equations are detailed. The vehicle wheelset and track 

kinematics, which play an important role in the interaction study, are presented in Section 3.4. 

Using the models presented in the previous sections, in Section 3.5 the three different 

interaction models are detailed. The first one does not allow any relative motion between the 

wheelsets and the track. It considers that the contact points of the wheels and the rails share 

positions and velocities. The second model follows a linear approach that allows relative 

wheelset-track displacements and assumes biconic wheel and rail profiles and linearized 

expressions for normal and tangential contact. Finally, the third model incorporates a fully 

nonlinear method, which considers the relative motion between the wheelsets and the track. 

The interaction between both subsystems is based on a realistic contact model between 

wheels and rails, which considers the nonlinear description of the wheel and rail geometry, 

kinematics and contact stresses. This method has been developed by the authors of this work 

and was presented previously in Antolín et al. (2010a, b, 2011). The models have been 

developed and coded within the general-purpose finite element system Abaqus (Simulia, 

2010). 

The presented approaches are applied in Section 4 to two different simulations: the first 

case studies the dynamic behavior of a single wheelset when an impact load is applied on its 
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gravity centre; the second application consists on a six car vehicle which crosses a simply 

supported bridge. In both cases, the results obtained with the different methods explained are 

presented, compared and discussed. 

 

 

2. WHEEL-RAIL CONTACT FORCES 
 

As has been pointed out before, an adequate description of the wheel-rail contact forces is 

an essential element for studying the dynamic stability of railway vehicles. For this reason, 

we start by describing the main theories available for studying the wheel-rail contact forces in 

this section. Under certain assumptions, the contact problem can be split in two sequential 

steps: 1) study of the normal contact (Section 2.1), for which it is necessary to know first the 

geometric properties of the bodies at the contact point; and 2) the tangential contact (Section 

2.2) that is based on the results obtained in previous step. 

 

 

2.1.  Normal contact 
 

For studying normal contact between the wheel and the rail, the classical Hertz theory 

(Hertz, 1882) is an adequate and well-studied model. This method considers that the contact 

patch 𝛺 between the two bodies is an ellipse, which is contained in a plane (the tangent 

plane), and the normal stress distribution is an ellipsoid. In Hertz theory the following 

hypotheses are made: 

1. The surfaces of both bodies can be approximated using quadratic functions near the 

contact patch. 

2. Contact patch dimensions are small compared to surface curvatures of both bodies at 

contact point. 

3. A single contact point / patch is considered in each wheel and rail couple. 

4. The surfaces are continuous and non-conformal at contact. 

5. Deformations are small and remain in an elastic range. 

6. Far from the contact patch the stresses are zero. 

7. The contact is frictionless or the mechanical properties of the materials of both 

bodies are equal (material symmetry) in order to study normal and tangential contact 

problems independently. 

The surfaces of the wheel and rail can be written as quadratic functions of two variables: 

 𝑧𝑤 = 𝐴𝑤𝑥2 + 𝐵𝑤𝑦2, (1a) 

 𝑧𝑟 = 𝐴𝑟𝑥
2 + 𝐵𝑟𝑦

2, (1b) 

where  ∙ 𝑤  corresponds to the wheel and  ∙ 𝑟  to the rail. 𝑥 and 𝑦 are the local coordinates of 

the contact patch (contact axes) which define the contact plane, with 𝑥 along the track axis 

and 𝑦 normal to 𝑥, as can be seen in Figure 3. 
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Figure 3. Contact between the wheel and the rail; (e𝑐𝑥 , ecy, e𝑐𝑧) is the triad of unit vectors associated to 

local coordinates in the conct patch. 

 

The polynomial coefficients 𝐴𝑖  and 𝐵𝑖 , with 𝑖 =  𝑟, 𝑤 , are defined as: 

 𝐴𝑖 =
1

2

d2𝑧𝑖

d𝑥2 , (2a) 

 𝐵𝑖 =
1

2

d2𝑧𝑖

d𝑦2 , (2b) 

being d2𝑧𝑖/d𝑥2 and d2𝑧𝑖/d𝑦2 the principal curvatures of the wheel and the rail surfaces. 

If a straight track is assumed, then𝐴𝑟 = 0. The curvature of the wheel in the plane 

defined by 𝑦 and 𝑧 is related to the wheel rolling radius through: 

 
d2𝑧𝑤

d𝑥2 =
cos 𝛾

𝑟𝑤
, (3) 

being 𝑟𝑤  the wheel rolling radius at contact point (see Figure 4). 

Knowing  𝐴𝑤 , 𝐵𝑤 , 𝐴𝑟  and 𝐵𝑟  at the contact point the ellipse semiaxes can be computed 

as: 

 𝑎 = 𝑚 
3

2

1−𝜈2

𝐸

𝑁

𝐴𝑤 +𝐴𝑟+𝐵𝑤 +𝐵𝑟

3
, (4a) 

 𝑏 = 𝑛 
3

2

1−𝜈2

𝐸

𝑁

𝐴𝑤 +𝐴𝑟+𝐵𝑤 +𝐵𝑟

3
, (4b) 

where 𝑚 and 𝑛 are nondimensional parameters which depend on the surface curvature and 

can be found in Hertz (1882); 𝑁 is the normal load at the wheel; 𝜈 is Poisson‘s ratio; and 𝐸 

Young‘s modulus. 

The tangential forces which appear between the wheel and the rail at the contact patch 

(creep forces) are one the key aspects in the dynamic response of a railway vehicle. They 

appear as a consequence of a rolling and sliding motion between wheels and rails. 
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Figure 4. Relationship between the transversal curvature of the wheel and the rolling radius. 

 

When the bodies are pressed against each othe𝑟 𝑎 reduction of the distance (apparent 

penetration) between the bod𝑦 𝑐enter𝑠 𝛿 appears, which can be expressed as: 

 𝑁 = 𝐾𝐻𝛿3/2, (5) 

being 𝐾𝐻 the stiffness: 

 𝐾𝐻 =
2

3

𝐸

1−𝜈2

𝑝

 𝐴𝑤 +𝐴𝑟+𝐵𝑤 +𝐵𝑟
, (6) 

and 𝑝 a nondimensional parameter which depends on the curvatures and can be found in 

Hertz (1882). For linear analysis, this expression can be linearized around the static load 

under self-weight in a wheel 𝑁𝑠𝑡  (see Figure 5), 

 𝑁 = 𝐾𝑠𝑡  𝛿, (7) 

being 𝐾𝑠𝑡 : 

 𝐾𝑠𝑡 =
3

2
 𝐾𝐻

2𝑁𝑠𝑡
3

 . (8) 

 

 

Figure 5. Linearization of Hertz normal load considering static load in a wheel. 
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The normal stress distribution in the contact ellipse is a semiellipsoid whose equation is: 

 𝜎 =
3 𝑁

2 𝜋  𝑎  𝑏
 1 −  

𝑥𝑐

𝑎
 

2
−  

𝑦𝑐

𝑏
 

2
 . (9) 

At the ellipse boundary the stress is zero and the maximum value appears at the center of 

the contact ellipse. 

 

 

2.2. Tangential contact 
 

According to Coulomb law, in each point of the contact surface the magnitude of the 

shear stress cannot be greater than the normal stress times the friction coefficient 𝜇. Thus, in 

the contact ellipse adhesion and slip areas could appear. In general, it must be considered that 

elastic and inelastic (sliding) relative displacements appear at each point of the contact patch. 

The main variables of the tangential contact are the creepages, which are defined as the 

non-dimensional relative velocities between wheel and rail: 

 𝜉𝑥 =
 𝒗𝑤𝑐 −𝒗𝑟 ⋅𝒆𝑐𝑥

𝑣
 , (10a) 

 𝜉𝑦 =
 𝒗𝑤𝑐 −𝒗𝑟 ⋅𝒆𝑐𝑦

𝑣
 , (10b) 

 𝜉𝑟 =
 𝝎𝑤−𝝎𝑟 ⋅𝒆𝑐𝑧

𝑣
 , (10c) 

being 𝜉𝑥 , 𝜉𝑦  and 𝜉𝑟  the longitudinal, lateral and rotational (spin) creepages (Kalker, 1967), 

respectively; 𝒗𝑤𝑐  and 𝒗𝑟  the velocities imposed by rigid body movement of the wheel and the 

rail computed at center of the contact ellipse; 𝝎𝑤  and 𝝎𝑟  the respective angular velocities; 𝑣 

the longitudinal velocity of the wheelset; and 𝒆𝑐𝑥 , 𝒆𝑐𝑦  and 𝒆𝑐𝑧 the local triad at the contact 

patch (Figure 3). 

Considering the creepages and the ellipse area computed in the normal problem, the rigid 

body slip 𝒔  which appears between the bodies at a point (𝑥, 𝑦) ∈ Ω is (see Figure 6): 

 𝒔 = 𝑣   𝜉𝑥 − 𝜉𝑟𝑥 𝒆𝑐𝑥 +  𝜉𝑦 + 𝜉𝑟  𝑦 𝒆𝑐𝑦   . (11) 

The rigid body slip is split by an additive decomposition into inelastic and elastic 

components, respectively the true slip 𝒘  and the velocity of the elastic deformation −𝒖 : 

 𝒔 = 𝒘 − 𝒖  . (12) 

The relative displacements produced by the elastic deformation of the bodies are defined 

as −𝒖 = 𝒖𝒓 − 𝒖𝒘, where 𝒖𝑤  and 𝒖𝑟  are the elastic displacements of the wheel and the rail at 

each point of the contact patch. Its time derivative may be expressed using the moving 

reference frame of the contact patch as: 

 𝒖 =
𝜕𝒖

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝒖

𝜕𝑡
 . (13) 

Considering the hypothesis 
𝜕𝒖

𝜕𝑡
= 𝟎 (steady-state rolling contact), which is a valid 

assumption for railway dynamics (Kalker, 1979), (13) becomes: 
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 𝒖 = −𝑣 
𝜕𝒖

𝜕𝑥
 . (14) 

Using (12) and (14), the true slip between bodies at a certain point of the contact patch 

can expressed as: 

 𝒘 = 𝒔 − 𝑣 
𝜕𝒖

𝜕𝑥𝑐
 . (15) 

 

 

Figure 6. Rigid body slips at an ellipse point. 

 

Thus, if 𝒘 ≠ 𝟎 inelastic slip occurs; on the other hand, 𝒘 = 𝟎 corresponds to an elastic 

non-slip situation, which may be defined by the Kuhn-Tucker relations expressing the 

Coulomb law: 

  𝝉 − 𝜇𝜎 ≤ 0;  𝒘  ≥ 0;   𝝉 − 𝜇𝜎  𝒘  = 0  ⇒   
 𝝉 < 𝜇 𝜎 for 𝒘 = 𝟎
|𝝉| = 𝜇 𝜎 for 𝒘 ≠ 𝟎

 , (16) 

being 𝝉 =  𝜏𝑥 𝜏𝑦  T the tangential stress vector. The resultant forces 𝒕𝑐and moment 𝑚𝑐  

(creep forces and spin moment) in the contact patch 𝛺 can be computed as: 

 𝒕𝑐 =  
𝛺

𝝉 d𝐴 , (17a) 

 𝑚𝑐 =  
𝛺

 𝜏𝑦  𝑥 − 𝜏𝑥  𝑦  d𝐴 . (17b) 

For computing the tangent stress distribution several theories can be applied. In Kalker 

(1979) the exact three-dimensional rolling contact theory is developed, a variational method 

which is based on the principle of virtual work and whose results correlate quite well with 

experimental ones. However, it is computationally expensive and it is unfeasible to develop a 

dynamic analysis of a full train and bridge using this method. 

An alternative to this method is to build a look-up table using the variational theory, as  

proposed by Kalker in the program Usetab (Kalker, 1996). Thus, the creep forces and spin 

moments can be obtained by interpolation in a look-up table which has been precomputed for 

thousands of creepages and contact geometry combinations. The error obtained using this 

look-up table is very small in comparison to the variational method and it is faster. 

Assuming some simplifications, different wheel-rail tangential contact theories can be 

implemented, such as the Kalker linear theory (Kalker, 1967) (Section 2.2.1), the simplified 

theory (Kalker, 1982) (Section 2.2.2), and the Polach method (Polach, 1999) (not detailed in 
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this work). In Figure 7 a comparison between the variational, the linear and the simplified 

theories is shown for different creepage values. As can be seen in this figure, for 𝜉𝑟 = 0 the 

variational and simplified theories are in good agreement, nevertheless, linear theory is 

applicable only for a limited range of small creepage values. 

 

 

Figure 7. Comparison of tangent force resultants, obtained with different methods of wheel-rail 

tangential contact, as a function of longitudinal and lateral creepages (𝜉𝑟 = 0). 

 

2.2.1. Kalker linear theory 

This theory was developed in Kalker (1967) and it assumes that every point of the contact 

ellipse is in adhesion situation, with no inelastic creep 𝒘 = 𝟎. Thus (15) can be written as: 

 𝒔 = 𝑣 
𝜕𝒖

𝜕𝑥
. (18) 

Applying Galin theorem
1
 to 𝒖 in (18) and integrating it over the ellipse domain, as 

described in Kalker (1967), the following expressions are obtained for the creep forces and 

spin moment: 

 𝑡𝑐𝑥 = −𝐺 𝑎 𝑏 𝑐11𝜉𝑥  , (19a) 

 𝑡𝑐𝑦 = −𝐺 𝑎 𝑏  𝑐22𝜉𝑦 +  𝑎 𝑏𝑐23𝜉𝑟  , (19b) 

 𝑚𝑐 = −𝐺 𝑎 𝑏   𝑎 𝑏𝑐23𝜉𝑦 + 𝑎 𝑏 𝑐33𝜉𝑟  , (19c) 

where 𝐺 is the shear stress modulus and 𝑐𝑖𝑗  are nondimensional coefficients which depend on 

the ratio 𝑎/𝑏 and 𝜈, described in Kalker (1990). 

In this method it is assumed that the contribution of the slip area of the ellipse can be 

neglected, thus, the resultant tangential force may not fulfill the Coulomb law inequality. As 

can be seen in equation (19), the tangential forces do not depend on the friction coefficient 𝜇. 

In order to enforce Coulomb law, a heuristic theory, as proposed by Shen et al. (1983), can be 

applied. This approach introduces a posteriori corrections based on the friction coefficient to 

Kalker‘s linear forces. 

                                                        
1
 The Galin theorem establishes that in an elliptical domain if the elastic displacement distribution is governed by a 

polynomial, the tangent stress field will be too. 
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Computation time for this linear method is very small. However, as can be seen in Figure 

7, when the creepages increase the results become unrealistic. 

 

2.2.2. Simplified theory 

Kalker (1982) proposed a simplified theory, which considers a linear relationship 

between the elastic displacements and the shear stresses in the elastic range: 

 𝒖 = 𝑳𝝉, (20) 

being 𝑳 the compliances parameter matrix. Introducing (20) in (15) it is obtained: 

 𝒘 = 𝒔 − 𝑣 𝑳
𝜕𝝉

𝜕𝑥
, (21) 

which can be developed as: 

 
𝑤 𝑥

𝑣
=

1

𝐿1
𝜉𝑥 −

1

𝐿3
𝜉𝑟  𝑦 −

𝜕𝜏𝑥

𝜕𝑥
 , (22a) 

 
𝑤 𝑦

𝑣
=

1

𝐿2
𝜉𝑦 +

1

𝐿3
𝜉𝑟𝑥 −

𝜕𝜏𝑦

𝜕𝑥
 . (22b) 

For calculating the compliance coefficients 𝐿𝑖 , (22) is integrated over the contact patch 

under the Kalker linear theory hypothesis and the results are equated to (19). Thus it is 

obtained that: 

 𝐿1 =
8 𝑎

3 𝑐11  𝐺
 , (23a) 

 𝐿2 =
8 𝑎

3 𝑐22  𝐺
 , (23b) 

 𝐿3 =
𝜋  𝑎   𝑎  𝑏

4 𝑐23  𝐺
 . (23c) 

The FastSim algorithm was proposed in Kalker (1982) for integrating (22), subject to 

(16). Initially, the hypothesis 𝒘 = 𝟎 is done and a trial stress vector 𝛕  is computed under the 

elastic assumption: 

 
𝜕𝜏 𝑥

𝜕𝑥
=

1

𝐿1
𝜉𝑥 −

1

𝐿3
𝜉𝑟  𝑦 , (24a) 

 
𝜕𝜏 𝑦

𝜕𝑦
=

1

𝐿2
𝜉𝑦 +

1

𝐿3
𝜉𝑟𝑥 . (24b) 

For integrating (24) the contact ellipse 𝛺 is divided into longitudinal strips along 𝑥 

direction, of width ∆𝑦, and an Euler explicit method is used: 

 𝜏 𝑥(𝑥, 𝑦) = 𝜏𝑥(𝑥 + ∆𝑥, 𝑦) −  
1

𝐿1
𝜉𝑥 −

1

𝐿3
𝜉𝑟  𝑦 ∆𝑥 , (25a) 

 𝜏 𝑦 (𝑥, 𝑦) = 𝜏𝑦(𝑥 + ∆𝑥, 𝑦) −  
1

𝐿2
𝜉𝑦 +

1

𝐿3
𝜉𝑟  𝑥 ∆𝑥 . (25b) 

The integration process on every strip (𝑦 constant) starts at the leading edge of the ellipse 

𝑥 = 𝑎 1 − 𝑦2 𝑏2 , where 𝝉 = 𝟎. After computing 𝜏 𝑥  and 𝜏 𝑦  at every point of the contact 

ellipse, it is checked whether the elastic condition  𝝉  ≤ 𝜇𝜎 is met. If so, the elastic trial is 

accepted 𝝉 = 𝝉 , if not, slip appears at this point and 𝝉 is corrected according to Coulomb law: 
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 𝝉 = 𝝉 
𝜇  𝜎

|𝝉 |
 . (26) 

After computing the stress at every point along all strips, the resultant forces and moment 

are obtained. 

The results obtained with this method have an error smaller than 15% compared to those 

obtained using the exact three-dimensional rolling contact theory. However, FastSim 

computation time is 15-25 times shorter (Kalker, 1982). 

 

 

3. MATHEMATICAL MODEL FOR STUDYING THE  

VEHICLE-BRIDGE INTERACTION 
 

In this section the mathematical models for studying the vehicle (Section 3.1) and bridge 

(Section 3.2) subsystems are presented. Additionally, the track irregularities, which play an 

important role on the dynamic response of trains and bridges are presented in Section 3.3. The 

kinematic relationships (Section 3.4) of the vehicle wheelset and the track, which must be 

known for establishing the interaction interface between the subsystems (Section 3.5), are 

presented. 

As will be explained in the following sections, a global inertial reference frame, common 

for the vehicle and the structure, is used in this work. Other more common approaches 

employ vehicle coordinates defined as relative to the bridge motion. Our inertial approach 

makes it simpler to implement within a general-purpose finite element software, as well as 

avoiding centrifugal or Coriolis coupling terms. Thus, 𝑥 is defined along the longitudinal 

direction of the bridge; 𝑧 is the vertical axis and points upwards; and finally, 𝑦 is the lateral 

axis and is defined according to the right-hand rule. The rotation components (Euler rotation 

vector) are 𝜃𝑥 , 𝜃𝑦  and 𝜃𝑧. 

The methodology explained in this section has been implemented in the commercial 

software Abaqus (Simulia, 2010). 

 

 

3.1. Vehicle model 
 

For modeling the vehicle, multibody dynamic techniques are applied. Therefore, the 

following assumptions are made: 

1. Due the fact that this work is focused on a small range of frequencies (0 − 15 Hz) 

the track, wheelsets, bogies and car bodies are considered as rigid, except for the 

wheel-rail contact interface (Wickens, 2003). 

2. In this work trains composed by independent cars are used. However the formulation 

has no inherent limitations and may easily be extended for articulated trains
2
 or other 

configurations. 

3. Absolute inertial coordinates are used for the vehicle rigid bodies, instead of a 

floating frame formulation attached to the bridge. 

                                                        
2
In articulated trains each bogie is shared by two contiguous passenger cars. 
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4. Linear models are applied for suspension behavior. However the formulation has no 

inherent limitations and may be easily extended to nonlinear suspensions. 

5. The track is assumed to be straight and the vehicle to cross the bridge at a constant 

speed 𝑣 along the 𝑥 axis. This velocity is set for all the bodies of each car, therefore 

the degrees of freedom of car-bodies and bogies are 𝑦, 𝑧, 𝜃𝑥 , 𝜃𝑦  and 𝜃𝑧. 

Nevertheless, in the wheelsets 𝜃𝑦  is prescribed as 𝜃 𝑦 = 𝑣/𝑟0, being 𝑟0 the nominal 

rolling radius of the wheels. Thus, each single vehicle has 31 degrees of freedom (car 

body + 2 bogies + 4 wheelsets = 5 + 2 × 5 + 4 × 4 = 31). 

Each rigid body has in principle six degrees of freedom, three of them define the 

translation of a reference point such as the centroid and the other three define its orientation. 

However, to use three generalized coordinates to describe the rotation of the body, such as 

Euler angles for instance, leads unavoidably to singular configurations. Due to that, a 

singularity-free parametrization with 4 coordinates and an internal constraint between them is 

necessary for describing the rotations. Abaqus uses Euler parameters for dealing with finite 

rotations (Simulia, 2010), which follow quaternion algebra rules with one constraint equation 

associated to these parameters (Shabana, 2008). 

With this description, the model includes both differential equations and algebraic 

constraint equations which are not possible to eliminate. The Differential Algebraic System  

(DAE) with the generalized Newton-Euler and constraint equations of the independent 

vehicle 𝑉𝑖 may be summarized as: 

 𝒎 𝑉𝑖 𝒒 𝑉𝑖 𝒒  𝑉𝑖 + 𝒇 𝑄
𝑉𝑖 𝒒  𝑉𝑖 + 𝒇 𝐼

𝑉𝑖 𝒒  𝑉𝑖 , 𝒒 𝑉𝑖 = 𝒇 𝐸
𝑉𝑖  , (27a) 

 𝝓 𝒒 𝑉𝑖 = 𝟎, (27b) 

where 𝒒 𝑉𝑖  is the generalized coordinates vector (including in general 7 coordinates for each 

rigid body) and 𝒒  𝑉𝑖  and 𝒒  𝑉𝑖  the first and second time derivatives; 𝒎 𝑉𝑖  is the mass and inertias 

matrix; 𝒇 𝑄
𝑉𝑖  is an inertia force vector which is a quadratic function of the generalized 

velocities (gyroscopic, centrifugal, etc); 𝒇 𝐼
𝑉𝑖  is the vector of internal forces, which depend on 

the suspension systems and will be function of relative displacements (springs) and velocities 

(dampers); and 𝒇 𝐸
𝑉𝑖  is the external forces vector. The expression of matrices and vectors of 

equation (27) depends on the rotation parameterization used. The system constraint vector 𝝓 

originates from two types of constraints: internal constraints from rotation parameterization, 

and external constraints such as joints between rigid bodies composing the vehicle 𝑉𝑖 or 

supports. 

Linearization of equations (27) requires several hypotheses: small displacements from 

equilibrium, small velocities to enable neglecting the quadratic terms 𝒇 𝑄
𝑉𝑖 𝒒  𝑉𝑖 , and small 

rotations chosen to avoid singularities, as well as without constraints. Under all these 

assumptions, the response of the vehicle could be studied through a linear set of equations: 

 𝒎𝑉𝑖𝒒 𝑉𝑖 + 𝒄𝑉𝑖𝒒 𝑉𝑖 + 𝒌𝑉𝑖𝒒𝑉𝑖 = 𝒇𝐸
𝑉𝑖  , (28) 

being 𝒎𝑉𝑖, 𝒄𝑉𝑖  and 𝒌𝑉𝑖  the lineal mass, damping and stiffness matrices and 𝒒𝑉𝑖 , the 

generalized coordinates vector, which has now six components for each unconstrained rigid 

body: three for the translations and three for the rotations. We wish to underline the fact that 

this approach not only assumes small displacements from the stable equilibrium path, but also 
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neglects some inertial terms, such as gyroscopic forces which are introduced by the moving 

vehicle and rotating wheelsets. 

 

 

3.2. Structure model 
 

The structure is modeled with standard finite elements through the finite element library 

provided within Abaqus (Simulia, 2010). In general, any type of finite elements can be 

employed (continuum, shell, beam or truss). In this case the model has been built using 3D 

beam elements for the viaduct. The assumptions that have been made are: 

1. Linear elastic materials and small deformations and displacements are considered in 

this case (except for the wheel-rail contact interface). However, the methods 

employed have no inherent limitations and nonlinear materials, finite deformations, 

displacements and rotations could be considered easily. 

2. The rails are supposed to be rigidly attached to the deck section, with the appropriate 

offsets, and their deformation is neglected. 

The set of nonlinear differential equations that governs the response of the bridge is: 

 𝑴𝐵𝒒 𝐵 + 𝑭𝐼
𝐵(𝒒 𝐵 ,𝒒𝐵) = 𝑭𝐸

𝐵  , (29) 

where 𝒒𝐵is the generalized coordinates vector and 𝒒 𝐵  and 𝒒 𝐵  the first and second time 

derivatives, respectively; 𝑴𝐵  is the mass matrix; and 𝑭𝐼
𝐵  and 𝑭𝐸

𝐵  the internal and external 

forces vectors. In this expression, 𝑭𝐼
𝐵(𝒒 𝐵 ,𝒒𝐵) may be fully nonlinear. 

Considering small displacements and linear elastic materials, as it was assumed before, 

the linearized set of equations of the bridge is: 

 𝑴𝐵𝒒 𝐵 + 𝑪𝐵𝒒 𝐵 + 𝑲𝐵𝒒𝐵 = 𝑭𝐸
𝐵  , (30) 

where 𝑪𝐵  and 𝑲𝐵 are the viscous damping and stiffness matrices. 

 

 

3.3. Track alignment irregularities 
 

Track irregularities are an important source of excitation in lateral dynamics, and hence a 

key ingredient for proper study of the dynamic effects. In this work, lateral, vertical and 

cross-level track irregularities have been considered. The direct approach would be to use 

irregularity profiles measured directly on the track. If this is not possible, or in order to 

provide probabilistic upper bounds, irregularities may be generated from a power spectral 

density (PSD) spectrum. In our case we have followed this option, adjusting the PSD to upper 

bounds of deviations to be expected in the wavelength between 3 and 25 m from maintenance 

limits. 

The procedure follows closely that proposed in Claus & Schiehlen (1997), where the 

power spectral density functions 𝑆 are considered as: 

 𝑆𝐿,𝐴(𝛺) =
𝐴

2

𝛺𝑐
2

 𝛺𝑟
2+𝛺2  𝛺𝑐

2+𝛺2 
 , (31a) 
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 𝑆𝐶(𝛺) =
𝐴2

𝑑𝑤
2

𝛺𝑐
2

 𝛺𝑟
2+𝛺2  𝛺𝑐

2+𝛺2  𝛺𝑠
2+𝛺2 

 , (31b) 

being  ∙ 𝐿,  ∙ 𝑉 and  ∙ 𝐶 the subscripts which correspond to the lateral, vertical and cross 

irregularities; 𝑑𝑤  is half of the track width; 𝐴 is a scale factor; and 𝛺𝑐 , 𝛺𝑟  and 𝛺𝑠 are constant 

parameters defined in Claus & Schiehlen (1997) as: 

 𝛺𝑐 = 0.8246 rad/m , (32a) 

 𝛺𝑟 = 0.0206 rad/m , (32b) 

 𝛺𝑠 = 0.4380 rad/m . (32c) 

As proposed in Claus & Schiehlen (1997), the irregularity profiles 𝜁(𝑥) can be generated 

using: 

 𝜁(𝑥) =  2 𝐴𝑛 cos(𝛺𝑛  𝑥 + 𝜑𝑛)𝑁−1
𝑛=0  , (33) 

where 𝑥 is the spatial longitudinal coordinate, 𝛺𝑛  is a series of discrete wave numbers (spatial 

frequencies) defined in the range [𝛺0,𝛺𝑓], being 𝛺0 and 𝛺𝑓  the minimum considered, 𝛥𝛺 the 

increment and 𝑁 the number of values considered. Taking into account the wavelength range 

of this study: 

 𝛺0 =
2 𝜋

25
 rad/m , (34a) 

 𝛺𝑓 =
2 𝜋

3
 rad/m . (34b) 

𝜑𝑛  are random phase angles whose values are in the range [0, 2 𝜋] and 𝐴𝑛  is defined as: 

 𝐴0 = 0 , (35a) 

 𝐴1 =  
1

𝜋
 𝑆(𝛺1) +

4

6
 𝑆(𝛺0)  𝛥𝛺 , (35b) 

 𝐴2 =  
1

𝜋
 𝑆(2 𝛺2) +

1

6
 𝑆(𝛺0)  𝛥𝛺 , (35c) 

and for 𝑛 > 2: 

 𝐴𝑛 =  
1

𝜋
𝑆(𝛺𝑛) . (36) 

 

Figure 8. Sample of 200 m of the irregularty profile generated numerically using (33). 
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Using (33) and setting 𝐴 = 3.65 ⋅ 10−6 rad ⋅ m (well-maintained track), a 200 m 

irregularity profile has been generated (Figure 8) which will be used in test cases analyzed 

here. In Figure 9 it is shown that the PSD of the generated profile is in good agreement with 

the analytic one. 

 

 

Figure 9. Comparison between the power spectral density proposed in (31) (analytic) and the computed 

using the irregularity profile generated with (33) and shown in Figure 8. 

 

 

3.4. Wheelset and track kinematics 
 

Due to the fact that the deformation in the cross section of the bridge is very small, this 

section may be considered as rigid (Tanabe et al., 2011). Thus, the displacements and 

velocities of the deck section and the vehicle wheelset will be expressed considering large 

rigid body motions and finite rotations.  

The position vector of a material point 𝑃 of a rigid body 𝑖 may be expressed as a function 

of the rigid body motion as (Ref. Figure 10): 

 𝒓𝑃 = 𝒓𝑖 + 𝑹𝑖𝝆𝑃
(𝑖)

, (37) 

where the position vectors 𝒓𝑃, 𝒓𝑖  define respectively a generic point of the rigid body 𝑖, 

 𝝆𝑃
(𝑖)

 is a convected or material vector which is constant for a given point 𝑃, and 𝑹𝑖  is the 

time-varying rotation matrix which relates the orientations of the inertial reference frame 𝐼 

and body reference frame 𝑖. Superscript  ∙ (𝑖) indicates a convected vector defined with 

respect to the observer moving with frame (𝑖). The rotation operates on the convected 

material vector 𝝆𝑃
(𝑖)

 (constant), to obtain its spatial counterpart 𝝆𝑃 (variable with time): 

 𝝆𝑃(𝑡) = 𝑹𝑖(𝑡)𝝆𝑃
(𝑖)

, (38) 
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Figure 10. Vector definition of the position of a material point 𝑃 of a rigid body. 

 

The rotation matrix 𝑹𝑖  is a nonlinear function of the Euler rotation vector: 

 𝑹𝑖 = cos |𝜽𝑖| 𝑰 +
sin |𝜽𝑖 |

|𝜽𝑖 |
𝜽 𝑖 +

1−cos |𝜽𝑖 |

|𝜽𝑖 |
2 𝜽𝑖𝜽𝑖

T, (39) 

being 𝑰 the 3 × 3 identity matrix; 𝜽𝑖  the Euler finite rotation vector (Shabana 2008), whose 

components may be obtained from the Euler parameter quaternions; and 𝜽 𝑖  the skew matrix 

associated to 𝜽𝑖 , defined as: 

 𝜽 𝑖 =  

0 −𝜃𝑖,𝑧 𝜃𝑖,𝑦

𝜃𝑖,𝑧 0 −𝜃𝑖,𝑥

−𝜃𝑖 ,𝑦 𝜃𝑖,𝑥 0
  . (40) 

The rotation matrix so defined is orthogonal, therefore 𝑹𝑖
−1 = 𝑹𝑖

T. 

As it is shown in Figures 11 and 12, several reference frames are needed for describing 

the track and wheelset kinematics: 

 the inertial reference frame denoted as 𝐼, 

 the frame attached to the bridge section 𝑏; 

 the frame over the track section t, which considers the track cross irregularity, 𝛤𝜃𝑥
; 

 the frame attached to the rail and oriented according to the contact plane at the 

wheel-rail contact pair, 𝑐; 

 the frame joined to the centroid of the wheelset, 𝑤; 

 an intermediate frame 𝑣 attached to centroid of the wheelset, which does not consider 

the rotation of the wheelset around its revolution axis 𝜑 = 𝑣/𝑟0. 
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Figure 11. Inertial, bridge, track and contact reference frames. 

 

3.4.1  Track kinematics 

As it is shown in Figure 11, considering a bridge transversal section as rigid the position 

vector of the center of the track 𝒓𝑡 , for a certain section whose longitudinal coordinate is 𝑥𝑡 , 

can be expressed as: 

 𝒓𝑡 = 𝒓𝑏 + 𝑹𝑏𝝆𝑡
(𝑏)

 . (41) 

The components of 𝝆𝑡
(𝑏)

 are constant for a given point 𝑥𝑡  of the track and depend on the initial 

offsets of the track respect of the bridge section centroid and the track irregularities: 

 𝝆𝑡
(𝑏)

=  0 𝑒𝑦 + 𝛤𝑦(𝑥𝑡) 𝑒𝑧 + 𝛤𝑧(𝑥𝑡) T  , (42) 

being 𝛤𝑦  and 𝛤𝑧  the lateral and vertical irregularities, and 𝑒𝑦  and 𝑒𝑧  the lateral and vertical 

offsets. The components of 𝒓𝑏  are calculated through a transformation from the structural 

finite element degrees of freedom: 

 𝒓𝑏 = 𝒓𝑏0 + 𝑻𝑟(𝑥𝑡) 𝒒𝐵 , (43) 

where 𝒓𝑏0 is the underformed position of the bridge section considered and 𝑻𝑟(𝑥𝑡) is a matrix 

operator which interpolates the bridge section displacements at coordinate 𝑥𝑡consistently with 

the finite element shape functions. In a similar way the rotation vector 𝜽𝑏 , which is needed 

for computing 𝑹𝑏 , may be approximated as
3
: 

 𝜽𝑏 = 𝑻𝜃(𝑥𝑡) 𝒒𝑩 . (44) 

Based on the track position vector, the rail position is (Figure 11): 

 𝒓𝑟 = 𝒓𝑡 + 𝑹𝑡𝝆𝑟
(𝑡)

 . (45) 

The rotation matrix of the track 𝑹𝑡  is related to the rotation matrix of the bridge through: 

                                                        
3
 In rigor, the rotations do not behave as a linear group and this linear interpolation would not be valid for large 

rotations. 
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 𝑹𝑡 = 𝑹𝑏𝑹𝑏𝑡  (46) 

being 𝑹𝑏𝑡 : 

 𝑹𝑏𝑡 =  

1 0 0
0 cos𝛤𝜃𝑥

− sin 𝛤𝜃𝑥

0 sin 𝛤𝜃𝑥
cos 𝛤𝜃𝑥

  . (47) 

Notice that the product 𝑹𝑏𝑹𝑏𝑡  is not commutative. The components of the rail convected 

coordinates 𝝆𝑟
(𝑡)

 are: 

 𝝆𝑟
(𝑡)

=  0 ±𝑑𝑤 0  ,                        (48) 

for the left and the right rails, respectively. The velocity of the rail at the contact point may be 

computed by differentiating (45) with respect to time: 

 𝒗𝑟 = 𝒓 𝑟 = 𝒓 𝑡 + 𝑹 𝑡𝝆𝑟
(𝑡)

 , (49) 

because 𝝆𝑟
(𝑡)

 is constant. Applying (38) and taking into account the orthogonality of the 

rotation matrices, the previous equation can be expressed as: 

 𝒗𝑟 = 𝒓 𝑟 = 𝒓 𝑡 + 𝝎 𝑡𝝆𝑟  , (50) 

where 

 𝝎 𝑡 = 𝑹 𝒕𝑹𝑡
T (51) 

is a skew matrix equivalent to a vector cross product: 

 𝝎 𝑡𝝆 = 𝝎𝑡 × 𝝆 , (52) 

being 𝝎𝑡  the angular velocity vector associated to the skew matrix as in (40). This angular 

velocity will be employed for computing the spin creepages in (10). 

 

3.4.2. Wheelset kinematics 

The position vector of any point of the wheelset body can be expressed as (Figure 12): 

 

 

Figure 12. Wheelset reference frames. 
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 𝒓𝑖 = 𝒓𝑤 + 𝑹𝑤𝝆𝑖
(𝑤)

 , (53) 

being 𝒓𝑤  the position of the wheelset centroid, which is determined from the global 

coordinate vector of the vehicle 𝒒𝑉 . Considering the wheelset intermediate frame 𝑣, which 

does not take into account the self-rotation 𝜑 of the wheelset around its axle, the position 

vector of a point which is always over the rail, can be expressed as: 

 𝒓 𝑖 = 𝒓𝒘 + 𝑹𝑣𝝆𝑖
(𝑣)

 , (54) 

being the components of 𝝆𝑖
𝑣 for the left and right wheels: 

 𝝆𝐴
(𝑣)

=  0 −𝑑𝑤 −𝑟𝐴 
T  , (55a) 

 𝝆𝐵
(𝑣)

=  0 +𝑑𝑤 −𝑟𝐵 
T  , (55b) 

where 𝑟𝐴 and 𝑟𝐵  are the rolling radii of wheels𝐴 and 𝐵 of the same wheelset. Note that these 

are not constant because the contact point position in the wheel profile changes with time. 

For obtaining the wheel velocity at contact point, equation (54) is differentiated respect to 

time and the angular velocity 𝝋  around the wheelset axle is added: 

 𝒗𝑖 = 𝒓 𝑤 + 𝑹𝑣𝝆 𝑖
(𝑣)

+ 𝑹 𝑣𝝆𝑖
(𝑣)

+ 𝑹𝑣  𝝋 (𝑣) × 𝝆𝑖
(𝑣)

 . (56) 

The components of 𝝋  expressed in the frame 𝑣 are 𝝋 (𝑣) =  0 𝑣/𝑟0 0 T and its 

corresponding skew matrix is: 

 𝝎 𝜑 = 𝑹𝑣𝝋  
(𝑣)𝑹𝑣

T. (57) 

In the same way as for the track the total skew matrix corresponding to the angular 

velocity of the wheelset can be computed as: 

 𝝎 𝑤 = 𝑹 𝑣𝑹𝑣
T + 𝑹𝑣𝝋  𝑹𝑣

T. (58) 

 

3.4.3. Relative displacements between wheelset and track 

The relative displacements between the wheelset and the track, referred to the frame 𝑡 

are: 

 𝛥𝑦𝑊 = (𝒓𝑤 − 𝒓𝑡) ⋅ 𝒆𝑡𝑦  , (59a) 

 Δ𝑧𝑊 = (𝒓𝑤 − 𝒓𝑡) ⋅ 𝒆𝑡𝑧  , (59b) 

 Δ𝜃𝑥
𝑊 =  𝜽𝑤 − 𝜽𝑡 ⋅ 𝒆𝑡𝑥  , (59c) 

 Δ𝜃𝑦
𝑊 = (𝜽𝑤 − 𝜽𝑡) ⋅ 𝒆𝑡𝑦  , (59d) 

 Δ𝜃𝑧
𝑊 = (𝜽𝑤 − 𝜽𝑡) ⋅ 𝒆𝑡𝑧  , (59e) 

where 𝒆𝑡𝑗  is the orthonormal vector basis of the frame 𝑡. These vectors are related to the 

vectors of the inertial system 𝒆𝑗  through: 

 𝒆𝑡𝑗 = 𝑹𝑏𝒆𝑗  , (60) 
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𝜽𝑤  is the rotation vector of the wheelset and 𝜽𝑡  of the track which is computed as 𝜽𝑡 = 𝜽𝑏 +

𝒆𝑏𝑥𝛤𝜃𝑥
. 

Considering the initial geometry, the expressions (59) can be linearized as: 

 𝛥𝑦𝑊 = 𝑦𝑊𝑉 − 𝑦𝐵𝑇 + 𝜃𝑥
𝐵 𝑒𝑧 + 𝛤𝑧  , (61a) 

 𝛥𝑧𝑊 = 𝑧𝑊𝑉 − 𝑧𝐵𝑇 − 𝜃𝑥
𝐵 𝑒𝑦 + 𝛤𝑦  , (61b) 

 𝛥𝜃𝑥
𝑊 = 𝜃𝑥

𝑊𝑉 − 𝜃𝑥
𝐵𝑇 − 𝛤𝜃𝑥

 , (61c) 

 𝛥𝜃𝑦
𝑊 = 𝜃𝑦

𝑊𝑉 − 𝜃𝑦
𝑇𝐵  , (61d) 

 𝛥𝜃𝑧
𝑊 = 𝜃𝑧

𝑊𝑉 − 𝜃𝑧
𝑇𝐵  . (61e) 

 

 

3.5. Vehicle-bridge interaction 
 

The final key ingredient in the study of the coupled dynamic behavior of a railway 

vehicle on a bridge is to establish the interaction between both subsystems. Arranging the 

equations of vehicle subsystems (27a) for all vehicles 𝑉𝑖, the structure subsystem (29) and 

including the constraints (27b) the following set of equations will be obtained: 

 𝑴 𝑉 𝒒 𝑉 𝒒  𝑉 + 𝑭 𝑄
𝑉 𝒒  𝑉 + 𝑭 𝐼

𝑉 𝒒  𝑉 ,𝒒 𝑉 + 𝑭 𝑉𝐵
𝑉  = 𝑭 𝐸

𝑉  , (62a) 

 𝑴𝐵𝒒 𝐵 + 𝑭𝐼
𝐵 𝒒 𝐵 ,𝒒𝐵 + 𝑭𝑉𝐵

𝐵 = 𝑭𝐸
𝐵  , (62b) 

 𝝓 𝒒 𝑉 = 𝟎 , (62c) 

being FVB
V  and FVB

B  the train-structure interaction forces applied on the vehicle and the bridge, 

respectively. Under the same limiting assumptions commented above, these equations may be 

linearized and gathered as: 

  𝑴
𝑉 𝟎

𝟎 𝑴𝐵  
𝒒 𝑉

𝒒 𝐵
 +  𝑪

𝑉 𝟎
𝟎 𝑪𝐵  

𝒒 𝑉

𝒒 𝐵
 +  𝑲

𝑉 𝟎
𝟎 𝑲𝐵  

𝒒𝑉

𝒒𝐵 +  
𝑭𝑉𝐵

𝑉

𝑭𝑉𝐵
𝐵  =  

𝑭𝐸
𝑉

𝑭𝐸
𝐵 . (63) 

Equation (63) may be summarized as: 

 𝑴𝒒 + 𝑪𝒒 + 𝑲𝒒 + 𝑭𝑉𝐵 = 𝑭 . (64) 

The complete vehicle matrices are assembled as: 

 𝑴V = diag(𝒎𝑉1 𝒎𝑉2 ⋯  𝒎𝑉𝑛𝑣
)T  , (65) 

and the same for 𝑪𝑉  and 𝑲𝑉, and the vectors: 

 𝒒𝑉 = [𝒒𝑉1 𝒒𝑉2 ⋯  𝒒𝑉𝑛𝑣]T  , (66) 

being 𝑛𝑣  the total number of independent cars. 

In (62) and (64) the vehicle and structure equations are coupled due to the interaction 

between them. Thus, it is necessary to define the interaction relationships between them. In 

this section three methods are presented for establishing the dynamic interaction. Firstly, in 

Section 3.5.1, a simplistic method which does not consider the relative motion between the 

wheelset and the track is described. Following, in Section 3.5.2, a linear method, which takes 
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into account the relative displacements between the wheelset and the track, is explained. This 

simplified approach assumes that the wheel and rail profiles are biconic and the Kalker linear 

method is adopted for computing the tangent forces. Finally, in Section 3.5.3, a fully 

nonlinear interaction method which is based on realistic wheel and rail profiles and nonlinear 

normal and tangent force models is developed. 

 

3.5.1. Rigid interaction 

In the rigid body interaction the wheelset motion is constrained to be equal to the track 

motion, thus, the contact points of the wheels and the rails share positions and velocities. 

Therefore, no relative displacements are allowed between the wheelset and the track and the 

following constraint equations must be included to the system equilibrium equations: 

 𝝓𝑤 =  
𝒓𝑤 − 𝒓𝑡(𝑥𝑡)
𝜽𝑤 − 𝜽𝑡(𝑥𝑡)

 = 𝟎. (67) 

Considering the linearized expression of the relative movements between the wheelset 

and the track (equation (61)), the previous equation can be substituted by: 

 𝝓𝑤 =

 
 
 
 
 
 
𝛥𝑦𝑊

𝛥𝑧𝑊

𝛥𝜃𝑥
𝑊

𝛥𝜃𝑦
𝑊

𝛥𝜃𝑧
𝑊 
 
 
 
 
 

= 𝟎 . (68) 

This approach does not consider the hunting movement which could appear between the 

wheelset and the track. An option for including the hunting motion in this is to introduce it as 

an imposed movement. The wavelength 𝜆𝐻 of the hunting movement may be defined as 

(Klingel, 1883): 

 𝜆𝐻 = 2 𝜋 
𝑟0𝑑𝑤

𝛾0
 . (69) 

The assumed movement can be written using a sinusoidal expression as: 

 𝑦𝐻 = 𝐴𝐻 sin(
𝑣

𝜆𝐻
 𝑡 + 𝜑𝐻), (70) 

being 𝐴𝐻 the amplitude, 𝜑𝐻 a random phase angle and 𝑡 the time. This movement is added in 

the first component of (68), therefore, the constraints vector becomes: 

 𝝓𝑤 =

 
 
 
 
 
 
𝛥𝑦𝑊 − 𝑦𝐻

𝛥𝑧𝑊

𝛥𝜃𝑥
𝑊

𝛥𝜃𝑦
𝑊

𝛥𝜃𝑧
𝑊  

 
 
 
 
 

= 𝟎. (71) 

An important drawback of this simplification is that the amplitude AH  is not known. 

Thus, low values may underestimate the effect of the hunting movement and high values 

could overestimate it. A conservative bound is to assume that AH  is equal to the lateral 

clearance between the wheel flange and the lateral part of the head of the rail (about 6 mm). 
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Considering these constraint equations for every wheelset, and assembling them, a global 

constraint equations vector 𝝓 is obtained. These constraints must be fulfilled together with 

the equilibrium equations. Assuming the linearized version of the equations (64), a set of 

algebraic differential equations will be obtained: 

 𝑴𝒒 + 𝑪𝒒 + 𝑲𝒒 = 𝑭 , (72a) 

 𝝓 𝒒𝑉 , 𝒒𝐵 = 𝟎 . (72b) 

These equations are integrated in time here using the HHT-α implicit method (Hilber et 

al., 1977) provided by Abaqus software, and the constraints solved by augmented Lagrangian 

techniques. 

 

3.5.2. Linearized interaction 

A more realistic method than the previous one is proposed in this section. This method 

considers the relative displacements between the wheelset and the track using their linearized 

expressions detailed in equation (61), and linear biconic profiles for the wheels and rails, 

instead of realistic ones. 

Making the following assumptions: 

1. the yaw (rotation around 𝒆𝑣𝑧) and roll (rotation around 𝒆𝑣𝑥 ) angles of the wheelset 

are small; 

2. no jumps appear between the wheels and the rails; 

3. the wheels and the rails are considered as rigid bodies, except for the contact 

interface; 

the relative vertical displacement of the wheelset relative to the track frame can be computed 

under geometric considerations only. Thus, knowing the wheel and rail profiles, and the 

separation between wheels and between rails, the relative vertical displacement can be 

expressed as a function of the lateral relative displacement 𝛥𝑧 𝑊(𝛥𝑦𝑊). In the same way, the 

relative roll angle can be determined also as a function of the relative lateral motion. For the 

case of biconic wheel profile, it can be assumed that: 

 𝛥𝑧 𝑊 𝛥𝑦𝑊 = 0, (73a) 

 Δ𝜃 x
W ΔyW = 0 . (73b) 

However, considering nonlinear wheel and rail profiles, as will be seen in next section, 

this assumption is no longer valid. 

Therefore, the geometric constraint equations that relate a single wheelset and the track 

are: 

 𝝓𝑤 =  
𝛥𝑧𝑊

𝛥𝜃𝑥
𝑊 = 𝟎 . (74) 

For imposing these constraints a penalty method is applied. Thus, the penalty forces 

vector is: 

 𝒇𝑃 = 𝝓𝑤 ,𝑞
𝑇 𝜶𝝓𝑤  , (75) 
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where 𝜶 is the penalty coefficients matrix, and 𝝓𝑤 ,𝑞  the Jacobian matrix of the constraint 

equations. The coefficients of 𝜶 are computed through the linearized expression for 

penetration between bodies of the Hertz theory (8). 

For computing the tangent contact forces, the Kalker linear theory (Kalker, 1967) is 

applied. As it was studied in Section 2.2.1, these forces depend on the creepages and the 

contact ellipse dimensions. The ellipse dimensions depend on the normal forces at every time 

step, but in this linear case, the ellipse semiaxes 𝑎 and 𝑏 are assumed to be constant during all 

the calculation (they are computed with the normal contact forces in a self-weight static 

situation). 

For computing the creepages in the two wheels of every wheelset in a geometric linear 

situation the simplified expressions proposed by Ayasse & Chollet (2006) are applied: 

 𝜉𝑥 = ∓ 
𝛥𝑟

𝑟0
+

𝑑𝑤

𝑣
 𝛥𝜃 𝑧

𝑊  , (76a) 

 𝜉𝑦 =
1

𝑉
 𝛥𝑦 𝑊 − 𝛥𝜃𝑧

𝑊  , (76b) 

 𝜉𝑅 = ±
sin 𝛾0

𝑟0
−

cos 𝛾0

𝑣
𝜃 𝑧

𝑊  , (76c) 

where 𝛥𝑟 is the variation of the rolling radius, which, due to the biconic wheel and rail 

profiles considered, can be expressed as: 

 𝛥𝑟 = 𝑟0 ∓ 𝛾0 𝛥𝑦𝑊  . (77) 

In equations (76) and (77) the upper sign of ± and ∓ corresponds to wheel 𝐴, and the 

lower to 𝐵 (see Figure 13). 

 

 

Figure 13. Resultant forces and moments on wheelset. 

 

Using the creepages computed according to the equation (76) the tangential contact 

forces 𝒕𝑐  and the spin moment 𝒎𝑐  can be computed in every wheel through (19).After 

computing the tangential forces and spin moments, the normal forces are calculated 

establishing the following wheelset equilibrium equations (see Figure 13): 

𝒇𝑃 ⋅ 𝒆𝑡𝑧 =  𝒏𝑐𝐴 + 𝒏𝑐𝐵 + 𝒕𝑐𝐴 + 𝒕𝑐𝐵 ⋅ 𝒆𝑡𝑧  ,                                                         (78a) 

 𝒇𝑃 ⋅ 𝒆𝑡𝑥 =  𝝆𝐴 ×  𝒏𝑐𝐴 + 𝒕𝑐𝐴 + 𝝆𝐵 ×  𝒏𝑐𝐵 + 𝒕𝑐𝐵 + 𝒎𝑐𝐴 + 𝒎𝑐𝐵 ⋅ 𝒆𝑡𝑥  , (78b) 

being 𝒏𝑐 , 𝒕𝑐  and 𝒎𝑐  the normal and tangent contact forces and the spin moment, respectively. 
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Due to the geometric linearization, the vectors 𝒆ti  are equal to 𝒆i and the computed 

tangential forces using the Kalker linear theory are referred to the inertial frame instead of 

being referred to the contact reference frame: 

 𝒇𝑃 ⋅ 𝒆𝑧 =   𝒏𝑐𝐴 + 𝒏𝑐𝐵 ⋅ 𝒆𝑧 +  𝒕𝑐𝑥𝐴 + 𝒕𝑐𝑥𝐵  ⋅ 𝒆𝑥 +  𝒕𝑐𝑦𝐴 + 𝒕𝑐𝑦𝐵  ⋅ 𝒆𝑦 ⋅ 𝒆𝑧  , (79a) 

 𝒇𝑃 ⋅ 𝒆𝑥 =  −𝑑𝑤𝒆𝑦 ×  𝑛𝑐 ,𝐴𝒆𝑧 + 𝑡𝑐𝑥𝐴𝒆𝑥 + 𝑡𝑐𝑦𝐴𝒆𝑦 + 𝑑𝑤𝒆𝑦 ×  𝑛𝑐𝐵𝒆𝑧 + 𝑡𝑐𝑥𝐵𝒆𝑥 +

𝑡𝑐𝑦𝐵𝒆𝑦 + 𝑚𝑐𝐴+𝑚𝑐𝐵𝒆𝑧⋅𝒆𝑥,  (79b) 

which is simplified as: 

 𝒇𝑃 ⋅ 𝒆𝑧 = 𝑛𝑐𝐴 + 𝑛𝑐𝐵  , (80a) 

 𝒇𝑃 ⋅ 𝒆𝑥 = 𝑑𝑤 𝑛𝑐𝐵 − 𝑛𝑐𝐴 . (80b) 

Solving the previous set of linear equations, the normal contact forces at every wheel-rail 

coupled are obtained. 

Assembling the interaction forces of every wheelset, the global vectors of interaction 

forces 𝐹𝑉𝐵
𝑉  and 𝐹𝑉𝐵

𝐵  are obtained. These forces are linear and may be expressed as: 

 𝑭𝑉𝐵
𝑉 = 𝑪𝑉𝐵 ,𝑉

𝑉 𝒒 𝑉 + 𝑪𝑉𝐵,𝐵
𝑉 𝒒 𝐵 + 𝑲𝑉𝐵,𝑉

𝐵 𝒒𝑉 + 𝑲𝑉𝐵,𝐵
𝐵 𝒒𝐵  , (81a) 

 𝑭VB
B = 𝑪VB ,V

B 𝒒 V + 𝑪VB ,B
B 𝒒 B + 𝑲VB ,V

B 𝒒V + 𝑲VB ,B
B 𝒒B  . (81b) 

When these expressions are then introduced in (63), a coupled system of differential 

equations is obtained: 

 

 𝑴
𝑉 𝟎

𝟎 𝑴𝐵  
𝒒 𝑉

𝒒 𝐵
 +  

𝑪𝑉 + 𝑪𝑉𝐵 ,𝑉
𝑉 𝑪𝑉𝐵 ,𝐵

𝑉

𝑪𝑉𝐵 ,𝑉
𝐵 𝑪𝐵 + 𝑪𝑉𝐵 ,𝐵

𝐵
  

𝒒 𝑉

𝒒 𝐵
 

 +  
𝑲𝑉 + 𝑲𝑉𝐵,𝑉

𝑉 𝑲𝑉𝐵,𝐵
𝑉

𝑲𝑉𝐵,𝑉
𝐵 𝑲𝐵 + 𝑲𝑉𝐵,𝐵

𝐵   
𝒒𝑉

𝒒𝐵 =  𝑭
𝑉

𝑭𝐵 .

 (82) 

We again remark the limitations of this procedure in neglecting not only large rotations 

but also inertial terms arising from quadratic functions of rotations. Of course, another option 

is to include the interaction forces (81) within the general nonlinear system (62) and such 

limitations would be avoided. As before, this set of equations is integrated in time using the 

HHT-α method implemented within Abaqus. 

 

3.5.3. Nonlinear interaction 

This method has been developed by the authors and presented in previous works (Antolín 

et al., 2010a, b, 2011). In this methodology the interaction between the railway vehicle and 

the bridge is established, as in the previous model, through the forces at contact interfaces and 

wheelset-track relative motion is allowed. 

As it was assumed in the linear method, it is considered that the relative vertical 

displacement of the wheelset respect to the track frame can be computed under geometric 

considerations only. Thus, knowing the wheel and rail profiles, and the separation between 

wheels and between rails, the relative vertical displacement 𝛥𝑧 𝑊and the relative roll 𝛥𝜃 𝑥
𝑊 

angle can be expressed as a function of the lateral relative displacement. Due to realistic 

wheel and rail profiles are considered in this method, 𝛥𝑧 𝑊 and 𝛥𝜃 𝑥
𝑊 are no longer zero. 
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Furthermore, the geometric variables needed for solving the normal contact problem (the 

wheel and rail main curvatures at contact point) and the rolling radii of both wheels are 

computed, under geometric considerations also, as a function of 𝛥𝑦𝑊. Thus, a precalculated 

look-up table can be computed before performing the dynamic analysis of the global system. 

Therefore, for a given 𝛥𝑦𝑊 the geometric variables are obtained by interpolation into the 

table. 

In order to fulfill these geometric conditions, two constraints are imposed at every 

wheelset: 

 𝝓𝑤 =  
𝛥𝑧𝑊 − 𝛥𝑧 𝑊(𝛥𝑦𝑊)

𝛥𝜃𝑥
𝑊 − 𝛥𝜃 𝑥

𝑊(𝛥𝑦𝑊)
 = 𝟎 . (83) 

The relative vertical displacement and roll rotation are computed according to nonlinear 

equation (59). These constraints are introduced in the equilibrium equations of the wheelset 

using a penalty method: 

 𝒇𝑃 = 𝝓𝑤 ,𝑞
𝑇 𝜶𝝓𝑤  , (84) 

being the coefficients of 𝜶, in this case, computed through the nonlinear expression for 

penetration between bodies of the Hertz theory (6). 

The creepages, which are necessary for computing the tangential contact forces, are 

calculated through (10), being the velocities and angular velocities of the wheel and the rail 

computed through equations (50), (52), (56) and (58), respectively. Once the creepages have 

been computed, the tangential forces and moments are obtained using the nonlinear Hertz 

theory (for determining the contact patch) and FastSim algorithm. These forces are referred to 

the contact reference frame 𝑐 of the wheel (see Figure 14), and can be expressed in the inertial 

reference frame as: 

 𝒏𝑐 = 𝑹𝑐𝒏𝑐
(𝑐)

 , (85a) 

 𝒕c = 𝑹c𝒕c
(c)

 , (85b) 

 𝒎c = 𝑹c𝒎c
(c)

 . (85c) 

 

 

Figure 14. Normal contact forces, creep forces and spin moment at one wheel, which are associated to 

the contact reference frame. 
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The rotation matrix 𝑹𝑐  is: 

 𝑹𝑐 = 𝑹𝑏𝑹𝑏𝑐  , (86) 

where 𝑹𝑏𝑐 : 

 𝑹𝑏𝑐 =  
1 0 0
0 cos 𝛾 − sin 𝛾
0 sin 𝛾 cos 𝛾

  , (87) 

and 𝛾 is the contact angle at every wheel-rail couple, which can be precomputed in a look-up 

table also. 

Because the tangential forces depend on the normal ones, for given generalized 

coordinates and their velocities at a certain time step, the equilibrium equations (78) of the 

wheelset are nonlinear, because the tangential forces depend on the normal ones. For avoiding 

to solve a nonlinear set of equilibrium equations, the normal forces at the previous time step 

are applied for calculating the tangential forces at the current step, as proposed by Shabana et 

al. (2008). Thus, the resultant forces and moments applied at centroid of the wheelset can be 

computed without applying an iterative solver (Figure 13): 

 𝒇𝑤 = 𝒏𝑐𝐴 + 𝒏𝑐𝐵 + 𝒕𝑐𝐴 + 𝒕𝑐𝐵  (88a) 

 𝒎𝑤 = 𝝆𝐴 ×  𝒏𝑐𝐴 + 𝒕𝑐𝐴 + 𝝆𝐵 ×  𝒏𝑐𝐵 + 𝒕𝑐𝐵 + 𝒎𝑐𝐴 + 𝒎𝑐𝐵  . (88b) 

The reaction forces on the structure are: 

 𝒇𝑡 = −𝒇𝑤  (89a) 

 𝒎𝑡 = − 𝝆𝑟𝐴 + 𝝆𝑡 ×  𝒏𝑐𝐴 + 𝒕𝑐𝐴 −  𝝆𝑟𝐵 + 𝝆𝑡 ×  𝒏𝑐𝐵 + 𝒕𝑐𝐵 − 𝒎𝑐𝐴 − 𝒎𝑐𝐵 . (89b) 

All the forces 𝒇𝑡  and the moments 𝒎𝑡  vectors are assembled together in a global vector 

𝑭𝑉𝐵
𝐵 . In the same way, the forces 𝒇𝑤  and the moments 𝒎𝑤  are arranged in the global vector 

𝑭 𝑉𝐵
𝑉 . These vectors are included in the nonlinear equations (62) obtaining a coupled system of 

differential algebraic equations: 

 𝑴 𝑉 𝒒 𝑉 𝒒  𝑉 + 𝑭 𝑄
𝑉 𝒒  𝑉 + 𝑭 𝐼

𝑉 𝒒  𝑉 ,𝒒 𝑉 + 𝑭 𝑉𝐵
𝑉  = 𝑭 𝐸

𝑉  , (90a) 

 𝑴𝐵𝒒 𝐵 + 𝑭𝐼
𝐵 𝒒 𝐵 ,𝒒𝐵 + 𝑭𝑉𝐵

𝐵 = 𝑭𝐸
𝐵  , (90b) 

 𝝓 𝒒 𝑉 = 𝟎 . (90c) 

As in the previously explained models, this set of equations is defined within Abaqus, 

and integrated in time with HHT-α method and augmented Lagrangian procedure for 

constraints. 

 

 

4. APPLICATIONS 
 

4.1. Elastic wheelset 
 

It is well known that when the wheelset of a railway vehicle moves respect to the track 

center, an oscillation of the lateral displacement and the associated yaw rotation starts. This 

motion is known as hunting movement. The occurrence of this phenomenon is due to the 
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rolling radius variation which appears when the contact point position at the wheel moves 

from its original position (Wickens, 2003). 

Simulation of the hunting motion of an elastic wheelset provides a basic simple test for 

the above presented models. This model consists on a single wheelset, which is joined to 

lateral and longitudinal springs that are attached to fixed points (Figure 15). The hunting 

movement starts as a consequence of an impulsive force 𝐹(𝑡) that is applied along the lateral 

axis on the centroid of the wheelset (see Figure 16). 

 

 

Figure 15. Single wheelset connected to longitudinal and lateral springs. 

 

 

Figure 16. Impulsive force applied on the wheelset centroid in the lateral direction. 

 

This mechanical system has been modeled using the linear and nonlinear approaches 

explained before. Furthermore, considering biconic wheel and rail profiles, only two degrees 

of freedom (lateral displacement 𝛥𝑦𝑊 and the yaw rotation 𝛥𝜃𝑧
𝑊) and the Kalker linear 

theory for tangential contact forces (Kalker, 1967), the motion of the wheelset is governed by 

two ordinary differential equations (Wickens, 2003): 

 𝑚𝑊  𝛥𝑦 𝑊 +
2 𝐶𝑦

𝑉
 𝛥𝑦 𝑊 + 2 𝑘𝑦  𝛥𝑦𝑊 − 2 𝐶𝑦  𝛥𝜃 𝑧

𝑊 = 𝐹(𝑡) , (91a) 

 𝐼𝑊𝑧  𝛥𝜃 𝑧
𝑊 +

2 𝑑𝑤
2 𝐶𝑥

𝑉
 𝛥𝜃 𝑧

𝑊 + 2 𝑘𝑥𝑑𝑤
2  𝛥𝜃𝑧

𝑊 +
2 𝛾0𝑑𝑤𝐶𝑥

𝑟0
 𝛥𝑦𝑊 = 0 , (91b) 

being 𝑚𝑧 the mass of the wheelset; 𝐼𝑊𝑧  the rotary inertia respect to the vertical axis; and 𝐶𝑥  

and 𝐶𝑦 : 

 𝐶𝑥 = 𝐺 𝑎 𝑏 𝑐11  , (92a) 
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 𝐶𝑦 = 𝐺 𝑎 𝑏 𝑐22  . (92b) 

The constants in (91) are summarized in Table 1. 

Table 1. Mechanical parameters for the single wheelset problem 

Item Unit Value Item Unit Value 

𝑚𝑊 kg 1800.0 𝐼𝑊𝑧  Kg m2 1000.0 

𝑘𝑥  kN/m 1000.0 𝑘𝑦  kN/m 1000.0 

𝑑𝑤  m 0.753 𝑟0 m 0.46 

𝛾0  0.052 𝑉 km/h 100.0 

𝐺 GPa 82.31 𝑎 mm 7.34 

𝑏 mm 5.04 𝑐11  4.68 

c22  4.38 𝐹𝑚𝑎𝑥  kN 40.0 

t1 s 0.05 t1 s 0.1 

 

In Figure 17 it can be seen the time history of lateral response of the centre of gravity of 

wheelset obtained with different methods: the nonlinear model, the linearized model and 

integrating numerically equation (91). For the set of parameters selected (Table 1) the motion 

of the wheelset is stable: the displacement is damped along time. However using different 

parameters, an unstable displacement could appear. As it can be seen, the results obtained 

with the simplified method and the linear method are identical. Furthermore, using the linear 

and nonlinear method, the same frequency and a very similar value for the maximum 

response are obtained of the oscillation response. 

 

 

Figure 17. Stable hunting movement of the elastic wheelset for different methods. 

 

The maximum response of the linear model is slightly smaller than the maximum of the 

nonlinear one. This is in good agreement with the contact theory: as it was seen in Figure 7, 

for small creepages the Kalker linear theory predicts larger creep forces than the nonlinear 
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theories. Therefore, it is to be expected that the displacements of the wheelset are smaller for 

the linear model. 

In the contrary, if the springs are removed (𝑘𝑥 = 𝑘𝑦 = 0) the motion becomes unstable, 

as can be seen in the Figure 18. In this case, the response of the linear model increases along 

time instead of stabilizing. 

However, the motion of the nonlinear model is in the range ±5.5 mm. For the wheel and 

rail profiles chosen, when 𝛥𝑦𝑊 = ±5.5 mm the lateral flange of the wheel contact with the 

lateral part of the head of the rail, a strong normal force appears at the contact interface and 

the wheel separates of the rail. A stronger force should be applied for a derailment situation 

(𝛥𝑦𝑊 > ±5.5 mm). The results obtained with the set of equations (91) are equal to those 

obtained with the linear model. 

 

 

Figure 18. Unstable hunting movement of the elastic wheelset for different methods. 

 

Furthermore, the approximated wavelength of the hunting motion computed through the 

results obtained is 16.4 m. In other hand, according to the equation (69), the wavelength is 

16.22 m, which is in good agreement. 

Therefore, from the results obtained two main conclusions can be remark as it has been 

shown in this example, for small lateral displacements both the linear and the nonlinear 

method predict wheelset responses that are in good agreement. However, when the relative 

displacement becomes higher, unrealistic response is obtained with the linear approach. 

Two main conclusions can be drawn of this example: for small lateral displacements 

either the linear or the nonlinear method predict wheelset responses that are in good 

agreement, however, when the relative displacement becomes higher, unrealistic response is 

obtained with the linear approach; the obtained results validate the models developed in this 

work for the vehicle and wheel-rail contact within Abaqus. 

In this case, the dynamic interaction between a railway vehicle and a simply supported 

bridge. This case is studied with the above presented methodologies and the results are 

compared. 
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4.2. Simply supported bridge 
 

The vehicle used is the Chinese Pioneer train, whose mechanical characteristics have 

been taken from Zhang et al. (2008). The train is composed of six cars, being the first and 

sixth cars tractor vehicles, and the remaining trailer cars. A schema of the vehicle is shown in 

Figure 19 and its mechanical properties are presented in Table 2. The terms 𝑐 and 𝑘 

correspond to the damping and stiffness of the primary (subscript 1) and secondary (subscript 

2) suspension systems along different directions (𝑥, 𝑦 and 𝑧). 𝑀 and 𝐼 are the masses and 

rotary inertias which correspond to the rigid bodies of the passengers car (subscript 2), the 

bogies (subscript 1) and the wheelset (subscript 0). 

 

 

Figure 19. Schema of the vehicle components and mechanical properties. 

 

The bridge used for the simulations is a simply supported bridge whose span is 30 m and 

has a double track section. The mechanical properties of the bridge have been extracted from 

Yang et al. (2004) and its natural frequencies are summarized in Table 3. The offsets 𝑒𝑦  and 

𝑒𝑧  which are shown in Figure 19 are 𝑒𝑦 = 2.5 m and 𝑒𝑧 = 1.2 m. 

A track irregularity profile generated according to the method explained in Section 3.3, 

has been adopted for all the calculations. The irregularity profile starts 50 m before the 

support of the bridge in order to introduce an initial dynamic excitation in the vehicle before 

entering the bridge. The maximum values of the irregularities are summarized in Table 4. 

Furthermore, in the case of the rigid interaction, an imposed hunting oscillating 

movement has been considered. In this case it has been adopted 𝑦𝐻 = 4.5 mm, being, for the 

wheel and rail profiles adopted, the maximum clearance between the wheel and the rail 

5.5 mm. The wavelength of this movement has been computed according to the Klingel 

formula 𝜆𝐻 = 16.22 m. 
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Table 2. Mechanical parameters of Pioneer train (Zhang et al., 2008) 

Item Unit Tractor Trailer Item Unit Tractor Trailer 

2𝑑1 m 2.5 2.5 𝐼𝑦2 kg m2 1,064,400 2,740,000 

2𝑑2 m 18.0 18.0 𝐼𝑧2 kg m2 867,200 2,740,000 

2𝑑𝑤  m 1.506 1.506 𝑘𝑥1 MN/m 9.0 15.0 

2𝑏1 m 2.05 2.05 𝑘𝑦1 MN/m 1.32 5.0 

2𝑏2 m 2.05 2.05 𝑘𝑧1 MN/m 1.04 0.7 

ℎ1 m 0.36 0.83 𝑘𝑥2 MN/m 0.24 0.21 

ℎ2 m 0.24 0.15 𝑘𝑦2 MN/m 0.24 0.21 

ℎ3 m 0.33 0.34 𝑘𝑧2 MN/m 0.40 0.35 

𝑟0 m 0.46 0.46 𝑐𝑥1 kN s /m 0 0 

𝑚0 kg 2200 1900 𝑐𝑦1 kN s /m 0 0 

𝐼𝑧0 kg m2 1630 1067 𝑐𝑧1 kN s /m 30 38 

𝑚1 kg 3400 1700 𝑐𝑥2 kN s /m 120 300 

𝐼𝑥1 kg m2 3200 1600 𝑐𝑦2 kN s /m 30 15 

𝐼𝑦1 kg m2 7200 1700 𝑐𝑧2 kN s /m 33 40 

𝐼𝑧1 kg m2 6800 1700 𝐾𝑠𝑡  MN/m 380 367 

𝑚2 kg 42,400 44,000 𝛾0 rad 0.052 0.052 

𝐼𝑥2 kg m2 101,500 74,000     

 

Table 3. Natural frequencies of the simply supported bridge in Hz 

1st vertical 1st torsional 1st lateral 2st vertical 2nd torsional 

4.02 10.74 12.40 16.09 21.51 

 

Table 4. Maximum value of the track irregularities of the profile considered in the 

calculation 

Lateral Vertical Cross-level 

3.66 mm 4.46 mm 3.88 mrad 

 

The results shown in this section focus on the lateral displacements and accelerations for 

the center span of the bridge, the car bodies of the vehicles and the wheelsets. These 

responses have been obtained for a range of velocities of the vehicle between 100 km/h and 

300 km/h. 
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In Figures 20 and 21 the envelopes of the lateral displacements and accelerations of the 

center of span for different vehicle velocities are shown. As it can be seen, the displacements 

obtained using the linear and the nonlinear methods are very similar. On the contrary, the 

results obtained using the rigid approach are similar to those obtained with the other two 

methods in a quantitative manner, but not in a qualitative one. 

 

 

Figure 20. Envelopes of the lateral displacements of the centre of the bridge span when the train crosses 

it at different velocities. 

 

 

Figure 21. Envelopes of the lateral accelerations of the centre of the bridge span when the train crosses 

it at different velocities. 

 



Strategies for Modeling Train-Bridge Lateral Dynamic Interaction 229 

In Figures 22 and 23 the history response of the lateral displacements and acceleration of 

the center span are shown for velocity 𝑣 = 260 km/h. As can be seen in Figure 22, the 

displacements prediction of the linear and the nonlinear models are very similar. 

 

 

Figure 22. Time histories of the lateral displacements from the centre bridge span when the train crosses 

the bridge at velocity 260 km/h. 

 

   

Figure 23. Time histories of the lateral accelerations of the centre bridge span when the train crosses the 

bridge at velocity 260 km/h for the linear model (left picture) and the nonlinear (right picture). 

 

However, significant differences appear in the accelerations response between the linear 

and the nonlinear methods. These differences are due to two main factors: the dynamic 

behavior of the vehicles, as will be explained later, and high-frequency response of the center 

span. In Figure 24 it is shown the FFT transformation of the torsional rotation acceleration 

response of the center bridge span, which is more relevant here than the lateral acceleration of 

the centroid of the same section. As it can be seen, for the linear model the high-frequency 

response is considerably higher. This behavior may be explained from two reasons: 1) the 

linear model includes excitations of a higher frequency content, which are damped out 

naturally by the inelastic sliding behavior of the contact interface of the nonlinear model; 2) 

the linear system of equations (82) fails to damp out these high-frequency vibrations, as 

opposed to (90) which filters them out to a certain extent. 
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The envelopes of the response of the vehicles are shown in Figures 25 and 26. These 

envelopes have been obtained for the first car of the train in a point located at the rear part of 

the car body (this point is separated 10.25 m of the centre of the car body). 

 

        

Figure 24. Frequency response of lateral accelerations of the centre bridge span taking only the 

rotational response into consideration. The left picture corresponds to the linear model and the right to 

nonlinear at velocity 260 km/h. 

 

 

Figure 25. Envelopes of the lateral displacements of the rear part of the first vehicle crossing the bridge 

at different velocities. 

 

Figure 26. Envelopes of the lateral accelerations at the rear part of the passengers car of the first vehicle 

when it crosses the bridge at different velocities. 
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In these pictures it can be seen that important differences appear in the response of the 

linear and nonlinear models when the velocity is near 300 km/h. 

In order to study such differences, the time history responses of these points of the first 

car are shown together for velocity 𝑣 = 300 km/h in Figure 27 and 28. Resonant effects can 

be observed in the response of the linear model;however, displacements and accelerations of 

the nonlinear and the rigid model remain small. 

 

 

Figure 27. Time histories of the lateral displacements at the rear part of the passengers car of the first 

vehicle when it crosses the bridge at velocity 300 km/h. 

 

 

Figure 28. Time histories of the lateral accelerations at the rear part of the passengers car of the first 

vehicle when it crosses the bridge at velocity 𝑣 = 300 km/h. 

The cause of these differences can be observed in the dynamic behavior of one of 

wheelsets of the passenger‘s car studied. The relative lateral response of the rear wheelset of 

the first car relative to the track is shown in Figure 29. For this wheelset, the displacements 

obtained with the nonlinear model are limited by the lateral contact between the wheel and 

rail, as it was explained in the elastic wheelset example. In the contrary, the wheelset 

displacements obtained with the linear model are not limited by the lateral contact between 
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the wheel flange and the rail and their values increase in time. This induces high accelerations 

at the rest of the vehicle and the bridge. 

 

Figure 29. Time histories of the lateral relative dipslacements between the last wheelset of the first 

vehicle and track, when the train crosses the bridge at velocity 𝑣 = 300 km/h. 

 

 

CONCLUSION 
 

Lateral dynamics of bridge-train systems under running traffic is not a commonly studied 

phenomenon. However, it may be significant in order to study the safety and comfort of 

trains. Additionally, it is of prime importance for obtaining safety margins under strong 

lateral actions such as wind or earthquakes. 

In this paper a summary of several existing methods for studying the dynamic coupled 

interaction between railway vehicles and bridges is presented. These methods consider the 

dynamics of the bridge, the structure and the kinematic and dynamic aspects of wheel-rail 

contact and the track irregularities. 

Different assumptions are considered in each of the three methodologies presented. First 

a simplistic method in which the position and velocity of the wheel is assumed to be equal to 

those on the rail is proposed. A second approach establishes a linearization of the contact 

interface, both geometrically and dynamically. It assumes biconic wheel and rail profiles and 

linear laws for normal and tangent wheel-rail contact. The final and more complete method is 

based on a full nonlinear description of the wheel and rail profiles, wheelset and track 

kinematics and wheel-rail contact. This method has been developed by the authors and 

implemented within a general-purpose finite element code (Abaqus). 

A key remark to be made is that the proposed model employs inertial coordinates both for 

the bridge and for the vehicle, thus avoiding inherited inertia terms from relative movement, 

and facilitating a direct implementation within general-purpose finite element software. We 

also remark that often-performed linearization of the equations involves neglecting internal 

inertial forces with quadratic dependence on the rotational variables, thus neglecting 

gyroscopic or centrifugal terms which may be of importance in some cases, even if 

displacements from equilibrium path are small. 
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The three methods presented are applied in two test problems. In a first case the hunting 

movement of a single wheelset is studied and the results obtained with the different methods 

are compared. As can be seen, when the lateral relative movements between the wheelset and 

the track become large, unrealistic results are obtained with the simplified methods. 

Finally the full interaction between a six car vehicle and a simply supported bridge is 

studied. As in the first case, big differences appear between the nonlinear and the linearized 

methods when the relative movement between the wheelset and the track increase. 
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Abstract 
 

In this chapter, current problems are studied and further research in the field of 

dynamic interaction of train vehicles and bridges under wind actions are summarized. A 

3-D dynamic model of a coupled train-bridge system subjected to wind actions is 

established. The bridge is modeled with the modal decomposition analysis technique, and 

each 4-axle vehicle is modeled with 27 degrees-of-freedom. The dynamic interaction 

between the train and bridge is realized through the contact forces between the wheels 

and track with track irregularities. Wind forces acting on the train-bridge system are 

considered as the external excitations and generated in the time domain using the 

measured aerodynamic coefficients and flutter derivatives from a real bridge, taking into 

account the effects of vehicle speed and the spatial correlation of wind forces on the 

bridge. Case studies are performed on two long-span suspension bridges in China, the 

Tsing Ma Suspension Bridge in Hong Kong, and a rail-cum-road suspension bridge on 

the Wuhan-Guangzhou High-speed Railway. Turbulent wind fields are numerically 

generated, under which whole histories of trains traveling through the bridges subjected 

to wind actions are simulated in the time domain, and some measured bridge responses 

are used to validate the calculated results. The running property of the train passing 

through the bridges at different speeds is studied, from which the thresholds for critical 

train speeds with respect to different wind velocities are proposed to ensure the running 

safety of train vehicles. 
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1. INTRODUCTION 
 

To meet the needs of modern society for advanced transportation systems, more and more 

long-span bridges carrying both highway and railway have been built throughout the world. 

These bridges exhibit special characteristics such as high flexibility, low structural damping 

and light weight, and thus are very susceptible to wind actions. The Tacoma Bridge disaster 

in 1940 attracted engineers‘ attention on the vibration characteristics of long-span bridges 

under wind excitations. Since then, numerous researchers have made significant contributions 

to the stability study of long-span bridges under wind actions based on the fundamental 

theory of bridge aeroelasticity (Davenport, 1962; Beliveau et al., 1977; Scanlan et al., 1971; 

Lin and Yang, 1983; Diana et al., 1986; Kumarasena et al., 1992; Jain et al., 1996; Jones et 

al., 1998; Ding et al., 2000; Gu et al., 1999; Lin and Sun, 1999; Cao et al., 2000; Chen et al., 

2000).  

Wind induced vibration of a long-span bridge is a very complex problem related to many 

interactive factors. There are several different phenomena giving rise to dynamic response of 

structures in wind, including flutter, buffeting, and vortex shedding. Flutter is a coupled 

motion, often being a combination of bending and torsion, and can result in instability. When 

a structure is subjected to wind load of a certain critical wind velocity, instead of dissipating 

energy, the aerodynamic forces start to feed energy into the oscillating bridge structure, 

resulting in the bridge vibrating in a divergent, destructive manner. Slender structures, such as 

long-span bridges, are likely to be sensitive to dynamic response in line with the wind 

direction as a consequence of turbulence buffeting that is a limit-amplitude vibration 

occurring at different wind velocity. It may result in serious fatigue damage to structural 

components and connections or bearings. Transverse or cross-wind response is more likely to 

arise from vortex shedding which is a forced limit-amplitude vibration of a structural 

component but may also result from excitation by the wake turbulence buffeting. For non-

streamlined decks or stayed cables and suspenders with circular sections vortex-induced 

vibration or galloping usually occurs at a low wind velocity. In this chapter, discussion is 

concentrated on the buffeting responses of the bridge structure induced by turbulent winds. 

When a long-span railway bridge is built in wind prone area, the dynamic interaction 

among wind, trains and bridge should be considered. Due to wind actions, the bridge will 

experience considerable deformations and vibrations. When a train runs on the bridge, the 

deflections and vibrations of the bridge may be further exaggerated. The large deflections and 

vibrations of the bridge may in turn affect the running safety of the train vehicles and the 

riding comfort of passengers. In some cases, train vehicles may overturn when they are 

running on a long-span bridge exposed to strong winds. Therefore, the understanding of 

dynamic behaviors and the prediction of dynamic responses of long-span suspension bridges 

under both high winds and running trains becomes an important task. Before the end of 20
th
 

century, however, most of the studies focused on three separate research fields: (1) Wind 

effects on a long-span bridge without considering the effects of running trains (Davenport, 

1962; Harries, 1971; Diana et al., 1986; Scanlan, 1990; Simiu and Scanlan, 1996; Strommen 

et al., 1999; Cao et al., 2000 ); (2) The dynamic analysis of coupled train and bridge system 

excluding wind effects (Chu et al., 1980; Bhatti, 1982; Tanabe and Yamada, 1987; Diana et 

al., 1989; Bogaert, 1993; Green et al., 1994; Frýba, 1996; Yang and Yau, 1997; Xia et al., 

2000); (3) The running safety of trains in high cross winds on the ground rather than on the 
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bridge (Baker, 1991). Since the beginning of this century, some studies have given 

consideration to the dynamic interactions among the wind action, running trains, and bridge 

structures. Xu et al., (2003) presented a framework for predicting the dynamic response of a 

long suspension bridge to high winds and running trains based on the vehicle-bridge dynamic 

interaction, and then extended their work (2004) to further investigate dynamic interaction of 

a long span cable-stayed bridge with running trains subjected to cross winds. Li et al., (2005) 

established an analytical model for dynamics of wind-vehicle-bridge (WVB) systems and 

took a cable-stayed bridge in China as the case study. Chen et al., (2005) presented a 

framework of dynamic analysis for a coupled three-dimensional train-track-bridge system 

under strong winds. Huang (2007) established an analysis model of coupling vibration of 

vehicle and bridge to study the system considering wind influence. Gao (2008) set up a 

method system on train safety under the situation where wind, train, and railway line coupled 

together. Xia et al., (2008) researched a schemed long suspension bridge on the planned 

Beijing-Shenzhen high-speed railway in China using the up-to-date information in the areas 

of wind-bridge interaction, bridge-train interaction, and wind-train interaction. The 

aforementioned studies are analytical studies only. Guo and Xu (2007) used the field 

measurement data recorded on the Tsing Ma Bridge to verify their proposed method and the 

results were found to be satisfactory. Furthermore, they researched the critical conditions for 

determining whether the rail traffic on the Tsing Ma Bridge should be closed temporarily to 

ensure running safety of the train (Guo et al., 2010).  

In this Chapter, wind excitations on the train-bridge, including the stochastic wind 

velocity field on long-span bridges and the wind forces on the bridge and train vehicles, are 

simulated, taking into account the effects of vehicle speed and the spatial correlation with 

wind forces on the bridge. First, the basic motion equation for wind induced vibration of a 

single-degree-of-freedom structure is deduced. A 3-D interaction model of coupled train-

bridge system subjected to wind actions is then established to analyze the vibration 

characteristics of the system. The bridge is modeled with the modal comprehensive analysis 

technique. Each car has 4 axles per train and is modeled by a 27 degrees-of-freedom system. 

The dynamic interaction between the bridge and train is realized through the contact forces 

between the wheels and tracks with track irregularities. The framework is applied to two 

long-span suspension bridges in China as the case study. The dynamic responses and 

performances of the bridge and running trains are computed and evaluated, from which the 

thresholds of critical train speeds are proposed for running safety of train vehicles on the 

long-span bridges under different wind speeds.  

 

 

2. SIMULATION OF STOCHASTIC WIND VELOCITY  

FIELD OF LONG-SPAN BRIDGE 
 

Referring to the Cartesian coordinates system, the three-dimensional stochastic wind field 

of a long-span bridge can be defined as follows: 

x
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where x, y, and z denote, respectively, the longitudinal, lateral, and vertical axis of the bridge; 

y ( )U z  is the mean wind velocity in direction of main flow wind at the elevation of z; u, v, 

and w are the turbulent wind components in the along main-flow, longitudinal, and vertical 

directions, respectively; L and H are, respectively, the total length and height of bridge deck; t 

is the time. 

As the correlations among the u, v, and w turbulent wind components are weak, in 

practical analysis, the correlated three-dimensional wind field can be theoretically simplified 

as three independent one-dimensional wind fields. For the wind-train-bridge system, where 

the train moves on the main deck of the bridge, only the one-dimensional wind field is 

considered on the bridge deck in the analysis. Herein are several numerical methods that can 

be used to generate turbulents wind components. 

 

 

2.1. Spectral Representation Method 
 

2.1.1.  Based on Explicitly Expressing Cholesky’s Decomposition 

This method assumes equi-elevation of bridge deck, equi-intervals of wind velocity 

simulation points, and uniform distribution of mean wind velocity and its spectrum along the 

bridge deck, proposed by Cao et al., (2000). The time-histories of wind components, u(t) and 

w(t), at the jth point can then be generated by the following equations:  

f

u

1 1

( ) ( ) ( )cos( )
Nj

j mk jm mk mk mk

m k

u t S G t   
 

   ,                      (2) 
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1 1
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j mk jm mk mk mk

m k
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,                      (3) 

where 2( )  , Nf is the total number of frequency interval   in the spectrum; j = 

1,2,….n1; n1 is the total number of wind velocity simulation points; Su() and Sw() are the 

horizontal and vertical wind auto-spectra, respectively; andmk is a random variable 

uniformly distributed between 0 and 2; G() is the correlation matrix between two different 

wind velocity points and can be expressed as: 
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G() can also be expressed in an explicit form with algebraic formulas as: 
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where  is a dimensionless factor between 7~10; ( )U z  is the mean wind velocity at the 

elevation of the main deck; and d is the horizontal distance between the wind simulation 

points, so the horizontal space distance from point j to point m is: 

mjdjm  .     (8) 

It has been stated in some papers (Brigham, 1988; Deodatis, 1996) that the efficiency of 

simulation can be enhanced greatly by utilizing the Fast Fourier Transform (FFT) technique. 

It has been proved that Eq. (2) can be rewritten as follows: 
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where ( )jmB k   is expressed by the following equations: 
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It can be seen that ( )jmh q t  is the Fourier transformation of ( )jmB k   and can be 

computed with the Inverse Fast Fourier Transform (IFFT) technique. 

 

2.1.2. Based on Proper Orthogonal Decomposition 

Considering an N-variate stationary and zero-mean stochastic process vector 

 
T

1 2( ) ( ) ( ) ( )Nt v t v t v tV , whose cross power spectral matrix ( )VV S  is given by:  
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( ) ( ) ( ) ( ) ( , ; )
i j i jij v v v vS S S S i j        ,      (13) 

where ( , ; )i j   is the coherency function, ( )
ivS   and ( )

jvS   are the auto power spectral 

functions of the components vi(t) and vj(t), respectively, i = 1, 2, …, N, j = 1, 2, …, N;  is the 

circular frequency.  

It is taken for granted that the eigenvector meet orthogonal conditions, i.e., 
T ( ) ( )i j ij  φ φ ,         (14) 
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T ( ) ( ) ( ) ( )i VV j ij j    φ S φ η ,       (15) 

where 1(), 2(), … ,N() and 1(), 2(), … ,N() are N eigenvalues and 

eigenvectors of ( )VV S , which is a positive semi-definite matrix.  

Thus ( )VV S  can be written as:  

T T

1

( ) ( ) ( ) ( ) ( ) ( ) ( )
N

VV i i i

i

      


 S φ η φ Φ Λ Φ ,      (16) 

where  1 2( ) ( ) ( ) ( )N      Φ  is the mode shape matrix of ( )VV S ,; () is the 

eigenvalue matrix,  1 2( ) diag ( ) ( ) ( )N      Λ . 

Assuming that Y(t) is an N-variate unrelated random vector process, yj(t) is the 

component, j=1, 2, …, N, Y() is the corresponding Fourier transformation, and the power 

spectral matrix of Y(t) is expressed as: 

( ) ( )YY  S Λ .     (17) 

Substituting Eq. (17) into Eq. (16): 
T( ) ( ) ( ) ( )VV YY   S Φ S Φ .      (18) 

So the Fourier transformation V() of V(t) can be written as: 

1

( ) ( ) ( ) ( ) ( )
N

i

i

    


 V Φ Y φ Y .     (19) 

This formula is the spectral proper transformation of the stationary stochastic vector 

process V(t), and yj() is the spectral principal coordinates of the j-th vibration model. In fact, 

Eq. (19) shows that V(t) is decomposed into the weighted sum of all vibration models with 

spectral principal coordinates as weight number in frequency domain based on the eigenvalue 

decomposition of ( )VV S . 

The eigenvalue of spectral proper transform is the representation of vibration energy 

corresponding to the vibration model. If the vibration models are sorted in descending 

sequence of the magnitude of the eigenvalues, the following is obtained: 

 ( ); ( )k k η φ   
1 21,2, , ; nk n       .          (20) 

The modal truncation technique, which is similar to the modal superposition method in 

structure dynamics, can be incorporated into the spectral proper transformation; that is, 

( )VV S  and V() can be approximated by a limited order Ns << N (sometimes Ns = 1) of the 

spectral models, thus 
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Combining the proper orthogonal decomposition and spectral representation method and 

dividing the frequency interval  0 , u   into M subintervals with
0( ) /u M     , the 

practical simulation formula based on proper orthogonal decomposition can be expressed as: 

1 1
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where kl is the independent random phase angles, distributed uniformly over the interval 

[0,2]; ( 1)l l    . The application of FFT technique can greatly improve the 

computational efficiency. 

 

 

2.2. Auto-Regressive Model in Linear Filter Method 
 

An autoregressive model can be used to simulate the wind velocity field as it is 

essentially stochastic time series. M-th related turbulent wind time histories v(x, y, z, t)= 

[v1(x1, y1, z1, t)  v2(x2, y2, z2, t) … vm (xm , ym, zm, t)] can be generated by: 

1
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where T

21 ]   [ mxxx x , T

21 ]   [ myyy y , T

m21 ]   [ zzz z , ),,( iii zyx  is the coordinate 

of the i-th point, i = 1, 2, 3, …, m; p is the order of AR model; t is the time interval of wind 

field simulation; k is the autoregressive coefficient m m  square matrix of AR model, k = 1, 

2, …, p; N(t) is a zero-mean independent stochastic process with given variance. 

For convenience, v(x, y, z, t) is written as v(t). Based on the assumption of wind field 

simulation and the characteristics of auto-correlation function expressed by Eqs. (25) – (26), 

the relationship between the correlation function )( tjR   and the autoregressive coefficient 

k is given by: 
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where )( tjR   is the auto-correlation or cross-correlation function obtained by a Fourier 

transformation of auto-spectral or cross-spectral density function; RN is the covariance matrix. 

Using Eq. (27), it finally gets the autoregressive coefficient k, and then substituting k into 

Eq. (28), RN can be solved. Now that the coefficient matrix k and the covariance matrix RN of 

AR model have been calculated, the wind speed time series can be easily generated using 

Equation (24). 

 

 

2.3. Simulation Method by Observed Records 
 

Assume that 
0 ( )X t  is an original observed record in time interval 

0 ( )T t , and 
0 ( )X   is a 

Fourier transformation of 
0 ( )X t , i.e., 

0 0

1
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0 0( ) ( )exp( )dX X t i t t
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It is found that if 
0Re[ ( )] 0X   , the phase angle 

0 ( )   of 
0 ( )X   can be expressed as: 
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If 
0Re[ ( )] 0X   , the phase angle 

0 ( )   of 
0 ( )X   can be expressed as: 

0 ( ) 2
2

k


       ( 0, 1, 2, )k    ,   (32) 

where 
0 0Re[ ( )] Re[ ( )]X X    is the real part of

0 ( )X  ; 
0 0Im[ ( )] Im[ ( )]X X     is the 

imaginary part of 
0 ( )X  . 

0 ( )X   and 
0 ( )X t  can be written as: 

0 0 0( ) ( ) exp[ ( )]X X i    ,     (33) 
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where 
0 0( ) ( )X X    is the Fourier spectrum of 

0 ( )X t . 

Based on the observed record 
0 ( )X t , a non-stationary stochastic process can be 

established as follows: 
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1
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It can also be written by a sample function ( ) ( )kX t  as: 
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1
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,  (36) 

where ( ) ( )k   is a sample function of stochastic process ( )   at certain instant . 

Compared with Eqs. (33) – (36), the phase angle ( ) ( )k   of ( ) ( )kX t  is expressed as: 

( ) ( )

0( ) ( ) ( )k k       .        (37) 

The stochastic process ( )   is defined by: 

( ) sgn( )Φ    ,    (38) 

where Φ  is a stochastic variable; sgn( )  is a sign function. 

Thus its sample function ( ) ( )k   can be given by: 

( ) ( )( ) sgn( )k kΦ           (39) 

in which ( )kΦ  is a sample of Φ . 

According to Eq. (35), the inverse Fourier transformation of ( )X t  is given by: 

 0 0 0( ) ( ) exp [ ( ) ( )] ( )exp[ ( )]X X i X i           .  (40) 

Assumed that  is the uniform distribution, the probability density distribution of  is 

defined by: 
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where  is the expectation value; 2a is the distribution width.  

Equation (35) can be rewritten as: 
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where S1() is the single-sided spectral density, S1() = 2S0(); k = k, n is the upper 

limit of cutoff frequency, n = n.  

Because 
0 ( ) ( )     is an odd function, Eq. (35) can be also written as: 
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( ) ( ) cos[ ( ) ]dX t X t Φ    





   .    (43) 

Equivalent form is also given by 

0 0
ˆ( ) ( )cos ( )sinX t X t Φ X t Φ              (44) 

in which 

0 0 0

0

1
( ) ( ) cos[ ( )]dX t X t    





  ,   (45) 

0 0 0

0

1ˆ ( ) ( ) sin[ ( )]dX t X t    




  ,    (46) 

where 
0 ( )X t  is an observed record, and 0

ˆ ( )X t  is the Herbert transformation of 
0 ( )X t . 

 

 

3. WIND INDUCED VIBRATION OF SINGLE DOF SYSTEM 
 

As the first step of dynamic analysis of wind induced vibration of train-bridge system, 

this section establishes the general motion equation of a single DOF structure subjected to 

wind actions.  

Figure 1 shows a massive block supported by a column subjected to cross wind with 

velocity U(t). The structure can be regarded as a single DOF system if the mass of the column 

and the rotation movement of the block are neglected and only the lumped mass M is 

considered. The motion equation for the system can be expressed as: 

)()()()( tFtKXtXCtXM   ,    (47) 

where X(t) is the displacement response of the structure; C is the linear viscous damping 

coefficient; K is the stiffness of the structure; and F(t) is the drag force on the structure 

induced by cross wind and can be expressed as: 

2

D

1
( ) [ ( ) ( )]

2
F t C A U t X t      ,   (48) 

where  is the air density; CD is the drag coefficient of the structure; A is the projected area of 

the structure perpendicular to direction of wind flow and equals to the product of the height 

and length of the windward area; [ ( ) ( )]U t X t  is the relative velocity.  

There are two methods to analyze Eq. (48), as described hereinafter. 
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Figure 1. A single DOF structure subjected to cross wind. 

 

3.1. Motion Equation for Time-invariant System 
 

Suppose the mean wind velocity U  is a constant for general time-invariant system. 

Substituting )()( tuUtU   into Eq. (48) yields: 

 

 

2

D

2 2

D

1
( ) [ ( ) ( )]

2

1
2 [ ( ) ( )] [ ( ) ( )] .

2

F t C A U u t X t

C A U U u t X t u t X t





      

         

 (49) 

Normally, the term of 2)]()([ tXtU   can be neglected because it is far smaller than the 

mean wind velocity U . Consequently, Eq. (47) can be written as: 

2

D D

1
( ) ( ) ( ) [ ( ) ( )]

2
MX t CX t KX t C A U C A U u t X t              . (50) 

By merging items that contain the unknown )(tX , Eq. (50) can be deduced as: 

a 2

D D

1
( ) ( ) ( ) ( ) ( )

2
MX t C C X t KX t C A U C A U u t              , (51) 

where 
aC X  is the aerodynamic damping; a

DC C AU  is the aerodynamic damping 

coefficient; XC   is the mechanical damping.  

The response of the structure X(t) is composed of two parts: one for the steady-state 

response induced by the mean wind, and the other for the dynamic response induced by the 

turbulent wind, i.e., )()( txXtX  . The static and dynamic responses of the structure can be 

deduced by the static and dynamic equilibrium as follows:  

2

D

D

1

2

( ) ( ) ( ) ( )

KX C A U

Mx t Cx t Kx t C A U u t






    


       

,  (52) 
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where C  is the sum of mechanical damping coefficient C and aerodynamic damping 

coefficient 
aC , i.e., 

aC C C  . 

This method assumes no interaction between the buffeting force and the self-exciting 

force. By inputting the mean wind velocity U  and the turbulent wind velocity u(t), the static 

and dynamic responses of the structure can be obtained. 

 

 

3.2. Motion Equation for Time-variant System 
 

Suppose the mean wind velocity U  is not a constant during a period of time. Equation 

(48) can be deduced as: 

2 2

D

1
( ) ( ) 2 ( ) ( ) ( )

2
F t C A U t U t X t X t           . (53) 

Generally speaking, the item of )(2 tX  can be neglected as it is far less than the wind 

velocity U(t). Equation (47) can thus be simplified as: 

2

D D

1
( ) ( ) ( ) ( ) ( ) ( )

2
MX t CX t KX t C A U t C A U t X t             . (54) 

 By merging items that contain the unknown )(tX , Eq. (54) can be deduced as: 

2

D

1
( ) ( ) ( ) ( )

2
MX t CX t KX t C A U t       ,      (55) 

where a

D ( )C C C C C A U t        is the aerodynamic damping coefficient, varying 

with the wind velocity.  

Compared with the first method, the interaction between the buffeting force and the self-

exciting force is taken into account. The dynamic response of the structure subjected cross 

winds can be computed by inputting the wind velocity U(t). 

 

 

4. DYNAMIC MODEL OF TRAIN-BRIDGE SYSTEM  

SUBJECTED TO WIND ACTION 
 

The vibration of train-bridge system subjected to wind actions has the following 

characteristics (Ref. Figure 2): 

(1) The static wind forces due to mean wind acting on bridge towers, main cables, 

suspenders, bridge deck and other structures, may induce considerably large lateral and 

vertical deformation of the bridge as a whole. The large deformation of bridge deck may 

greatly curve the railway track, influencing the running safety of train vehicles on the bridge. 

(2) When a train travels on the bridge at certain speed, the vehicles with lateral wind 

pressure may form a lateral moving load series, which may be transferred through vehicle 

wheels to the bridge deck. Therefore, the static wind forces due to mean wind may also 

induce dynamic response of the bridge. 

 (3) The fluctuating forces due to turbulent wind acting on the bridge structures may 

induce low-frequency vibration of the bridge and buffeting vibration of the bridge deck. 
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(4) Under higher wind velocity, the static wind acting on vehicle-bodies may influence 

the anti-overturn stability of the vehicles. 

(5) The turbulent wind on vehicle car-bodies, bogies and wheel-sets of the train on the 

bridge may directly induce the vibration of the vehicles, affecting their running safety and 

riding comfort. 

 

 V

P(x,t)

t

1 2 3

(b) Moving load line formed by train vehicles with lateral wind pressure

(c) Wind load induced by moving train with lateral wind pressure(a) Wind load to vehicle-bridge system

Bridge deck

Wind

Main cable

Suspender

Vehicle body

running on bridge Out from bridge  After bridge Beyond bridge  Onto bridge

 V

Deck

Wind

 

Figure 2. Vibration of train-bridge system under wind action.  

 

(6) The change of static wind during the train running on the bridge may also become 

dynamic load, inducing the vibration of the bridge and affecting the running safety and 

stability of vehicles. 

The behavior of train-bridge system under wind actions is a coupled, complex time-

varying dynamic problem, which is generally solved by the computer simulation method 

based on establishing a dynamic interaction model for the train-bridge subjected to wind 

forces. The analysis model can be regarded as a united big spatial dynamic system composed 

of two models, the train-bridge interaction model and the wind model.  

 

 

4.1. Train-bridge Interaction Model 
 

Dynamic interaction between railway trains and bridges has been an important subject of 

research since the early 20
th

 century. During the past two decades, a number of sophisticated 

models have been developed to investigate dynamic interaction between bridges and trains 

(Diana and Cheli, 1989; Frýba, 1996; Yang and Yau, 1997; Xia et al., 2000; Au et al., 2001; 

Song et al., 2003).  

Theoretically, the train-bridge interaction model consists of two subsystems, the moving 

vehicle subsystem and the bridge subsystem, which can be simulated as two elastic 

substructures. The two subsystems interact with each other through the contact forces 

between the wheels and tracks.  
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4.1.1. Vehicle Subsystem 

The moving vehicle subsystem is composed of several locomotives and passenger cars. 

Each car is a complicated multi-degree-of-freedom vibration system consisting of car-body, 

bogies, wheel-sets, suspension springs, and dashpots. To simplify the analysis but with 

enough accuracy, each car-body or bogie is regarded as a rigid component with five degrees-

of-freedom to be concerned, and each wheel-sets three. The connections between car-body 

and bogies are represented by linear springs and viscous dashpots both in vertical and lateral 

directions, as well as the connections between bogies and wheel-sets. Thus a 27 degrees-of-

freedom vehicle model is established for a 4-axle car in a train. The vehicle subsystem of the 

front car in a train used in this study is shown in Figure 3. 

 

 

Figure 3. Dynamic analysis vehicle model of front car in a train. 

 

4.1.2. Bridge Subsystem 

A railway bridge consists of piers, beams, decks, ballasts, and tracks. Nowadays, bridges 

are usually analyzed and investigated with the help of finite element method. In this analysis, 

a modal superposition technique is performed to the bridge. First, the free vibration 

frequencies and modes of the bridge subsystem are solved. Upon the orthogonality of the 

modes, the FEM equations coupled with each other can then be decoupled, which makes the 

bridge model become the superposition of independent modal equations. Therefore, the 

computational effort can be significantly reduced. The number of mode shapes of the bridge 

deck taken into account in the computation should be large enough to include the effects of 

both the global deformation of the bridge and the local deformation of the structural elements 

supporting the track. 

In this study, the elastic effects of the track system are neglected, i.e., there is no relative 

displacement between the track and bridge deck. The mode shape between the deck nodes 

obtained from the eigenvalue analysis is determined using the Lagrange interpolation. The 

deformation in cross-section of the beam is also neglected in vibration analysis. The forces 

from the wheels of a train will be transmitted to the bridge deck through the tracks and 

ballasts, as shown in Figure 4. 
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Figure 4. Vehicle forces on bridge deck. 

 

4.1.3. Track Properties 

The deviations of a real rail from the ideal rail of perfect geometry are represented mainly 

by track irregularities. They are important self-excitations in the train-bridge system in 

addition to the moving load of the train.  

The track irregularities consist of random surface irregularities and periodic 

deformations. As a main vibration excitation of the wheel-rail system, they could bring about 

instability, discomfort as well as the kinetic action to wreck the railway and the train, 

especially in the lateral direction. Furthermore, they are the controlling factors that influence 

the running safety and stability of the vehicles in rail side. When the track is out of good 

quality, the vehicle vibration and wheel-rail contact forces will increase significantly as the 

train speed increases, and to a worst extent, may cause the derailment of the train.  

In the analysis, the track irregularities, composed of the lateral irregularity Ys(x), the 

vertical irregularity Zs(x), and the torsional irregularity s(x), are used as the known input to 

the dynamic model. The track irregularity input could be the measured irregularities from the 

actual tracks, or the simulated one based on the power spectral density functions of the track 

irregularity. The relationships between the wheel-set displacements and the bridge deck 

movements form the linking equations that connect the train subsystem and the bridge 

subsystem, details of which can be found in Chapter 1 of this book.  

According to the classical airfoil theory, the wind velocity at any point along a bridge is 

composed of three parts: one for the mean part , one for the turbulent part u(x, t) in the 

along-wind direction and one for the turbulent part w(x, t) in the vertical direction. 

These three parts imposed drag D, lift L and moment M on the bridge deck, as shown in 

Figure 5. 

 

 

U
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4.2. Wind Model 
 

4.2.1. Wind Forces on Bridge Structure 

 

 

Figure 5. Wind components at a point along bridge axis. 

 

It has been recognized that the wind forces acting on the bridge consists of three 

components of drag, lift, and moment. Each component concludes the static force induced by 

mean wind, the buffeting force induced by turbulent wind, and the self-exciting force induced 

by the interaction between the wind and bridge motions. So the drag, lift, and moment on the 

bridge can be written as: 

D st bf se

L st bf se

M st bf se

F D D D

F L L L

F M M M

  


  
   

,    (56) 

where the subscripts st, bf, and se represent the static, the buffeting, and the self-exciting 

forces, respectively. 

The static wind forces are only related to the mean part of the oncoming wind flow and 

are assumed to act on the bridge deck all the time during the buffeting consideration of the 

bridge. Therefore, these can be regarded as the static loads that only shift the bridge‘s 

equilibrium position to a new position. The static wind forces can be determined by the 

structure dimension and the static coefficients CD, CL, CM measured from wind tunnel tests. 

The static wind forces on the ith node of the bridge deck can be expressed as:  
st

b D
2

s t st

b b L

2st
Mb

1

2

i i i

ii i i i

i ii

D C D

L U C B

C BM



   
   

    
     

F ,    (57) 

where  is the air density; iU  is the mean wind velocity at the ith node of the bridge deck; Bi 

and Di are the width and length, respectively, of the bridge deck segment at the ith node; CDi, 

CLi and CMi are the drag, lift, and moment coefficients of the ith bridge segment, respectively.  
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Since the mode superposition method is applied to the bridge in this study, the static wind 

forces on the ith node of the bridge deck should be changed into the generalized force of the 

nth bridge mode. Let 
h

n

i , n

i , and 
v

n

i  denote the lateral, torsional, and vertical components 

of the nth bridge mode, respectively, the modal static wind forces can be written as: 

b

T
st st st st

b b1 b2 bN
   F F F F ,       (58) 

 

st

b

st T st st

b b v h b b

1 1 st

b

( ) , 1,2,...,

iN N
n n n n

n i i i i i i

i i

i

L

D n N

M

  
 

 
 

   
 
 

 F Φ F , (59) 

where st

bF  is the modal static wind force vector; Nb is the number of the mode shapes 

concerned.The buffeting forces are induced by the fluctuating part of the wind velocity of 

which the along-wind part u and the vertical part w are much smaller than the mean wind 

velocity U. By assuming no interaction between the buffeting forces and the self-exciting 

forces and using quasi-steady aerodynamic force coefficients, the buffeting forces on the ith 

node of the bridge are simulated by the method proposed by Simiu and Scanlan (1996). The 

buffeting forces on the ith node of the bridge deck can be expressed in terms of: 

 
T Tbf bf bf bf bf

b b b b , ( ) ( )i i i i i i i i iL D M A u t w t      F ,  (60) 

where bf bf bf

D M L, ,i i if f f  are buffeting drag, moment and lift, respectively, on the ith node of the 

bridge deck; i is the turbulent wind vector at the ith node of the bridge deck and composed 

of the along-wind turbulent wind component ui(t) and vertical turbulent wind component 

wi(t); 
bf

iA  is the quasi-steady aerodynamic coefficient matrix and can be written as: 

L L D

2
bf D D

M M

2

21

2

2

i i i

i i

i i
ii i i

i i

i i

i i
i i

C C C

U U

C C
A U B L

U U

C C
B B

U U



     
    
    

    
     

    
    
    
     

,             (61) 

where 
D iC ,

LiC , and 
MiC  are the first derivatives of the drag, lift, and moment coefficients 

with respect to wind angle at the zero, respectively.  

The modal buffeting forces can be expressed as: 

b

T
bf bf bf bf

b b1 b2 bN
   F F F F ,    (62) 

bf

b

bf T bf bf

b b v h b b

1 1 bf

b

( ) { } , 1,2,...,

iN N
n n n n

n i i i i i i

i i

i

L

D n N

M

  
 

 
 

   
 
 

 F Φ F , (63) 

where bf

bF  is the modal buffeting force vector.The self-exciting loads are caused by 

interaction between the wind and the structure motions. It involves the interaction of 

aerodynamic and inertial forces with the elastic structures such that the aerodynamic forces 

inject additional energy into the oscillating structure and increase the magnitude of vibration 

sometimes to catastrophic levels. It has been a tradition that the self-exciting loads are 
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expressed in the form of indicial functions as suggested by Scanlan (1974). However, Lin et 

al., (1983) considered that there are some redundancies in the classical formulations. Based 

on the assumptions that the self-exciting loads are generated by linear mechanism, Lin et al., 

suggested another simple mathematical model for self-exciting loads for investigation of the 

aerodynamic stability of long-span suspension bridges. In their theory, the self-exciting loads 

are expressed in terms of convolution integrals between bridge deck motion and impulse 

response function. The impulse response functions can be obtained by the flutter derivatives 

of the bridge deck measured from wind tunnel tests and the rational function approximation 

approach (Chen et al., 2000). Define the vector of self-excited forces at the ith node of the 

bridge deck as se se se se T

b b b b[ ]i i i iL D MF . The self-excited lift, drag, and moment at the ith node 

of the bridge deck can be expressed as: 
2

2
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  (66) 

where pi(t), αi(t) and hi(t) are the lateral, torsional, and vertical displacement, respectively.  

The ith node of the bridge deck; ALαj, ALpj, ALhj, ADαj, ADpj, ADhj, AMαj, AMpj, AMhj 

(j = 1,2,…,3 + m) and dLak, dLpk, dLhk, dDak, dDpk, dDhk, dMak, dMpj, dMhk (k = 1,2,…, m) are the 

frequency independent coefficients of rational functions, which can be determined by the 

linear and nonlinear least-squares methods using the measured flutter derivatives at different 

reduced frequencies. In practice, ALα3, ALp3, ALh3, ADα3, ADp3, ADh3, AMα3, AMp3, AMh3, which are 

related to the additional aerodynamic masses, are often neglected, and the value of m is 

usually taken as 2. The convolution integral in Eqs. (64) – (66) can be calculated using the 

recursive algorithm.  

The self-excited forces at the ith node of the bridge deck can thus be expressed as: 

se se
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Equations (69) – (71) are derived using a recursive algorithm for evaluating the integrals 

in Eqs. (64) – (66) for the self-excited lift, drag, and moment. It can be evaluated using the 

results from the previous time step ts-1 = ts－t.  

The elements in the matrices of Eq. (72) can be deduced as: 
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The modal self-excited forces on the bridge can be determined by: 
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Since the nodal displacements of the bridge can be expressed in terms of the modal 

coordinates of the bridge: 
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Equation (73) can thus be further written as the function of the modal coordinates of the 

bridge: 
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The elements of matrices E,G,H and 
se

F̂  in Eq. (76) are, respectively, given by: 





E h pp h pα θ ph v θ αp h αα θ αh v

1

v hp h hα θ hh v

N
nm n m m m n m m m

j j j j j j j j

j

n m m m

j j j j

E E E E E E

E E E

        

   



           

    


  



Dynamic Responses of Long-Span Bridges under Wind Action … 257 





G h pp h pα θ ph v θ αp h αα θ αh v

1

v hp h hα θ hh v ,

N
nm n m m m n m m m

j j j j j j j j

j

n m m m

j j j j

G G G G G G

G G G

        

   



           

    


 





H h pp h pα θ ph v θ αp h αα θ αh v

1

v hp h hα θ hh v ,

N
nm n m m m n m m m

j j j j j j j j

j

n m m m

j j j j

H H H H H H

H H H

        

   



           

    


 

se se se se

v b h b θ b

1

ˆ ˆ ˆ ˆ{ }
N

n n n
n j j j j j j

j

F L D M  


    

 (n = 1,2,…, Nb;   m = 1,2,…Nb).           (77) 

 

 

4.2.2. Wind Forces on Vehicle 

When a train runs on a long-span bridge at a certain speed, the train vehicles with lateral 

wind pressure may form a lateral moving load series, which may be transferred through 

vehicle wheels to the bridge deck. In this connection, the static wind forces due to mean wind 

may also induce dynamic response of the bridge. Moreover, the static wind on vehicle-bodies 

may directly affect the anti-overturn stability of the vehicles. The two factors may be 

composed for the train on the bridge to form a most disadvantageous state. Since the 

windward areas of bogies and wheel-sets are small compared with the vehicle body, the wind 

forces acting on the bogies and wheel-sets are neglected. Therefore, the wind forces on a train 

vehicle include the static forces induced by the mean wind and the buffeting forces induced 

by the turbulent wind, while the self-exciting forces are usually neglected for the sake of 

brevity. 

In this study, it is assumed that the mean wind velocity U  is perpendicular to the 

longitudinal axis of the bridge deck. When a train travels on the bridge at speed V, the relative 

wind velocity on the vehicle body can be expressed as (Ref. Figure 6):  

2
2

R VUV  .     (78) 

 

Vehicle
body

D

L

M

V

V

RV
U

Wind
pressure

 

Figure 6. Mean wind velocity relative to train speed. 

 

At the mean wind velocity U  of the oncoming flow at the vehicle body, the static wind 

force on the ith vehicle can be deduced as:  
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where st

v iD , st

v iL  , and st

v iM  are, respectively, the drag, lift and moment on the vehicle body 

induced by static wind; A  is windward area of the vehicle body; H is the height from the 

surface of the bridge deck to the center of the vehicle body. CD, CL and CM are, respectively, 

the drag, lift, and moment coefficients which are the function of the yaw angle  

arctan( / )U V  .     (80) 

Owing to the unstable feature of the wind, a vehicle may also be affected by buffeting 

wind forces. In this study, the buffeting wind forces induced by turbulent winds are calculated 

in the following way: First, the buffeting wind forces at different points along the bridge are 

simulated, with some of them at the bridge nodes and some at the points out of the bridge. 

Second, when a vehicle is between any of two adjacent points, its buffeting wind force can be 

obtained by the numerical interpolation of those at the two points, by assuming the same 

spatial correlation between the turbulent winds along the bridge and that along the train.  

 

 

4.3. Coupled Motion Equation of Train-Bridge System Subjected to Wind 

Actions 
 

Based on the train-bridge interaction model, track irregularities, and wind model 

described earlier, the coupled equations of motion of wind-excited long-span bridge with 

running trains can be expressed as: 

st bf
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,  (81) 

where the subscripts v and b represent the train and bridge respectively; {Xv} and {Xb} are 

the displacement vector of the train and the generalized coordinate vector of the bridge, 

respectively; [Mvv], [Kvv], [Cvv] are the mass, stiffness, and damping matrices of the train, 

respectively; [Mbb], [Kbb], [Cbb] are the mass, stiffness, and damping matrices of the bridge, 

respectively; [Kvb] and [Kbv] are the stiffness matrices attributed to the interaction between 

the bridge and the train; [Cvb] and [Cbv] are the damping matrices due to the interaction 

between the bridge and the train; {Fv} and {Fb} are the forces vectors due to the interaction 

between the bridge and train through the track and wheels and due to the moving load of the 

train, respectively; st

bF , bf

bF , and se

bF are the modal steady-state force vector, buffeting force 

vector and the self-exciting force vector of the bridge, respectively;  st

vF  and bf

vF are the 

steady-state force vector and buffeting force vector of the vehicle.  

Equation (81) is actually the second order linear non-homogeneous differential equation 

with time-varying coefficients. These equations are solved using the Newmark implicit 

integral algorithm with β = 1/4 in this study.  
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5. RUNNING SAFETY INDICES OF TRAIN VEHICLES ON  

BRIDGE UNDER WIND ACTION 
 

There are four important indices currently adopted in China railways in the evaluation of 

the running safety for train vehicles under wind actions. The first index is the derailment 

factor Q/P, the ratio of lateral force Q acting on the wheel-set to the total vertical force P 

acting on the same wheel-set. The total vertical force is the sum of the self-weight of the 

vehicle per wheel-set Ps and the dynamic vertical force Pd on the wheel-set. The second index 

is the offload factor ΔP/P, the ratio of the vertical force difference ΔP to the total vertical 

force P acting on the wheel-set with ΔP = Ps-Pd. The third index is the lateral force Q acting 

on the wheel-set. The fourth index is the overturn factor D induced by the direct wind actions 

on the car body, which is defined as the ratio of the overturn moment to the anti-overturn 

moment of the vehicle. The formula can be expressed as:  
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in which the first term of the right-hand is induced by the lateral inertial force of the vehicle 

in vibration, while the second one by the side wind forces acting on the vehicle and the last 

one by the torsional angle of the bridge deck. 2b is the distance between the left and right 

wheel and approximately equal to the rail gauge. =P1/P2, P1 and P2 are, respectively, the 

deadweight of the car body and two bogies. P=P1+P2 is the total weight of the vehicle. r0 is 

the radius of the wheel-set. a2y(t) is the lateral vibration acceleration of the car body in 

acceleration of gravity (g). L and H are the length and height of the car body, respectively. 

p2w(t) is the lateral wind pressure. b(t) is the torsional angle of the bridge deck. 
'

gh  and '

2wh  
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'

2w 2w y yq 2( )h h C eC P          (84) 

in which hg is the height from the center of gravity of the vehicle to the rail surface. Cy and 

Cy are, respectively, the lateral displacement of the center of gravity of the car body induced 

by per unit lateral force and per unit moment, and in terms of: 

y
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 ,     (85) 
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where Ky and K are, respectively, the lateral and vertical spring stiffness of one bogie. h5 is 

the height from the center of gravity of the car body to the center of the wheel axle. 2b2 is the 

distance between the springs on either side of the bogie.  

The allowances of these four indices are as follows: 
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where Pst is the static wheel-set loads in kN.  

 

 

6. CASE STUDY 
 

6.1. Dynamic Analysis of the Tsing Ma Suspension Bridge Subjected to 

Typhoon Action 
 

6.1.1. Introduction to the Tsing Ma Bridge 

The Tsing Ma Bridge in Hong Kong is a suspension bridge with an overall length of 2160 

m and a main span of 1377m between the Tsing Yi tower in the east and the Ma Wan tower in 

the west, as shown in Figure 7. The height of the two reinforced concrete towers is 206 m, 

measured from the base level to the tower saddle. The two main steel wire cables of 1.1 m 

diameter and 36 m apart in the north and south are accommodated by the four saddles located 

at the top of the tower legs in the main span. On the Tsing Yi side, the main cables are 

extended from the tower saddles to the main anchorage through the spay saddles, forming a 

300 m Tsing Yi side span. On the Ma Wan side, the main cables extended from the Ma Wan 

tower are held first by the saddles on Pier M2 at a horizontal distance of 355.5m from the Ma 

Wan tower and then by the main anchorage through the spay saddles at the Ma Wan 

abutment.  

The bridge deck is a hybrid steel structure consisting of Vierendeel cross-frames 

supported on two longitudinal trusses acting compositely with stiffened steel plates (see 

Figure 8). The bridge deck is suspended by suspenders in the main span to allow a 

sufficiently large navigation channel and in the Ma Wan side span to minimize the number of 

substructures found in the sea. Due to the high way layout requirement, on the Tsing Yi side 

the deck is supported by three piers rather than suspenders. The bridge deck carries a dual 

three-lane highway on the upper level of the deck and two railway tracks and two 

carriageways on the lower level within the bridge deck. The alignment of bridge deck 

deviates for 17 in anti-clockwise from the east-west axis. 
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Figure 7. Elevation of Tsing Ma Bridge (unit: m). 

 

Nowadays, long span cable-supported bridges are usually analyzed and designed with the 

help of finite element method. A three-dimensional finite element model has been established 

for the Tsing Ma suspension bridge. The numerical results show that the lowest natural 

frequency of the bridge is 0.068 Hz corresponding to the first lateral vibration mode with very 

small vertical, torsional, and longitudinal movement. The first vertical mode of the bridge is 

almost antisymmetric in the main span with the natural frequency of 0.117 Hz. The first 

torsional vibration mode occurs at a natural frequency of 0.271 Hz. The first pure longitudinal 

mode is found to occur at a natural frequency of 0.443 Hz. The natural frequencies and mode 

shapes computed from this model have been compared with the measured ones for several 

occasions since 1997 and the comparison was found to be satisfactory (Xu et al., 1997).  

The average modal damping ratios estimated from the measured acceleration responses 

of the Tsing Ma suspension bridge (Chen et al., 2004) are used in the numerical computation. 

That is, the modal damping ratios in the lateral direction, the vertical direction, and the 

torsional direction are taken as 1.0%, 1.0%, and 0.5%, respectively. The displacements of the 

bridge deck at any section in the finite element analysis are identified in terms of lateral 

displacement Yb, vertical displacement Zb, and torsional displacement b with respect to the 

shear center of the deck cross section. For the Tsing Ma suspension bridge, the two railway 

tracks are laid on the bridge deck and the forces from the wheels of a train are transmitted to 

the bridge deck through the tracks. This study assumes that there is no relative displacement 

between the track and bridge deck. The elastic effects of the track system are also neglected. 

The mode superposition method is applied to the motion equation of the bridge only to 

significantly reduce the number of degrees of freedom of the coupled train-bridge system. 

The first eighty modes of vibration of the bridge up to a natural frequency of 1.2 Hz are taken 

into account in the computation in order to include the effects of both the global deformation 

of the bridge and the local deformation of the structural components supporting the tracks. 
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Figure 8. Locations of anemometers, accelerometers, level sensors and strain gauges on cross section 

(upper) of and along (lower) bridge deck (unit: m). 

 

6.1.2. Wind and Structural Health Monitoring System (WASHMS) 

To monitor the structural health status of the Tsing Ma Bridge, a Wind And Structural 

Health Monitoring System (WASHMS) was installed in the bridge by the Highways 

Department of Hong Kong since 1997. There are seven different types of sensors in the 

WASHMS, which include anemometers, accelerometers, level sensing systems, and strain 

gauges.  

Two digital Gill Wind Master Ultrasonic Anemometers (AneU) were installed on the 

north side and south side, respectively, of the bridge deck at the mid-main span (see Figure 

8). They are specified as WITJN01 and WITJS01. Each ultrasonic anemometer could 

measure three components of wind velocity simultaneously. Two analog mechanical 

anemometers (AneM) were installed on two sides of the bridge deck near the middle of the 

Ma Wan side span, specified as WITBN01 on the north side and WITBS01 on the south side. 

Each analog mechanical anemometer consisted of a horizontal component (RM YOUNG 

05106) and a vertical component (RM YOUNG 27106). Another pair of two analog 
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mechanical anemometers (AneM), for the horizontal component only, were arranged at the 

level of 11 m above the top of each bridge tower on the south side. They are specified as 

WITPT01 for the Tsing Yi tower and WITET01 for the Ma Wan tower. The sampling 

frequencies of all anemometers were set as 2.56 Hz and the cut-off frequency was 1.28 Hz. 

The servo-type accelerometers were of the brand Allied Signal Aerospace Q-Flex 

QA700. Three different types of arrangement for acceleration measurement were used in the 

system, namely AccT, AccB, and AccU. AccT represents tri-axial measurement with three 

uni-axial accelerometers assembled orthogonally to each other. AccB indicates bi-axial 

measurement with two uni-axial accelerometers assembled perpendicularly to each other. 

AccU means uni-axial measurement with only one accelerometer to give signal in one 

prescribed direction. As shown in Figure 8, a total of 12 uni-axial accelerometers were used 

in AccU measurement and located at the four sections of the bridge deck (Section B, D, F, G). 

At each section, there were two accelerometers, horizontally separated by 26m, measuring 

acceleration in the vertical direction and one accelerometer measuring acceleration in the 

lateral direction. The sampling frequencies of all accelerometers were set as 25.6 Hz and the 

cut-off frequency was 12.8 Hz.  

The level sensing systems were used to measure the vertical and torsional displacement 

responses of the bridge deck at the designated sections. As shown in Figure 8, there were 8 

level sensing stations installed in the four sections of the bridge (Section B, C, E, G), with 

two stations at one section. The reference station was located near to the seismic reference 

accelerometers in Ma Wan abutment. The level sensing system detected the variation of deck 

level by measuring the pressure change in the pipe system installed inside the station. The 

vertical displacement of the deck section was obtained by averaging the displacements 

measured by the two level sensing stations, and the torsional displacement of the deck section 

was determined by the difference of vertical displacements between the two level sensing 

stations divided by the distance of the separation of 20.5 m. The sampling frequencies of all 

level sensing systems were set as 2.56 Hz and the cut-off frequency was 1.28 Hz. 

Strain gauges were installed at a number of critical locations on the bridge to measure the 

change in strain of the structural members under different loading conditions. The 

instrumented locations included chord members of the longitudinal trusses, cross-frame chord 

members, plane bracing members, deck through and rocker bearings at Ma Wan Tower. Since 

the measurement data from strain gauges are used in this study mainly to identify the number 

of trains running on the bridge, train speed, and train location, only the strain gauges 

(SSTLN04 and SSTLS04) stuck on the main span cross-frame underneath the railway tracks 

but horizontally away from the tracks at Section H are taken into consideration (see Figure 8). 

The sampling frequencies of strain gauges were set as 51.2 Hz and the cut-off frequency was 

25.6 Hz. 

 

6.1.3. High Wind Management System (HWMS) 

Since Hong Kong is located at a strong typhoon region, a high wind management system 

was introduced for traffic management of the Tsing Ma Bridge during high wind period. The 

operation guidelines adopted for the Tsing Ma Bridge during high wind period are as follows: 

(1) All motor-bicycles and road vehicles with height exceeding 1.6m will be prohibited from 

using the upper deck and diverted to the lower deck when the hourly-mean wind speed 

recorded on site is in excess of 40 km/hour but does not exceed 65 km/hour. (2) The upper 

deck will be closed and all road vehicles will be diverted to the lower deck when the hourly-
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mean wind speed recorded on site is in excess of 65 km/hour but does not exceed 165 km per 

hour. (3) Both the upper and lower decks will be closed for all road vehicles except trains 

when the hourly-mean wind speed recorded on site is in excess of 165 km/h. The hourly-

mean wind speed used in the operation is referenced to the anemometer installed on the 

gantry rather than the bridge.  

It has been almost fourteen years since the bridge was open to public in 1997. However, 

only on  September 16, 1999 during Typhoon York, which is the strongest typhoon since 

1983 and has been the typhoon with longest duration on record in Hong Kong, all vehicles 

except trains were prohibited from running on the bridge for two and a half hours. This event 

provides a distinctive opportunity to examine the dynamic behavior of the Tsing Ma Bridge 

and the existing analytical models for predicting dynamic response of long suspension bridges 

to high winds and running trains.  

 

6.1.4. Introduction to Typhoon York 

On September 12, 1999, the tropical depression York developed at about 430 km 

northeast of Manila and intensified into a tropical storm on the next day over the South China 

Sea (Hong Kong Observatory, 1999). The movement of York was erratic, first heading north  

on September 14 and then turning to the northwest. After moving north-westly for almost two 

days, Typhoon York passed Hong Kong on the early morning of September 16. The eye of 

York was closest to the Hong Kong Observatory Headquarters around 10 am on September 

16 when it was about 20 km to the southwest. The signal No. 10 was forced to hoist for 11 

hours, the longest on record in Hong Kong. Typhoon York finally made landfall near Zhuhai, 

a city of Guangdong Province of China and then weakened gradually over further inland on 

September 17 (see Figure 4). Hong Kong Observatory recorded a maximum hourly wind 

speed of 42 m/s and a maximum gust of 65 m/s at 75 m height at Waglan Island during the 

passage of Typhoon York. This gust is the highest one recorded at Waglan since the station 

was established. The lowest instantaneous mean sea-level pressure was recorded as 970.7 hPa 

correspondingly. All vehicles except trains were prohibited from running on the Tsing Ma 

Bridge for two and a half hours from 3:30 pm to 6:00 pm on  September 16, 1999.  

 

6.1.5. Train Running on Bridge 

The railway connecting the Hong Kong International Airport to the existing commercial 

centers of Hong Kong Island and Kowloon via the Tsing Ma Bridge is managed by the MTR 

Corporation Hong Kong Limited. The trains running on the Tsing Ma Bridge consists of eight 

passenger coaches with a total approximate length of 182 m. Each coach has two identical 

bogies and each bogie is supported by two identical wheel-sets. The full length of one coach 

is 22.5m (see Figure 9). The average static axle loads are 10,144 kg (tare) and 13,250 kg 

(crush). The principal vibration mode frequency of the coach is about 1.04 Hz in the vertical 

direction and 0.68 Hz in the lateral direction. 
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Figure 9. Configuration of train running on Tsing Ma Bridge (unit: m). 

 

6.1.6. Track Irregularities 

The lateral, vertical, and torsional track irregularities are taken into consideration by 

using the measured data from one of the main railways in China because no measurement 

data are available for the concerned train-bridge system. The length of the measure data is 

2,600 m with 8536 data points, including four groups of irregularities, i.e., left vertical, right 

vertical, left lateral and right lateral, used for the left and right rails. The statistical 

characteristic values are listed in Table 1. It can be seen that the maximum vertical and lateral 

amplitudes are 4.89 mm and 5.5 mm, respectively. 

Table 1. Statistical characteristics of measured irregularities 

Values 

(mm) 

Vertical Lateral 

Left Right Left Right 

maximum 4.89 4.61 5.06 5.4 

minimum -3.85 -4.25 -4.52 -5.5 

 

According to the measurement data, the irregularity spectra can be fitted as: 
2 3
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,         (88) 

where the unit of S(f) is mm
2
/(1/m); f is the spatial frequency of the track irregularities with 

the unit of 1/m; A, B, C, D, E, F, and G are the seven parameters to be fitted. The fitted 

parameters are listed in Table 2. 

 

Table 2. Fitted parameters for the irregularity spectra 

Fitted parameters 
Vertical Lateral 

Torsional 
Left Right Left Right 

A 0.1270 0.3326 0.0627 0.1595 0.3328 

B -2.1531 -1.3757 -1.1840 -1.3853 -1.3511 

C 1.5503 0.5497 0.6773 0.6671 0.5415 

D 4.9835 2.4907 2.1237 2.3331 1.8437 

E 1.3891 0.4057 -0.0847 0.2561 0.3813 

F -0.0327 0.0858 0.0340 0.0928 0.2068 

G 0.0018 -0.0014 -0.0005 -0.0016 -0.0003 
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6.1.7. Simulation of Wind Forces on Bridge 

The wind spectra for the digital simulation of stochastic wind velocity field are fitted 

using non-linear least squares method with the following objective function (Xu and Zhu, 

2005): 

1/
( )

(1 )
j m cm

a
nS n

bn



     (m

2
/s),       (89) 

where the subscript j of S can be u or w (along wind and upward wind); c is a constant 

exponent using 5/3 in this study; n is the frequency of wind turbulence in Hz; and a, b, m are 

the three parameters to be fitted. The fitted parameters are listed in Table 3. 

Table 3. Fitted parameters for the wind spectra 

Fitted parameters a b m 

Along wind 133.86 1260.85 0.49 

Upward wind 185.40 13.19 1.60 

 

The average elevation of the bridge deck is taken as 60 m. The exponential decay 

coefficient is selected as 16 to consider turbulent wind correlation along the bridge deck 

(Simiu and Scanlan, 1996). The sampling frequency and duration used in the simulation of 

wind speeds are, respectively, 50 Hz and 10 min. The corresponding frequency interval and 

the time interval of wind velocity are 0.0015 Hz and 0.02 s, respectively. For instance, the 

along-wind and upward components of fluctuating wind corresponding to the mean wind 

velocity of 20 m/s are shown in Figure 10. 
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Figure 10. Time histories of simulated fluctuating wind components of bridge at mid-main span in 

along-wind (left) and upward (right) directions. 

 

The drag, lift, and moment coefficients of the bridge deck measured from wind tunnel 

tests are 0.135, 0.090, and 0.063, respectively, at the zero wind angle of attack with respect to 

the deck width of 41 m (Xu et al., 2003). The first derivatives of the drag, lift, and moment 

coefficients with respect to wind angle at the zero wind angle of attack are −0.253, 1.324, and 

0.278, respectively. Figure 11 depicts the time histories of the first modal buffeting forces on 

the segment at the mid-main span of the bridge deck under the mean wind velocity of 20 m/s. 
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Figure 11. Time histories of simulated first modal buffeting forces of bridge at mid-main span in lateral 

(upper left), vertical (upper right) and torsional (lower) directions.  

6.1.8. Dynamic Responses of the Bridge 

During the Typhoon York in 1999, some dynamic responses of the Tsing Ma Bridge 

were measured by the monitoring instruments mounted on the bridge. Some measured results 

are herein used to validate the analytical model and the program. Figure 12 depicts the 

computed and measured maximum acceleration responses along the bridge deck during 

typhoon York. The train speed is 99 km/h (27.5 m/s) by assuming that the train runs on the 

bridge at a constant speed. The mean wind velocity is 18.9 m/s and the turbulent intensity is 

14.9% in the horizontal direction and 7.9% in the vertical direction. It can be seen that the 

computed maximum acceleration responses of the bridge deck agree well with the measured 

ones, including both the side span and main span. The absolute relative discrepancies are less 

than 8% for lateral response and less than 18% for vertical response. 
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Figure 12. Comparisons of measured and computed maximum accelerations of bridge deck in lateral 

(left) and vertical (right) directions. 
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To investigate the dynamic behaviors of the bridge structures more profoundly, the whole 

histories of a train passing through the bridge are calculated by changing the mean wind 

velocities of the turbulent winds and keep the train speed at a constant value of 100 km/h. 

Displayed in Figure 13 are the vertical dynamic deflection history curves of the main deck at 

1/4 span. Since the primary vertical mode of the bridge is asymmetric, the vertical deflection 

at 1/4 span is the maximum one of the main span. The deflection curves without wind are 

very similar to the static influence lines of the main span and the maximum value is around 

0.48 m. It can thus be concluded that under the train load, the vertical deflection of the large 

span suspension bridge is mainly induced by the gravity loading of the train, while the 

dynamic action is very small. When turbulent wind is employed, the deflection curve assumes 

some fluctuating components and the responses increase slightly as the mean wind velocity 

increases. 

Shown in Figure 14 are the lateral dynamic displacement history curves of the main deck 

at mid span. Since the primary lateral mode of the bridge is symmetric, the maximum lateral 

displacement of the main girder appears at mid span. It can be seen that, in the case of 

combined action of fluctuating wind and running train, the bridge assumes forced vibration 

state and the lateral displacement responses, as they are in the direction of main wind flow, 

increase much faster than the vertical ones along with the increase of the mean wind velocity. 
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Figure 13. Time histories of computed vertical dynamic deflection responses of bridge.  
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Figure 14. Time histories of computed lateral dynamic displacement responses of the bridge. 
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Figure 15 illustrates the distributions of the vertical and lateral dynamic displacement 

responses of the bridge versus the wind velocity. One can find that turbulent winds have great 

influence on the lateral movement, but smaller influence on the vertical deflection, of the 

bridge. When the mean wind velocity increases from 0 m/s to 40 m/s, the maximum lateral 

displacement enlarged by 1987 times, from 0.03 cm to 59.64 cm, whereas the maximum 

vertical deflection increased by 20%, from 45.75 cm to 54.99 cm.  
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Figure 15. Maximum bridge displacements vs. train speed. 

6.1.9.  Dynamic Responses of Vehicles on the Bridge 

Displayed in Figures 16 and 17 are, respectively, the lateral and vertical accelerations of 

the first car body in the train running on the bridge at the speed of 100 km/h, with and without 

wind action. In the case without turbulent winds, the car-body acceleration curves are similar 

to those when the train runs on the ground track, which indicates that the motion of the long 

span bridge does not greatly affect the vibration of vehicles. While under turbulent wind 

actions, affected by the bridge vibration, the vehicle acceleration curve assumes some 

frequency components of bridge vibration. The vibration of the bridge is very big, however, 

owing to its ultra low frequency feature, it has little influence on the car-body acceleration 

amplitude. 
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Figure 16. Lateral acceleration histories of car body: without wind (left), U = 20 m/s (right). 
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Figure 17. Vertical acceleration histories of car body: without wind (left), U = 20 m/s (right). 

Since the train runs inside the Tsing Ma bridge deck, the wind loads do not act on the 

vehicle body directly. Therefore, only the derailment factor Q/P and offload factor ΔP/P are 

hereinafter considered in the analysis.  

Figures 18 and 19 show, respectively, the time history curves of derailment factor and 

offload factor of the vehicle wheel. It is clear that in the case without wind, both the 

derailment curve and the offload curve are stable. While under the action of turbulent winds 

with the mean wind velocity of 25 m/s, both the curves assume some obvious frequency 

components of bridge vibration. Especially when the train move at the mid-main span of the 

bridge, the amplitude of the derailment factors and offload factors increase greatly, thus it can 

be concluded that bridge vibration has great influence on the running safety of the train on the 

bridge. 
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Figure 18. Derailment factor histories of vehicle wheel: without wind (left), U = 25 m/s (right). 
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Figure 19. Offload factor histories of vehicle wheel: without wind (left), U = 25 m/s (right). 



Dynamic Responses of Long-Span Bridges under Wind Action … 271 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

60 80 100 120 140 160 180 200

Train speed (km/h)

D
er

ai
lm

en
t 

fa
ct

o
r

U=0m/s U=10m/s

U=15m/s U=20m/s

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

60 80 100 120 140 160 180 200

Train speed (km/h)

O
ff

lo
ad

 f
ac

to
r

U=0m/s U=10m/s
U=15m/s U=20m/s

Figure 20. Derailment factor (left) and offload factor (right) vs. train speed. 

Displayed in Figure 20 are the distributions of the maximum derailment factor and 

offload factor of the vehicle wheel versus the train speed, when the train runs through the 

bridge under several different wind velocities. It can be noticed that these two factors increase 

significantly with the mean wind velocity, whereas appear fluctuations with the train speed. 

 

6.1.10. Safety Control of Train Vehicles Traveling on Bridge under Wind Action 

The running safety of train vehicles on long-span bridges under wind action is a concern 

for railway bridge engineering. 

By taking the mean wind velocity and the train speed as the main parameters that control 

the running safety of train vehicles, the threshold speed of train vehicles traveling on the 

bridge under turbulent winds can be determined according to the previously mentioned safety 

evaluation indices in the following way:  

(1) Let the mean wind velocity keep constant at each stage, the dynamic responses of the 

train vehicles are calculated by changing the train speed. The critical train speeds at which the 

running safety indices such as the derailment factor, the offload factor, the overturn factor, 

and the lateral wheel/rail force are close to but do not exceed their limitations are obtained.  

(2) The wind intensity is changed from 0 m/s (without wind action) with an increment of 

2 m/s, the dynamic responses of the train vehicles are calculated at different train speeds 

under each wind intensity, and thus the critical train speed related to each safety index under 

each wind intensity is acquired.  

(3) By plotting the calculated results in an identical coordinate system, with the abscissa 

representing the wind intensity and the ordinate the train speed, the relationship curves 

between the critical train speed related to each safety index and the wind intensity can be 

obtained, as shown in Figure 21.  

From Figure 21, one can see that the critical train speeds for running safety is controlled 

by the derailment factor Q/P in case that the mean wind velocity is lower than 15 m/s. Once 

the mean wind velocity goes beyond 15 m/s, the offload factor ΔP/P will become the 

controlling factor.  

(4) Connecting all the minimum critical train speeds at different wind intensities, the 

threshold curve of wind velocity for ensuring the running safety of the train in the bridge deck 

can thus be proposed, as shown in Figure 22. The curve shows the boundary between the 

safety area and the unsafe area for light rail train on the Tsing Ma Bridge subjected to wind 

action with various intensities. 
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Figure 21. Critical train speed for Q/P (left) and ΔP/P (right) vs. mean wind velocity. 

It can be seen that as the mean wind velocity is higher than 15m/s, the critical train speed 

drops off remarkably. As the mean wind velocity reaches 30 m/s, the critical train speed is 

around 2 km/h, indicating the rail traffic on the Tsing Ma Bridge should be closed to ensure 

running safety of the train. 

The case study concerns a suspension bridge scheme on the planned Wuhan-Guangzhou 

High-speed Railway in China, as shown in Figures 23 and 24. It has a main span of 864 m 

and two side spans of 96 m. The bridge tower is 130.5 m high from the surface of the ground 

and 95.0 m from the bridge deck. The two main cables are 28 m apart mounted on the towers, 

with the cross section of 1.403 m
2
. The length of the side-span cable is 329.2 m, anchored at 

the base rock 10m lower than the deck. 
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Figure 22. Critical train speed for running safety vs. mean wind velocity. 

 

 

6.2. The HSR Suspension Bridge Scheme 
 

6.2.1. Layout of the Bridge and Calculation Parameters 

Each suspension point has two suspenders with the cross section of 0.0112 m
2
. The main 

deck employs a steel truss structure 13.0 m high. The upper deck is 28.0 m in width, carrying 

a 6-lane roadway. The lower deck is 16.0 m in width, carrying 4 railway tracks. The 

permanent load, including the structure weight and the secondary load, is 480 kN/m.  
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Figure 23. Configuration of a HSR suspension bridge scheme in China (unit: m). 

A spatial finite element model has been established for the bridge (Guo et al., 2002). The 

first natural frequencies of the bridge in the lateral, vertical, and torsional direction were 

0.082 Hz, 0.177 Hz, and 0.432 Hz, respectively. The first 40 vibration modes of the bridge up 

to a natural frequency of 1.2 Hz are taken into account in the computation, in order to include 

the effects of both the global deformation of the bridge and the local deformation of the deck 

structure components supporting the tracks. In predicting the dynamic response of the train-

bridge system in cross winds, the damping ratios of the bridge were taken as 1%.  

The train in analysis is composed of 18 double floor passenger coaches with HS209 

bogies driven by an SS8 locomotive. The full lengths of each coach and locomotive are 

26.57m and 17.516m, respectively. The average static axle loads of coach and locomotive are 

15,268 kg and 21,000 kg, respectively. The dynamic interaction between the bridge and the 

train is realized through the contact forces between the wheels and track with track 

irregularities. The track irregularities adopted here are those measured results at the 

Zhengzhou-Wuhan railway in China in 1998. Figure 25 displays the track irregularities of a 

length of 2000 m in the vertical, lateral, and torsional directions.  

There are 88 panels with 89 nodes in the main truss of the bridge deck. The wind velocity 

series are simulated at these nodes. Since the train is also in the wind field before getting onto 

the bridge and after leaving the bridge for a certain time, 45 more wind velocity simulation 

points are added along the bridge longitudinal direction. Thus in total, there are 179 wind 

velocity points considered, with the horizontal interval 12.0m, and at the elevation 35.5m 

above the ground.  

 

1600/2 150 200 450

1
6
0

2
0
0

1
2
0

17*40 30

1
4
0

2
5
0

2
0
0

2800/2 450 450 500

39 6*62 39

t=0.8 t=1.2

horizontal stiffener

5.9 5.9

19.2

26.5 14

highway: railway:

1
3
0
0

 

Figure 24. Cross section of the bridge scheme (unit: cm). 
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Figure 25. Measured track irregularity samples in lateral (upper), vertical (middle) and torsional (lower) 

directions. 

The along-wind and upward wind spectra adopted here are as follows according to the 

Chinese Code: 
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where 
*u  is the friction velocity of the wind and can be written as: 
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(92) 

in which K is dimensionless coefficient and K ≈  dime H  is the average height of surrounding 

buildings above ground. z0 is the roughness height of ground surface.  

The sampling frequency and duration used in the simulation of wind speeds are, 

respectively, 20 Hz and 10 min. For instance, Figure 26 shows the along-wind and upward 

components of fluctuating wind corresponding to the mean wind velocity of 30 m/s.  
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Figure 26. Time histories of simulated fluctuating wind components of bridge at mid-main span in 

along-wind (left) and upward (right) directions. 

6.2.2. Dynamic Responses of the Bridge 

Displayed in Figure 27 are the time histories of vertical displacement responses of the 

main deck at 1/4 span, with and without turbulent winds, while the effect of the steady state 

wind is not included. Since the primary vertical mode of the bridge is asymmetric, the vertical 

deflection at 1/4 span is the maximum one of the main span. One can found that the vertical 

deflection curve without wind action is very similar to the static influence lines of the main 

span. It can thus be concluded that under the train load, the vertical deflection of the large 

span suspension bridge is mainly induced by the gravity loading of the train, while the 

dynamic action is very small. When turbulent wind is employed, the vertical deflection curve 

assumes some fluctuating components.  

Figure 28 illustrates the time history curves of lateral displacement responses of the main 

deck at mid span, with and without wind loads. Since the primary lateral mode of the bridge 

is symmetric, the maximum lateral displacement of the main girder appears at mid span. In 

the case without wind, the maximum lateral displacement induced only by train load is less 

than 0.6cm, and the bridge assumes free vibration state after the train leaves. In the case of 

combined actions of wind and train, the role of vehicles with lateral wind pressure can be 

clearly observed: the lateral displacement of the bridge inclines obviously to one side, with 

the maximum displacement being 18 cm, and the bridge assumes forced vibration state, and 

the amplitude becomes smaller after the train leaves. 
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Figure 27. Time histories of computed vertical dynamic displacement responses of the bridge. 
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Figure 28. Time histories of computed lateral dynamic displacement responses of the bridge.  

 

Shown in Figure 29 are the distributions of the lateral and vertical displacements of the 

bridge deck versus the mean wind velocity. The curves show that the displacements of the 

bridge increase with the wind velocity. The lateral displacement, as it is in the direction of 

main wind flow, increases faster than the vertical one which mainly induced by the gravity 

loading of train vehicles.  
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Figure 29. Maximum bridge displacements vs. mean wind velocity. 
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Figure 30. Computed maximum displacements of bridge deck in lateral (upper left), vertical (upper 

right) and torsional (lower) directions. 

Figure 30 gives the distributions of the maximum displacement responses of the bridge 

deck in three directions along the span length. It can be seen that the wind has great influence 

on the lateral and torsional movement but smaller influence on the vertical deflection of the 

bridge. When the mean wind velocity increases from 10 m/s to 40 m/s, the maximum lateral 

displacement enlarged by 1.2 times, from 13 cm to 28 cm; the maximum vertical deflection 

increased by 13%, from 23 cm to 26 cm; and the maximum rotation angle by 7.7 times, from 

0.03
° 
to 0.26

°
.  

 

6.2.3. Dynamic Responses of Vehicles on the Bridge 

Displayed in Figures 31 and 32 are, respectively, the lateral and vertical accelerations of 

the first car body in the train running on the bridge at V = 160 km/h, with and without 

turbulent winds. In the case without wind, the car-body acceleration curves are similar to 

those when the train runs on the ground track, which indicates that the motion of the long 

span bridge does not greatly affect the vibration of vehicles. While under wind action, 

affected by the bridge vibration, the vehicle acceleration curve assumes some frequency 

components of bridge vibration. The vibration of the bridge is violent, however, owing to its 

ultra low frequency feature, it has little influence on the car-body acceleration amplitude. 
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Figure 31. Lateral acceleration histories of car body: without wind (left), U = 30 m/s (right). 



Weiwei Guo, Chaoyi Xia and Tian Zhang 278 

-40

-20

0

20

40

0 5 10 15 20 25 30 35

Time (s)

A
cc

el
er

at
io

n
 (

cm
/s

2
)

-90

-45

0

45

90

0 5 10 15 20 25 30 35

Time (s)

A
cc

el
er

at
io

n
 (

cm
/s

2
)

 

Figure 32. Vertical acceleration histories of car body: without wind (left), U=30 m/s (right). 
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Figure 33. Derailment factor histories of vehicle wheel: without wind (left), U = 30 m/s (right). 

Figures 33 and 34 show, respectively, the derailment factor and offload factor history 

curves of the vehicle wheel. In the case without wind, both the derailment curve and the 

offload curve are stable. While under the action of turbulent wind with the mean wind 

velocity of 30m/s, both the curves assume some obvious frequency components of bridge 

vibration. Especially when the train moves at the mid main span of the bridge, the amplitude 

of the derailment factors and offload factors increase greatly, thus it can be concluded that the 

bridge vibrations have great influence on the running safety of the train vehicles on the 

bridge. 
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Figure 34. Offload factor histories of vehicle wheel: without wind (left), U = 30 m/s (right). 

Figure 35 gives the time history curves of the overturn factor. In the case without wind, 

the overturn factor curve is stable. While under the action of turbulent wind with the mean 
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wind velocity of 30 m/s, since the wind acts directly on the car-body, the overturn factor 

curve is greatly influenced.  

By taking the derailment factor, the offload factor, the overturn factor, and the lateral 

wheel/rail force as the evaluation indices for the running safety of train vehicles, the critical 

speed of train vehicles traveling on the bridge under wind actions, including both steady-state 

winds and fluctuating winds, can be calculated by the aforementioned method, as shown in 

Figures 36 and 37. 
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Figure 35. Overturn factor histories of vehicle: without wind (left), U = 30 m/s (right). 

 

6.2.4. Safety Control of Train Vehicles Traveling on Bridge under Wind Action 
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Figure 36. Critical train speed curves versus wind intensity for vehicle running safety determined by  

derailment factor (left) and offload factor (right). 
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Figure 37. Critical train speed curves versus wind intensity for vehicle running safety determined by  

overturn factor (left) and lateral wheel/rail force (right). 
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Figure 38. Critical train speed for running safety vs. mean wind velocity. 

 

It can be seen that the critical train speeds for running safety is mainly controlled by the 

offload factor for the HSR suspension bridge scheme. The threshold curve of wind velocity 

for ensuring the running safety of the train in the bridge deck can thus be proposed, as shown 

in Figure 38. 

 

 

CONCLUSION 
 

In this chapter, the previous and current development of the research on the dynamic 

responses of railway bridges under running trains and wind actions and their influences on 

running safety of train vehicles are investigated and summarized. Based on the studies of 

predecessors, a dynamic model of coupled train-bridge system subjected to cross winds is 

established by connecting the motion equations of the bridge and the vehicles under wind 

loads through the contact forces between the wheels and tracks with track irregularities. Wind 

forces acting on the train-bridge system are generated in the time domain using the measured 

aerodynamic coefficients and flutter derivatives from a real bridge, taking into account the 

effects of vehicle speed and the spatial correlation with wind forces on the bridge. A 

computer code is then developed. Case studies are performed to two long-span suspension 

bridges in China, including the Tsing Ma Suspension Bridge in Hongkong, and a rail-cum-

road suspension bridge scheme on the Wuhan-Guangzhou High-speed Railway. The whole 

histories of the train passing through the bridge at different speeds are simulated. The 

dynamic responses of the bridge are computed and some results are compared with the 

measured data to validate the proposed method. The critical train speeds are proposed for 

running safety on the long suspension railway bridges under wind actions of various mean 

wind velocity. The numerical results demonstrate that the proposed framework and the 

associated computer program can efficiently predict the dynamic response of coupled train-

bridge system in turbulent winds with reasonable computation efforts. This method can be 

applied to other railway bridges to determine their critical train speed curves by taking into 

account the mean wind velocity on site and the dynamic properties of the bridges.  
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Abstract 
 

In this chapter, the impact vibration test method (IVTM) is developed as a 

convenient method to measure the natural frequencies of bridge substructures. The 

principle of IVTM is to impact the top of the pier with a weight hammer for several times 

and then obtain the natural frequencies considering both the amplitude spectrum and the 

phase spectrum. An integrity index based on the natural frequency is defined and its 

computation method is presented, based on which evaluation criteria are introduced. A 

comprehensive integrity evaluation procedure is proposed to identify the damage of 

bridge substructures. An engineering case is presented to illustrate the effectiveness of 

the proposed test method and the integrity evaluation method. 

 

 

1. INTRODUCTION 
 

Many railway bridges have been used for rather long periods. With the elapse of time, 

there have been and there will be inevitable damage in bridge structures under external forces. 

These damage may influence the serviceability of the bridges, so it is important to detect 

them. For the superstructures of the bridges, their integrities can easily be detected with visual 

inspection, but it is difficult to do so for substructures because they are often embedded in 

ground or water. Many nondestructive detection (NDD) techniques, such as ultrasonic and 

eddy current scanning, sound emission, X-ray inspection, have been developed for bridge 

                                                        
*
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substructure inspection, but these methods are obviously with ―local‖ properties, thus can 

only be used to evaluate the local damage.  

In many countries, the integrity evaluation of bridge substructures is mainly based on the 

vibration amplitudes under passing trains, and if the amplitudes are within the allowable 

ranges, they are considered to be in safe status (Ministry of Railways of China, 2004). 

According to some studies, however, it is not easy to use the measured amplitudes to evaluate 

the damage of substructures because they are related to many uncertain factors such as train 

types, vehicle weights, vehicle lengths, train speeds, rail conditions, etc, and it is often 

difficult to consider all these factors in processing the measured amplitudes (Nishimura 1992, 

2001).  

For bridge substructures, structural body destruction and subsoil degradation are two 

main types of damage that usually result in the reduction of their natural frequencies. 

Therefore, the natural frequency, particularly the first-order lateral frequency, can reflect the 

working state changes of the substructures.  

The key of evaluation for working status of railway piers is how to acquire their accurate 

natural frequencies. Many methods have been used in bridge frequency identification, such as 

the ambient vibration test method, the modal test method and the sinusoidal sweep-frequency 

test method. For the substructures with high stiffness, their responses under ambient 

excitations are very small and the noise can hardly be effectively eliminated, so it is not easy 

to obtain their natural frequencies by ambient vibration measurement. The modal test method 

and the sinusoidal sweep-frequency test method are accurate methods to measure the natural 

frequencies of piers, but they are seldom adopted because of their high cost. In recent years, 

impact vibration test method (IVTM) has emerged as a new method to measure the 

frequencies of bridge substructures, by which the frequencies of piers can be easily and 

accurately obtained.  

If a large number of bridges are tested by IVTM, and the benchmark value formulae for 

the natural frequencies of substructures in healthy state are established, the ratio of the 

measured frequency to the benchmark frequency value of the substructure can be used as the 

integrity index, by which the health state of bridge substructure can be evaluated. The 

precondition of this method is to determine the critical value of the integrity index and the 

integrity evaluation criteria. When the integrity index of the bridge substructure is below the 

critical value, it can be judged to be unsound, and some necessary reinforcement measures 

should be taken. This method, because of its speediness and accuracy, has a special advantage 

for the health state evaluation of bridge substructures after severe disasters.  

 

 

2. INTEGRITY EVALUATION PARAMETERS 
 

In the integrity evaluation of bridge substructures, many dynamic indices, such as mode 

shape, modal curvature, energy transfer ratio (ETR) and strain energy, have been tried 

(Pandey 1991, Salawu 1997, Hassiotis 2000, Palacz 2002, Wang 2001, Ren 2001). However, 

these indices are either difficult to analyze in theory or difficult to obtain by tests, so they are 

seldom successfully applied in damage identification of real structures. In contrast, as one of 

the dynamic characteristics, the natural frequency can be easily obtained by many test 

methods and it is relatively sensitive to the following damage: (1) strength decrease of  
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structural materials or structural destruction of substructure bodies including breaking and 

cracking; (2) bearing capacity decrease of subsoil which supports the substructure. These two 

kinds of damage often induce the working state changes of bridge substructures, and are 

embodied by the decrease of their natural frequencies. Therefore, natural frequency is 

selected as a parameter to identify the damage of bridge substructures. In practice, the 

integrity index based on the natural frequency is used to evaluate the health state of bridge 

substructures. Base on the integrity index, the identified health state of a bridge can be 

classified into four levels, which will be described in the following sections of this chapter. 

When the four levels of damage identification are concerned, the first level that determines 

whether damage occurs in the structure is the most important because only after this level is 

finished can other three ones be conducted. As for the first level, the integrity evaluation 

method based on natural frequency is a convenient way for identifying damage of bridge 

substructures, which can be used for quick detection of invisible damage of structures. 

 

 

3. IVTM FOR BRIDGE SUBSTRUCTURES 
 

3.1. Overview of IVTM 
 

In recent years, as a new method to measure the natural frequencies of substructures, 

IVTM has drawn more and more attention in the bridge engineering society (Nishimura 1992, 

Zhan & Xia 2004, 2005). This method can accurately identify the natural frequencies of 

substructures by combined analysis of amplitude and phase characteristics of the response 

signals. The procedure of IVTM includes: 

 (1) Impact the top of the substructure with a heavy hammer for several times (Figure 1);  

(2) Record the response signals of the tested substructure and its adjacent girders; 

(3) Superpose the recorded signals to obtain a noise-free signal, and then conduct FFT 

analysis at high frequency resolution; 

(4) Obtain the natural frequencies of the substructures based on the amplitude spectrum 

and the phase spectrum.  

The advantages of IVTM include: 

 (1) Only response signal is required while input signal is unnecessary. Because the 

impact force is a kind of impulsive load with a white noise property in certain frequency 

range, the response spectra can be approximated as the transfer function spectra.  

(2) Sensors are easy to install on the bridge during the intervals between passing trains, so 

the normal transportation is not influenced. 

(3) Operation is very easy. Operator can operate the hammer on the top of the pier or on 

the ground. 

(4) Normally, only one sensor is needed to be installed on the top of the pier in most 

cases. When it is necessary to exam the substructure in detail, several sensors can be fixed 

along the height of the substructure to get its mode shapes.  

The method is convenient and accurate when a large number of substructures need to be 

tested. 
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hammersensor

data acquisition

 

Figure 1. Operation of IVTM. 

 

  

3.2. Theoretical Principle of IVTM 
 

The substructures are discrete to an MDOF model by the lumped mass method and the 

motion equation  under random forces can be expressed as: 

  MX CX KX P ,                                                  (1) 

where: M is mass matrix; C is damping matrix; K is the stiffness matrix; T

1 2[ , ... ]Nx x xX  is 

displacement vector of the structure in lateral direction, T

1 2[ , ... ]Np p pP  is force vector. X 

and P are all functions of t (time). 

The force applied by the heavy hammer can only excite micro vibration of the structure. 

In that case, the response of the system is considered to be linear, so the motion equation  

could be solved by the mode superposition method. 

According to the mode superposition method, X can be expressed as X ΦQ , in which

1 2[ . ]r NΦ Φ ,Φ ..Φ ...Φ  are matrices of mode shapes that are normalized by the mass 

matrices. T

1[ ]Nq ......qQ  is the generalized coordinate vector. 

Take X ΦQ into Equation (1), the following equation can be obtained: 

  MΦQ CΦQ KΦQ P .                                                 (2) 

Multiplying 
T

Φ  on both sides of Equation (2) yields:  
T T T T  Φ MΦQ Φ CΦQ Φ KΦQ Φ P .                                        (3) 

The generalized force vector T

1[ ... ]NF FF is defined as 
T=F Φ P . By decoupling 

Equation (3), the generalized coordinate equation of the r-order can be obtained as 
22r r r r r r rq ξ q q F    ,                                                    (4) 

where 
r and

r  are respectively the r-order circular frequency and the r-order damping ratio. 
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By conducting Fourier transformation on the both sides of Equation (4), the follwing 

equation can be obtained: 
2 2( ) 2 ( ) ( ) ( )r r r r r r rq i i q i q i F i            ,                               (5) 

where ( )rq i  and ( )rF i  are the Fourier transformations of 
rq and

rF . 

Equation (5) can be rewritten as  

( ) ( ) ( )r r rq i H i F i   ,                                                     (6) 

where ( )rH i  is the frequency response function. It can be expressed as: 

2 2

1
( )

( ) 2
r

r r r

H i
i


    


 

.                                              (7) 

( )iωX  and ( )iωP  are the Fourier transformations of X(t) and P(t). If the impact force is 

applied on point k (k = 1,2…N ), the response of the point m (m = 1,2…N ) can be 

expressed as 

1

( ) ( ) ( )
N

m mr kr r k

r

x i H i p i    


 ,                                              (8) 

where 
mr and

kr are the r-order displacement amplitudes of point m and k. 

The transfer function could be written as 

1 1

( ) ( ) / ( ) ( ) ( )
N N

r

mk m k mr kr r mk r

r r

G i x i p i H i K H i      
 

    ,                  (9) 

where r

mk mr krK   . 

It has been proved in experiment that the impact force applied by the heavy hammer is 

not a white noise load in the whole frequency range, but it can satisfy the white noise 

condition in low frequency range (≤ 40Hz). However, this frequency range can cover almost 

all the natural frequencies of common substructures (≤20Hz). Then the spectral density of the 

impact load can be considered as a constant 
0P  in the frequency range. 

According to Equation (9), the response of point m can be expressed as: 

0 0

1

( ) ( ) ( )
N

r

m mk mk r

r

x i G i P K P H i  


  .                                   (10a) 

The frequency intervals between different modes are large and the coupling between 

adjacent modes is not obvious. The transfer function curve emerges dominant peak at the r-

order natural frequency, in other words, the resonance happens. So the transfer function can 

be approximated by an SDOF structure. 

0( ) ( )r

m mk rx i K P H i  .                                                 (10b) 

Consequently, the frequency response function of an MDOF structure can be 

approximated by the composition of multiple frequency response functions of several SDOF 

structures whose natural frequencies each respectively equals to an order of frequency of the 

MDOF structure, as illustrated in Figure 2.  

For the definite bridge substructure, both the vibration parameter r

mkK  and the load 

spectrum 
0P  density are constant. According to Equation (10b), the relationship between 

response spectrum and frequency response function is linear, so the two curves have the same 

shapes. 
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H r()



single-DOF  frequency response function

fitted frequency response function

 

Figure 2.  Transfer function of an MDOF system approximated by multiple SDOF transfer functions. 

 

When the displacement signal is used, the amplitude d and phase angle   of the 

frequency response function can be expressed as follows 

2 2 2 2 2

1

{1 ( ) } 4 ( )r r

r r

d
 

 
 



 

,                                           (11a) 

 
1

2

2 /
tan

1 /

r r

r

  


 


 
 
  

.                                                           (11b) 

In this chapter, the phase angle means the relative phase delay of response to the input 

force. 

As shown in Equation (11), the maximum value of frequency response function emerges 

at the r-order natural frequency, in other words, the amplitude of displacement response 

approaches the maximum value, while the phase angle approaches 90 or 270. 

When the velocity signal is used, according to Equations (6) and (7), the following 

equation can be obtained  

2 2

( )
( )

( ) ( ) 2

r
r

r r r r

q i i
H i

F i i

 


     
 

 
.                                    (12) 

And then, the response amplitude and the phase angle can be expressed as 

2 2 2 2 2{1 ( ) } 4 ( )r r

r r

d


 
 

 



 

,                                     (13a) 

 
2

1
1 /

tan
2 /

r

r r

 


  


 
 
 
 

.                                                     (13b) 

As shown in Equation (13), the maximum value of velocity response amplitude happens 

at the r-order natural frequency and the phase angle is 180 or 360. 
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Similarly, when the acceleration signal is analyzed, the transfer function assumes the 

following form: 
2

2 2

( )
( )

( ) ( ) 2

r
r

r r r r

q i
H i

F i i

 


     


 

 
.                                  (14) 

The amplitude and the phase angle are: 
2

2 2 2 2 2{1 ( ) } 4 ( )r r

r r

d


 
 

 



 

,                                        (15a) 
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r r

r

  


 


 
 
  

.                                                        (15b) 

It can also be seen from Equation (15) that the maximum value of acceleration response 

amplitude happens at the r-order natural frequency and the phase angle is 90 or 270.  

Thus the principle of determining the natural frequencies of structures by IVTM can be 

summarized as follows. 

For a velocity response signal, the dominant frequency, at which the phase is 180 or 

360 and the amplitude spectrum shows a peak, can be recognized as the natural frequency of 

a structure, as shown in Figure 3 (left).  

For an acceleration response signal, the dominant frequency, at which the phase is 90 or 

270 and the amplitude spectrum shows a peak, can be recognized as the natural frequency of 

a structure, as shown in Figure 3 (right). 
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Figure 3. Frequency identification principles with velocity (left) and acceleration response signals 

(right). 

The theoretical premise of IVTM is that the impact load is a white noise, i.e., the load 

amplitude is a constant in a certain frequency range. This condition should be satisfied to 

make IVTM effective. If the load amplitude in frequency domain is not constant, load 

frequency spectrum should be measured in the test to get transfer function for modal 

identification. 

 



Jiawang Zhan, Zhongming Hou and Man Xu 292 

4. APPLICATION OF IVTM 
 

4.1. Impact Load 
 

Generally, the excitation equipment in IVTM is a 30-kg heavy hammer. In order to 

protect the bridge and prevent the structure surface from damage, the hammer should be 

wrapped with rubber of moderate hardness. In that case, the impact load is no longer an ideal 

impulsive load. In order to investigate the spectral characteristic of the load excited by the 

hammer, a special load experiment was conducted on a rubber-wrapped hammer (Nishimura 

1992). A force sensor is fixed on the hammer to obtain the impact load signal acting on a 

concrete member. The impact load and its spectrum acquired are shown in Figure 4. 

 

 

 

Figure 4. Time history (upper) and spectrum (lower) of impact force. 

 

It can be observed from the figure that the load lasts for 0.005 second, and the spectrum 

amplitude is not constant in the whole frequency range. However, in the frequency range of 

common substructures and girders (1 ~ 20 Hz), the spectrum approximately satisfies the white 

noise condition.  

Impact load tests are also conducted on substructures of stone and other masonry bridges, 

and the results show that the impact loads are also white noise in the low frequency range.  

These tests show that the impact load applied by rubber-wrapped hammer is a band-width 

white noise. When the bandwidth covers the concerned vibration frequencies of a structure, 

the spectral characteristics of impact loads can be ignored and the frequencies can be 

effectively identified by only the responses.  
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For the hammer with high hardness head, the flat range of the impact spectrum can reach 

up to several hundred hertz, which can be used in modal identification of high-frequency 

structures.  

 

 

4.2. Comparison between IVTM and SSFTM 
 

The sinusoidal sweep-frequency test method (SSFTM) is another effective method to get 

the frequencies of piers. In SSFTM, the excitation is realized with a vibration exciter by a 

series of sinusoidal excitations with frequency sweeping. When a sine excitation frequency is 

near any natural frequency of the pier, the response amplitude will be amplified, and the 

corresponding frequency is recognized as the natural frequency of the pier.  

 

 

Figure 5. Sketch of A# bridge on Aoyu Line in Japan. 

 

   

Figure 6. Comparisons of impact response spectrum (left) and resonance curve (right). 

 

In early 1980‘s, Japanese scholars conducted impact vibration test on bridge piers, and 

the results were compared with those by SSFTM, so as to verify the effect of IVTM. The test 

was conducted on the No.2 pier of A# bridge on Aoyu Line. The sketch of the bridge is shown 

in Figure 5. 
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The impact response spectrum and resonance curve are shown in Figure 6. It can be seen 

that the shape of impact vibration spectrum curve is quite in accordance with that of 

resonance curve, and the pier frequency is recognized as 2.1 Hz from both methods, which 

implies that IVTM is effective in pier frequency identification. 

 

 

4.3. Interaction effects of Girders and Piers in a Bridge 
 

When a pier is impacted, the connected girders and the neighbour piers will also be 

excited, which may influence the dynamic response of the tested pier in both time and 

frequency domains. Therefore, the response spectrum of the tested pier may emerge multiple 

dominant frequencies. In this case, the frequency satisfying the phase condition (180 for 

velocity signal, and 90 or 270 for acceleration) is the natural frequency of the pier, while the 

others may probably be those of girders or neighbour piers.  

Since the phases of dominant frequencies of the connected girders (or neighbour piers) 

also agree with the phase conditions of themselves, if the dominant frequency from the 

spectrum of the test pier does not satisfy the related phase condition, but equals to the one in 

the spectrum of the girders (or neighbour piers), the tested pier is thought to be influenced by 

the girders or piers whose frequencies are embodied in the response spectrum of it. 

 

4.3.1. Influence of Connected Girders 

The influence of connected girders is illustrated herein by a test on the Hulanhe Bridge, a 

single-track multi-span bridge with simply-supported 30.4m steel plate girders (Figure 7).  

 

 

Figure 7. Sketch of the Hulanhe Bridge. 

 

Three piers with caisson foundations of the bridge were tested and both the responses of 

the piers and the connected girders were measured. The velocity responses and spectra of a 

test pier and a connected girder are shown in Figure 8 and Figure 9, respectively. 
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Figure 8. Time history (left) and spectrum (right) of velocity response of the test pier. 

 

 

Figure 9. Time history (left) and spectrum of velocity response of No.4 girder. 

 

As shown in Figure 8, two dominant frequencies, 3.5 Hz and 6.0 Hz, emerge in the 

spectrum of the pier. The phase at 6.0 Hz is 180, while the one at 3.5 Hz is not. According to 

the frequency identification principle of IVTM, 6.0 Hz can be recognized as the natural 

frequency of the pier. While the spectrum in Figure 9 indicates that 3.5 Hz is just the natural 

frequency of the connected girder. 

 

4.3.2. Influence of Neighbor Piers 

The influence of neighbour piers is illustrated herein by a test on one bridge on Changtu 

Line, a single-track bridge with 20m-span simply-supported concrete girders.  

Two piers, Pier A and Pier B, are tested and their velocity response and spectra are, 

respectively, shown in Figures 10. 

According to the principle of IVTM, the natural frequency of Pier A can be recognized 

from Figure 10 (left) as 9.34 Hz. While in Figure 10 (right) for Pier B, 9.67 Hz (9.34 Hz and 

9.67 Hz is the same if the frequency resolution error is considered) also emerges as a 

dominant frequency but the phase is not 180, which indicates that this frequency is induced 
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by Pier A. If this frequency is excluded, only the dominant frequency 11.35 Hz satisfies the 

180 phase condition, so it is recognized as the natural frequency of Pier B.  
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Figure 10. Velocity response spectra of Pier A (left) and Pier B (right). 

 

 

4.4. Applicability of Residual Free-vibration Method by IVTM 
 

Many researchers try to obtain the natural frequencies of railway substructures by 

analysing the free-vibration responses after the passage of trains. This method is called the 

residual free-vibration method (RFVM). Although RFVM is simple in theory and easy to 

implement in field measurements, it is found that the natural frequencies of railway piers 

cannot always be identified or the results are incorrect. The main cause is the difficulty of 

distinguishing the real natural frequencies of piers from the complicated residual response 

spectra in which many dominant frequencies exist. Many engineers noticed this problem, but 

neither detailed theoretical interpretation nor experimental proof has been given. On the other 

hand, in the bridge evaluation code, both frequency and response amplitude are evaluation 

indices, but in the RFVM, only the amplitude response is often used, while the natural 

frequency is seldom.  

A comprehensive dynamic test using both IVTM and RFVM was carried out on a bridge 

on the Jiujiang Railway to identify the natural frequencies of the substructures. This is a 

single track bridge built in 1970, composed of 5×32 m PC T-beams, 3×48 m steel trusses and 

5×32 m PC T-beams, with a symmetrical arrangement and a total length of 482.80 m, as 

shown in Figure 11. The natural frequencies of the piers numbered from 1 to 6 are identified 

and the results with two methods are compared. 

Pier 1 and Pier 6 of the bridge are taken as examples to elaborate the frequency 

identification principle of IVTM. The velocity response spectra of them are shown in 

Figure 12.  
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Figure 11. Elevation of the bridge. 

 

Figure 12. Velocity response spectra of Pier 1 (left) and Pier 6 (right). 

 

Figure 13. Lateral (left) and vertical (right) response spectra of girder. 

 

It can be seen from the left figure that at 11.8 Hz the amplitude spectrum shows a 

dominant peak and the phase is 180, so 11.8 Hz can be recognized as the natural frequency 

of Pier 1. Similarly, from the right figure the natural frequency of Pier 6 can be identified as 

9.9 Hz. 
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Besides 11.8 Hz, there are two extra dominant frequencies, 3.1 Hz and 6.0 Hz, exist in 

the response spectrum of Pier 1. To ascertain the source of these two dominant frequencies, 

two extra sensors were installed on at the middle of a connected girder, respectively in lateral 

and vertical directions. The velocity responses of the girder were recorded, and the 

corresponding response spectra are shown in Figure 13. 

From the figure it can be affirmed that 3.1 Hz and 6.0 Hz are, respectively, the first lateral 

frequency and the first vertical frequency of the girder, and therefore, the dominant peaks at 

3.1 Hz and 6.0 Hz in the response spectrum of Pier 1 are the results of influences caused by 

the girders supported on the top of the pier. This indicates that the girders and piers in the 

bridge system interact with each other and their vibrations constitute the coupling vibration of 

the bridge.  

In RFVM, the residual free-vibration (RFV) responses of piers after the passage of trains 

are analysed to get the natural frequencies and the damping ratios of piers. The procedure of 

RFVM includes:  

(1) Intercept the RFV responses from the forced vibration response record of piers;  

(2) Conduct FFT on the intercepted responses;  

(3) Analyze the natural frequencies of piers by peak picking (PP) method.  

In the dynamic test, the responses of piers under four kinds of train loads are measured, 

including a freight train at 44.0 km/h, a single locomotive at 61.0 km/h, a freight train at 55.7 

km/h, and a freight train at 63.8 km/h.  

Pier 1 is taken as an example to elaborate the frequency identification principle and the 

procedure of RFVM. The residual free-vibration responses and the Fourier spectra of the pier 

in the four cases are shown in Figure 14.  

It can be seen from the figures that all the four response spectra of Pier 1 show dominant 

peaks at frequencies ranging from 2.0 Hz to 3.0 Hz. According to the investigation, the 

stiffness of the pier is very high and the foundation has strong restraint on the pier, and no 

obvious faults are detected. Therefore, it can be deduced that the first natural frequency of the 

pier cannot be as low as 2 Hz, and these dominant frequencies need further study.  

Based on the above deduction, the dominant frequencies between 2.0 Hz and 3.0 Hz can 

be excluded from consideration. Then by PP method, the natural frequency can be identified 

as 5.31 Hz, 7.20 Hz, 5.92 Hz and 5.96 Hz respectively. These frequencies are not consistent 

with each other, but they are all around 6.0 Hz that has been affirmed as the first vertical 

frequency of the connected girder, and they are misjudged as the natural frequency of the pier. 

This phenomenon can be explained from the energy theory. For a bridge composed of piers 

and beams, when the stiffness of the girder is lower than that of the pier, the girder will absorb 

more energy input by external forces than the pier, and thus resulting larger response than the 

pier. Accordingly, the vibration of the girder will emerge in the response spectrum of the pier 

as a dominant frequency whose amplitude is even larger than that at its natural frequency. In 

such a case, if the maximum peak value is adopted, the natural frequency of the pier may be 

misjudged. 
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(a) Freight train at 44.0 km/h                          (b) locomotive at 61.0 km/h 
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(c) Freight train at 63.8 km/h                    (d) Freight train at 55.7 km/h 

Figure 14. RFV responses and Fourier spectra under different speeds. 

 

In summary, the problems in RFVM and its application include: 

(1) At the dominant frequencies between 2.0 Hz and 3.0 Hz, the peak values may be the 

highest, but may not the real frequencies of the piers but the forced movement frequencies of 

passing trains or their hunting frequencies.  

(2) It is difficult to intercept ideal FRV response signals of piers. In theory, the vibration 

of the pier after the passage of a train is pure free vibration and the natural frequency of the 

pier can be determined from the intercepted RFV response. However, many experiments 

show that the residual responses of piers in most cases are far from ideal RFV responses but 

similar to the beating waveforms incurred by the resonance between train and bridge.  

(3) For a long bridge, it is difficult to determine the starting time in the response 

waveform when the train leaves the bridge. If it is too early, the intercepted signal may 

contain the forced vibration responses transmitted by the track and other structures. If it is too 

late, they may lose the attenuating characteristic, and even be totally covered by noises.  

In example of Pier 6, although four train loads are tested, only the response under freight 

train at 63.8 km/h is used to intercept good residual vibration signal. Several kinds of starting 

points of interception are tried to consider their influences on the analysis results. The total 
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time-history response of the pier and the intercepted signals at different starting points and 

their Fourier spectra are shown in Figure 15. 

It can be seen from Figure 15(a) that the signal begins to attenuate at 32 s and the 

attenuating characteristic is very obvious. However, it is still difficult in this case to judge 

whether the train has left the bridge. 

In Figure 15(b), the signal is intercepted too early (starting point 1), where the signal 

exhibits obvious characteristic of forced vibration. Obviously, it is unreasonable to use this 

polluted signal. 
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(a) Whole time-history response                       (b) Intercepted signal 1 and its spectrum 
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(c) Intercepted signal 3 and its spectrum                (d) Intercepted signal 2 and its spectrum      

Figure 15. RFV responses and spectra of Pier 6 with different intercepting points. 

 

In Figure 15(c), the signal is intercepted too late (starting point 3), so its attenuating 

characteristic has disappeared.  

The intercepted signal (starting point 2) in Figure 15(d) is ideal, so it can be taken as an 

RFV signal.  

It should be noticed that although the three signals are intercepted at different starting 

points, their Fourier spectra have the same characteristic, i.e. they all show dominant peaks at 
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2.2 Hz and 8.3 Hz. Apparently, 2.2 Hz can be excluded first. As for the frequency 8.3 Hz, 

which is smaller than the one (9.9 Hz) by IVTM, may be the loaded frequency of the pier. 

This example shows that although the selected signals are relatively ideal, the identified 

frequency is only the loaded one. In most cases, the intercepted RFV signals of piers from the 

time-history responses are similar to those shown in Figure 14, which are not good 

exponentially damped signals but distinct forced vibration signals. This is why the 

frequencies of piers cannot be correctly identified. 

As is elaborated above, most Fourier spectra of RFV responses of piers show dominant 

frequencies between 2.0 Hz and 3.0 Hz. And practical measurements show that the dominant 

frequencies of different piers under the same passing train are very close. These frequencies 

are preliminarily judged as the excitation frequencies of passing train. To ascertain the real 

laws of this, the hunting movement of train vehicles are analyzed hereinbelow. 

As is known in dynamic analysis of railway vehicles, the wheel hunting movement 

occurs when a vehicle travels along the track on a bridge, which causes the vehicle to vibrate 

and thus induces lateral impacts on the bridge. Therefore it is considered as the main self-

exciting source of the lateral oscillation of the train-bridge system. In theory, the hunting 

movement frequency of a wheel can be approximately expressed as (Dukkipati 2000): 

1

0

1

2
f V

br




  ,                                                (16) 

where:  is effective conicity of the wheel tread, which is 0.05 for a new wheel; b is half of 

the rail gauge, 2b=1.493 m; r0 is the wheel radius, for a C62 freight car, r0=0.42 m; V is the 

velocity of the train. When a wheel runs on the rail, the tread will be worn. When the wheel is 

worn to the limit, the conicity  can be enlarged to 0.28. 

On the basis of the above analysis, the hunting movement frequencies of freight cars at 

the speeds corresponding to those in Figure 14 are listed in Table 1.  

Table 1. Hunting frequencies of freight cars 

Velocity  (km/h) 
Hunting frequency 

(Hz) 

44.0 1.84 

55.7 2.33 

61.0 2.55 

63.8 2.67 

 

It can be seen from Table 1 that the hunting movement frequencies of freight cars are 

close to those dominant frequencies between 2.0 Hz and 3.0 Hz in RFV response Fourier 

spectra of piers. So these dominant frequencies can be judged as forced vibration frequencies 

of piers caused by hunting movements of train vehicles.  

The hunting vibration of train will be transmitted to the tested pier through the connection 

track even the train has left the bridge, so the intercepted RFV signal will be influenced and 

the dominant frequencies emerge around the hunting movement frequencies of freight cars.  
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5. CRITERIA FOR INTEGRITY EVALUATION 
 

In general, there are two common types of damage that cause the changes in the states of 

the substructures: the strength decrease in materials such as concrete that constitute the 

members and the bearing capacity decrease of the ground that supports the foundations. The 

decrease of material strengths induces structural damage caused by weathering with aging or 

cracking. While the decrease in bearing capacity of the ground results in supporting damage, 

which is caused by the scouring of subsoil around the foundation owing to the water flow or 

the gaps between the foundation and the ground due to ground subsidence. The numerical 

analysis is given below to simulate the damage. 

 

 

5.1. Damage Simulation of Substructure Bodies  
 

5.1.1. Spread Foundation Substructure 

Usually, most spread foundations are very stiff, and their lateral vibrations behave in rigid 

a swing mode, so the degrading of body stiffness coefficients may hardly influence the natural 

frequencies of foundations, and the stiffness of the beam-foundation-subsoil system is mainly 

provided by subsoil. While for flexible spread foundation substructures with great heights, 

their lateral vibrations are predominated by the first-order bending vibration, where the 

stiffness of substructure bodies may have greater influence on their natural frequencies. 

A 23 m high pier with spread foundation is used to analyze the influence of body stiffness 

on the natural frequencies, which is divided into 13 nodes and 12 elements, with the subsoil 

stiffness modelled by a rotational spring, as shown in Figure 16. Two damage cases shown in 

Table 2 are investigated.  
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Figure 16. Outline of the pier and the spread foundation. 
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Table 2.  Damage cases for spread foundation 

Cases Damage objects Degrading ratio(%) 

Case A: Changes of 

body stiffness 

coefficients 

Element 2-11(single damage) 50 

All stiffness coefficients 

10 

25 

50 

75 

Case B: Changes of 

subsoil spring 

coefficients 

All spring coefficients 

10 

25 

50 

75 

 

Case A denotes the deterioration of the substructure body, where two sub-cases are 

analyzed. Firstly, one of the ten elements [2] to [11] suffers the damage with a 50% stiffness 

reduction; secondly, the stiffness of the whole structure decreases at different levels which 

simulates the body deterioration caused by original faults in construction or later 

environmental erosion.  

Case B denotes the relaxation of supporting subsoil caused by scouring or earthquake 

loads.  

The analysis results are shown in Figure 17.  
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Figure 17. Frequency degrading ratios vs damage element number (left) and spring or body stiffness 

coefficients (right).  

 

The left figure shows that the nearer to the foot the damaged element is, the more 

influence it has on the natural frequency, with Element 2 the highest more than 4% and 

Element 11 the lowest less than 0.5%. Since Element 2 has higher stress than the others, it 
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proves that the damage at high stress or high curvature region results in greater reduction in 

natural frequencies.  

The right figure shows that at each degrading ratio, degrading of body stiffness has 

greater influence on natural frequencies than the deterioration of subsoil. Therefore, for 

flexible spread foundations, more attention should be paid to examination of the bodies; while 

for stiff spread foundations, it is more important to inspect the subsoil conditions. 

 

5.1.2. Pile Foundation Substructure 

According to the relative locations between the pile-cap and the ground surface, pile 

foundations are classified into two categories: the low-capped pile foundation when the top 

surface of pile-cap is below the ground surface; and the elevated pile foundation when the 

bottom surface of pile-cap is above the ground surface. The two types of pile foundations 

have different vibration properties and stress distributions, which are greatly influenced by 

pile properties.  

The usual disease of pile foundations is the breaking of pile-bodies caused by original 

bad construction or some exceptional loads in service. This type of damage greatly reduces 

the natural frequencies of the substructure.  

In this section, two low-capped pile foundations, Pile 1 and Pile 2, as shown in Figure 18, 

are selected to quantitatively analyze the influence of pile parameters on the natural 

frequencies of foundations.  
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Figure 18. Outline of the pier and the pile foundation. 

 

In this example, it is assumed that the two piles simultaneously break at the same 

position. This extreme state is simulated by a 3-Dimensional pile foundation analysis 
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software. In total, there are ten analytical cases where the pile elements of the two piles, from 

No.1 to No.10, break alternately. The analysis results are shown in Figure 19.  
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Figure 19. Frequency degrading ratios vs damage element (left) and pier stiffness (right). 

 

It can be seen that the breaking at any location reduces the natural frequencies of the pile 

by more than 38%, and the lower parts of piles have greater influences than the higher parts. 

While the deterioration of pier body lightly influences the natural frequency: the maximum 

degrading ratio of natural frequency is only 8% when the pier stiffness degrades by 75%. It 

can be seen that the piles influence the vibration frequencies of the substructures much more 

than the pier body. Therefore, it is suggested that strict regulations should be executed during 

the construction of foundations to ensure the quality of piles, so as to guarantee the bearing 

capacity and vibration properties of pile foundations. 

 

 

5.2. Damage Simulation of Subsoil Scouring 
 

For bridges crossing rivers, lakes and seas whose substructures are under water, the flow 

of water may cause damage of supporting subsoil around the foundations. Especially when a 

flood happens, the serious scouring of subsoil may lower the bearing capacity of the ground, 

sometimes may even disable the functions of the foundation. When the bearing capacity of 

the ground decreases, the natural frequencies of the substructure will decrease accordingly. 

Therefore, it is meaningful to analyze the influence of scouring on the natural frequencies of 

substructures. In this section, a pile foundation substructure and a caisson foundation 

substructure are studied. 

 

5.2.1. Pile Foundation Substructure 

For a low-capped pile foundation, the scouring of subsoil may turn it into an elevated pile 

foundation, and may greatly change its dynamic characteristics. The pile foundation shown in 

Figure 18 is again taken as the example to analyze this influence, by assuming that the subsoil 

around the pile-cap is completely scoured. According to calculation, the natural frequencies of 

it before and after scouring are 1.832 Hz and 1.56 Hz, respectively, and thus the degrading 

ratio is about 15%.  
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When the same pile-body damages for this elevated pile foundation are simulated as 

those for the low-capped pile foundation, similar results are obtained and also plotted in 

Figure 19 (left). It can be seen that the influence is greater than that of the low-capped pile 

foundation. The explanation is that the loss of supporting subsoil around the pile-caps 

increases the sensitivity of natural frequencies to pile damages. Similar principle is embodied 

in the difference between lateral natural frequencies and longitudinal ones: lateral frequencies 

are more sensitive to damage of foundations than longitudinal ones, because the constrain 

function of girders and tracks on lateral movement of substructures is much smaller than that 

on longitudinal one. 

 

5.2.2. Caisson Foundation Substructure 

The bearing capacity of a caisson foundation substructure is mainly provided by the 

surrounded subsoil, so its natural frequency is more sensitive to scouring of subsoil. A caisson 

foundation shown in Figure 20 is investigated. According to the Chinese Code for Bridge 

Foundation Design, the interaction between foundation and subsoil is simulated with subsoil 

springs, and the spring coefficients are obtained by the m-method. The soil outside the 

caisson is clay with m = 10,000 kPa/m
2
, and the soil under the caisson is gravel with m = 

30,000 kPa/m
2
. 

The influence of scouring on natural frequency of the caisson foundation is analyzed. The 

result is shown in Figure 21 with a solid curve, where the degrading ratios of embedding 

depth are defined as the ratios of scouring depths to the original depth of subsoil.  

 

1
8
0
0

4
0
0

700

700

9
0
0

7
5
0

3
0
0

3
5
0

3
0
0

kh1

kh2

kh3

kh4

kh5

kh6

kh7

kr

modeling of 

the foundation

 

Figure 20. Outline of the caisson foundation. 
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Figure 21. Frequency degrading ratios vs embedding depths. 

 

The result indicates that the scouring of subsoil influences the natural frequencies greatly: 

when the degrading ratio of embedding depth is 50%, the degrading of natural frequency is up 

to 60%. If the influence of subsoil with different depths on the vibration of the pier is the 

same, the slope rate of the frequency-depth curve (dashed line) should be constant. However, 

it can be seen from Figure 21 that the slope rate of the dashed line is bigger than that of the 

tested solid line, so a conclusion can be drawn that the upper parts of the subsoil influence the 

natural frequencies more than the lower parts.  

 

 

5.3. Criteria for Integrity Evaluation 
 

In this section, the integrity of the substructure is evaluated with the integrity index or 

soundness index as 

Natural frequency after damage
SI

Baseline frequency
                                         (17) 

where, baseline frequency refers to the original natural frequency of the foundation before 

damage (namely in sound condition).  

If the natural frequency of a bridge substructure is tested immediately after its 

construction, the value can be directly adopted as the baseline frequency. However, most 

bridges in service were constructed many years ago and no frequency test values were 

recorded, so it is necessary to establish a baseline frequency formula. This work is performed 

based on the regression analysis in following way: (1) The measured frequencies of the 

substructures in sound condition are collected; (2) The correlation analysis is performed 

between the frequencies and some factors such as height of piers, weight of beams, bearing 

capacity parameters of ground, to select the main influence factors from those with bigger 

correlation coefficients; (3) The baseline frequency formula is expressed with these selected 

influence factors.  

The safety coefficient for foundation design is usually 2.0. If damage happens, the 

soundness index will decrease, and also will the safety coefficient decrease. When the safety 

coefficient decreases to half the original value, i.e. 1.0, the substructure is in critical 

condition. The soundness index in this case is called the safety limitation value or critical 

value. When the soundness index is below the safety limitation value, the substructure is in 
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unsafe state resulting from damage. The basic law is that the bigger the soundness index SI, 

the safer the foundation, which is the principle of damage diagnosis using natural frequencies. 

Thus the key work is to determine the safety limitations for different kinds of substructures. 

 

5.3.1 Safety limitation for Spread Foundation Substructure 

For most spread foundations concerned, the bodies are much stiffer than the subsoil, so 

their lateral vibrations behave as rigid swing. When the beam-foundation-subsoil system is 

simplified as a SDOF vibration system, the stiffness coefficient k of the system is mainly 

provided by the subsoil. The natural frequency of the system can be written as:  

1

2

k
f

m
 ,                                                           (18) 

where m is the equivalent mass of the system.  

If  is defined as the ratio of the stiffness coefficient k of subsoil after damage to the 

original value, when  approaches 0.5, the structure is in critical condition, while the 

soundness index SI will decreases to 0.7 according to Equation (18). Hence for spread 

foundation substructures, the safety limitation of soundness index can be determined as 0.7, 

which is listed in Table 3. 

Table 3. Influence of stiffness coefficients on SI 

Foundation type Damage objects  (%) SI 

Spread foundation All 50 0.7 

Pile foundation 

Torsional spring 
50 0.91 

75 0.97 

Horizontal spring 
50 0.77 

75 0.9 

All 
50 0.71 

75 0.86 

Caisson foundation 

Torsional spring 
50 0.83 

75 0.93 

Horizontal spring 
50 0.96 

75 0.98 

All 
50 0.73 

75 0.9 

 

5.3.2. Safety limitation for Pile Foundation Substructure 

The vibration of piers with pile foundation substructures is in rigid swing mode, and the 

bearing capacities of pile foundations are provided by the subsoil and the pile bodies. The 

Chinese Code for Bridge Foundation Design simplifies the pile foundation from form A to 

form B, as shown in Figure 18, where the bearing capacities of the piles are simulated by 
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torsional spring kr and horizontal spring k1. The damage is simulated by degrading the spring 

coefficients at different levels. The influence law of the springs on the natural frequencies is 

shown in Table 3, where  is defined as the ratio of the computational value of the spring 

coefficient to the original value. According to the results, the safety limitation of soundness 

index for pile foundations can be regarded as 0.7. 

 

5.3.3. Safety limitation for Caisson Foundation Substructure 

Subsoil plays a much more important role in bearing capacity of caisson foundation than 

the pier-body. As a result, the damage of caisson foundation substructure can be simulated by 

degrading subsoil spring coefficients at different levels. Figure 22 shows the influence of 

horizontal spring coefficients on the vibration modes of foundations. It can be seen that with 

decrease of horizontal spring coefficients, the structure more and more approaches rigid 

swing. The frequency degrading ratios when the spring coefficient decreases to different 

levels are listed in Table 3. Although the computational value is 0.73 when all spring 

coefficients decrease to half of the original value, the critical value is still determined as 0.7 

when the model error and computational error are considered. 
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Figure 22. Vibration modes vs horizontal spring coefficient of caisson foundation. 

 

5.3.4. Safety Limitation of Soundness Index 

Since natural frequencies are sensitive to damage, the soundness index based on natural 

frequencies can be used to evaluate the damage. The key of this method is to get the baseline 

frequency, namely, the natural frequency in sound conditions. If the dynamic experiment was 

conducted immediately after construction, the measured natural frequency can be regarded as 

the baseline value. When no such data obtained, the way is to gather the natural frequencies 

of sound foundations, and establish the standard values by statistical regressive method for 

each category of foundation.  

According to the above numerical examples, 0.7 is the critical value of the soundness 

index, and many disaster cases showed that the soundness indexes of these damaged 

substructures are less than 0.7, therefore, 0.7 is the critical value of the soundness index in 

real sense.  
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Based on the safety limitation of soundness index, the integrity evaluation criteria for 

bridge substructures are established and listed in Table 4. In the criteria, 0.85 is only a 

warning value, which means that when the integrity index approaches 0.85, the working state 

of a substructure should be closely observed.  

Table 4. Integrity evaluation criteria 

Integrity index Judgment ranks Measures 

 0.70 

A 

A1 
Detailed inspection should be executed 

and reinforcement work should be done. 

0.70.85 A2 
The frequency change should be 

frequently measured. 

 0.86 B The substructure is in sound condition. 

 

 If a substructure is judged as in rank A1, its state changes could have happened with a 

great possibility. Accordingly, a close investigation into the causes should be conducted and 

reinforcement work should be done as soon as possible. For the substructures with the 

soundness index greater than 0.7, the corresponding measures listed in the table should  

be taken. 

 

 

5.4. Procedures for Integrity Evaluation 
 

The integrity evaluation of the bridge substructure includes the following procedures: 

(1) Measure the natural frequency of the bridge substructure by IVTM; 

(2) Determine the baseline frequency of the tested substructure by the initially measured 

data or with the baseline frequency formula; 

(3) Compute the soundness index of the test substructure and then evaluate its integrity 

according to the evaluation criteria.  

 

 

6. CASE STUDY 
 

In this section, a field test was carried out by IVTM at a bridge on the Cheng-Ji Railway, 

and the integrity conditions of two piers of the bridge are evaluated with the established 

integrity evaluation method and the normal dynamic test method, respectively. The results are 

validated by excavation on the two pier foundations. 

 

 

6.1. Layout of the Bridge 
 

The bridge is a single track bridge built in 1942, which is composed of 7×10m deck plate 

girders, with 2 U-typed abutments and 6 spread foundation piers. The total length of the 

bridge is 77.17 m and the subsoil around the bridge is mixed gravel and soil. The sketch and 

elevation of the bridge are respectively showed in Figures 23 and 24.  
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Figure 23. Sketch of the bridge. 
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Figure 24. Elevation of the bridge. 

 

 

6.2. Integrity Evaluation by the Dynamic Test Method 
 

In the Code for Rating Existing Railway Bridges, the dynamic response amplitude under 

train excitation is used to evaluate the working states of bridge substructures. If the tested 

values are beyond the limitations given in the code, the substructure can be judged as unsafe 

or damaged. 

 The dynamic test was carried out on the bridge with a train composed of 1 DF4 

locomotive, 2 C62 heavy freight cars and 2 C62 light freight cars. The train speed was between 

24 km/h and 66 km/h.  

The dynamic test and analysis were focused on No.5 pier and No.6 pier, whose detailed 

sizes are listed in Table 5. 
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Pier No. 

Pier dimensions (m) 
Foundation 

embedding 

depth (m) Height 
Average lateral 

width 

Average 

longitudinal 

width 

5 7.85 3.61 1.57 3.45 

6 8.15 3.82 1.95 3.80 
 

Sensors were installed on the pier tops to measure their lateral amplitudes. The time 

histories of the lateral vibration responses under several train speeds are shown in Figure 25.  
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Figure 25. Time history curves of lateral pier amplitudes under train speed of 24 km/h (upper), 46 km/h 

(middle) and 66 km/h (lower).   

The maximum vibration amplitudes of the piers under different train speeds are shown in 

Figure 26 and Table 6, in which the limitations on lateral amplitude are listed according to 

Provision 10.0.7-1 of Code for Rating Existing Railway Bridges. 

Table 5. Basic parameters of test piers 
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Figure 26. Maximum pier amplitudes vs train speed. 

 

Table 6. Maximum pier amplitudes under different train speeds 

Train speed 

(km/h) 

Maximum measured amplitudes 

of  pier-top (mm) 
Limitations of Code (mm) 

No.5 pier No.6 pier Pier 5 Pier 6 

24 0.193 0.088 

0.462 0.471 

34 0.214 0.125 

35 0.229 0.152 

36 0.215 0.123 

40 0.246 0.198 

45 0.258 0.206 

46 0.342 0.215 

58 0.527 0.350 

60 0.583 0.266 

65 0.718 0.369 
0.714 0.726 

66 1.198 0.417 

 

 The following conclusions can be drawn from this test: 

 (1) The maximum amplitudes of the two piers increase with train speed;  

 (2) Vibration amplitudes of No.5 pier are smaller than that of No.6 pier under all train 

speeds;  

 (3) When the train speed is larger than 58 km/h, the amplitude of No.5 pier reaches 1.198 

mm, which exceeds by 68% the limitation (0.714 mm) given in the code; 

 (4) Vibration amplitudes of No.6 pier are always smaller than the limitation.  
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 (5) It is judged that No.5 pier is in good state, while No.6 pier is possibly damage in 

foundation.  

 

 

6.3. Integrity Evaluation by IVTM 
 

In the test, three velocity sensors (type: 891-4) were installed on the piers, one on pier-top 

and two on pier-body, to measure the vibration of the piers (Figure 27), and two sensors were 

installed on the flanges of No.6 girder at mid-span (Figure 28) to measure the lateral and 

vertical vibrations. The impact vibration test was carried out with a 30-kg iron hammer 

wrapped up with hard rubber. The operator standing on the ground can pull the hammer with 

a soft rope to impact the pier continuously, as shown in Figure 29. 

 

 

Figure 27. Sensors on the pier-body. 

 

Figure 28. Sensors on the steel plate girder. 
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Figure 29. Operation of impact vibration test. 

 

Shown in Figures 30 and 31 are, respectively, the velocity response spectra of pier-tops 

on No. 5 pier and No. 6 pier and mid-span of No.6 girder under impact loads.  

 

 

Figure 30. Velocity response spectra of pier-tops of No. 5 (left) and No. 6 (right) pier. 

 

According to the principle of IVTM, it can be determined from Figure 31 that the lateral 

natural frequency of the girder is 8.9 Hz, and the vertical frequency is 23.2 Hz. A peak 

appears at 10.7 Hz in both the lateral and vertical response spectra and the phase difference is 

180, so it can be determined as the torsional frequency of the girder. 

It can be seen from Figure 30 that 8.9 Hz also appears as a dominant frequency in the 

response spectrum of No.6 pier, which indicates the vibration of the pier is influenced by the 

No.6 girder. Therefore the natural frequency of No. 6 girder can be recognized as 14.53 Hz 

when 8.9 Hz is excluded. Similarly, the natural frequency of No. 5 pier can be recognized as 

6.96 Hz. 

The frequency identification results indicate that the natural frequency of No. 5 pier is 

lower than that of No. 6 pier. Since the two piers have the same height, width and subsoil 
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according to Table 5 and Figure 24, they should have similar natural frequencies if they are 

all healthy. Therefore, if No.6 pier is supposed to be in sound state, its natural frequency can 

be considered as the baseline frequency of No.5 pier. Then the soundness index of No. 5 pier 

can be computed as SI = 6.96/14.53 = 0.479 by Equation (17), which is smaller than the 

critical value 0.7. According to the integrity evaluation criteria listed in Table 4, No. 5 pier 

can be classified as rank A1 and a conclusion can be drawn that it has been seriously 

damaged. 

 

 

Figure 31. Lateral (left) and vertical (right) velocity response spectra of No. 6 girder at mid-span. 

 

 

6.4. Excavation Verification of the Evaluation Results 
 

    

Figure 32. Excavation of foundations of Pier 5 (left) and Pier 6 (right). 

 

In order to verify the evaluation results, an excavation was conducted by a backhoe 

excavator. As shown in Figure 32, No. 5 pier had been seriously eroded and scoured, and the 

subsoil around it is very soft. While No. 6 pier was enwrapped by a concrete hoop, and the 
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subsoil around it is much stiffer. These excavation results agree with the evaluation results, 

which proves that the proposed impact vibration test method and the integrity evaluation 

criteria are effective for damage identification of the bridge substructures. 

 

 

CONCLUSION 
 

In this chapter, the integrity index based on the natural frequency and the corresponding 

integrity evaluation criteria are established to evaluate the integrity of the existing bridge 

substructures. To measure the natural frequencies of bridge substructures, the impact 

vibration test method is developed, which is easy-going, accurate and without interrupting 

normal traffics. The proposed IVTM and the evaluation method are successfully used in an 

engineering case and the evaluation results are validated by the in-situ excavation. For bridge 

maintenance engineers, IVTM can be used for routine inspection of bridge substructures to 

detect the invisible damages in time. The advantage of the proposed integrity evaluation 

method is its applicability to quick assessment of a large amount of substructures after severe 

earthquakes or scouring. After the evaluation results are given, only particular substructures 

rather than all of them need to be reinforced. In other words, this evaluation method can 

effectively avoid blind reinforcement. 
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Abstract 
 

Nowadays, vibration mitigation in bridge structures by means of pre-engineered 

devices following appropriate functional strategies has found great interest. This chapter 

outlines a set of passive and active vibration control devices and algorithms pertaining to 

theoretical and practical aspects of bridge vibrations. The design of slotted bolted 

connections as simple passive dampers and their performances are analyzed efficiently 

based on the state-space theory. Similarly, an active control strategy is developed, 

through the linearization of the feedback gain matrix, and applied to mitigate vibrations 

on the bridge structure by active tendons with practical constraints such as optimal 

functionality, time delay and bounded state considerations. The developed control 

methods and systems are carefully analyzed and allow a bridge structure to resist an 

external (vehicle or seismic) event by applying appropriate control forces opposite to 

those resulting from the considered excitation. 

 

 

1. INTRODUCTION 
 

Innovative means of enhancing structural functionality coupled with strict performance 

guidelines, and higher safety levels against natural and man-made hazards are the ongoing 

challenge of the present research and technology. These means can be grouped into three 

                                                        
*
 E-mail address: lezinsm@yahoo.com. 
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broad areas: base isolation; passive energy dissipation; and active control. For many years, 

bridges and buildings as well as others constructed facilities have been built as passive 

structures that rely on their mass and solidity to resist outside forces, while being incapable of 

adapting to the dynamics of an ever-changing environment. When the hazards that generate 

the unwanted structural responses are identified, appropriate countermeasures for their 

reduction or suppression are taken. These designed countermeasures can be implemented at 

the source or at the structure through the installation of control systems changing the hazards-

structural characteristics and leading to the responses limitation.  

New concepts of structural protection and structural motion control such as passive 

control, active control and hybrid control have been advanced and are at various stages of 

development. Kobori et al (1956) proposed, in the 1950‘s, a basic concept of active 

excitation-response-controlled structure that attains to a non-resonant structure under non-

stationary excitations by giving nonlinearity to itself. This concept is based on the discovery 

that the dual effect of energy dissipation with nonlinearity and the variety of natural periods 

as a structural behavior suppress its response under large excitation. Meanwhile, Yao (1972) 

indicated the direction to the present control research  in structural engineering in the 1970‘s 

by describing a thought that civil engineering structures encounter earthquakes and winds not 

by structural members but by a control force. Following his concept, the applications of 

modern control theory to civil structures have been tried mainly in the United States of 

America and Japan, and in recent years in China (Qun et al, 1994; Li et al, 1994). It is 

necessary to re-study the application of modern control theory, because civil engineering 

structures like bridges are large in scale and their external disturbances are both severe and 

uncertain. 

The present work outlines a set of vibration control devices and algorithms that are 

applicable to vibration mitigation in bridge engineering. Extended breakthrough as the main 

contribution of the authors describes the application of passive vibration control by friction 

dampers, and the application of active vibration control by tendons. These contributions are 

summarized in the following points: the proposal of a new friction device as a pre-engineered 

truss-element; the assessment on the performance of inserted friction devices in a bridge 

superstructure through analytical methods; the proposal of an active tendon control method 

using the Linearization of the Feedback Gain Matrix; and analytical studies using time-history 

analysis to evaluate the listed active control methods with different practical considerations. 

The developed control methods and systems are carefully analyzed, which allow the structure 

to resist the external excitation by applying an appropriate control effect opposite to that 

resulted by the excitations. Like any other design schemes, some constraints such as 

economical feasibility, minimization of inconveniences to existing and future structures, 

safety of existing structures and improvement of structural characteristics are made through 

this chapter. 

 

 

2. PASSIVE CONTROL TECHNOLOGIES 
 

The basic role of passive energy dissipation when incorporated into a structure is to 

absorb or consume a portion of the input energy, thereby reducing energy dissipation demand 

on primary structural members and minimizing possible structural damage. In general, 
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passive control techniques can be classified into three types: the aerodynamic control 

technique obtained by modifying the shape of the structure; the structural control technique 

by modifying the mass and the stiffness of the system; and the mechanical control technique 

by modifying the damping of the system. Although the mass and stiffness matrices are 

currently easy computed by sophisticated numerical methods like the FEM, the variable shape 

and the damping evaluation has not yet reached the same of treatment. Serious efforts have 

been undertaken to develop the concept of supplementing the damping into a workable 

technology and a number of these devices have been studied and installed in bridges, which 

are presented in the forthcoming parties. 

 

(1) Metallic Dampers  

The dissipative mechanism of mechanical dampers (Figure 1(a)) results from the inelastic 

deformation of metal that is mild steel, or lead and other exotic metal alloys. The model is 

based on the micro-mechanical theory of dislocations to ultimately determine the inelastic 

response, and upon observation of behavior at the macroscopic level. A mathematically 

consistent framework, such as plasticity or visco-plasticity theory, is constructed to reproduce 

the behavior and to predict response under general conditions. The first implementation 

involved the use of torsion beam steel damper for the piers of the Rangitikei Bridge (Skinner 

et al, 1980) in New Zealand where transverse flexibility is also afforded.  

 

(2) Friction Dampers  

In friction dampers presented in Figure 1(b), irrecoverable work is done by tangential 

forces required to slide one solid body across the surface of another. With enhanced 

implementation in seismic protection of buildings (Pall, 1996; Ian et al, 1993), friction 

dampers are still to find their ways and proof their effectiveness in bridge seismic protection. 

Minsili et al (2000) proposed an implementation of a friction slotted bolted connection 

installed in a diagonal bracing of truss bridges to reduce vibration amplitudes due to traffic 

loads or earthquake loadings. The proposed numerical model is described later. 

 

(3) Viscous Dampers  

Viscous dampers are grouped as viscoelastic (VE) dampers (Figure 1(c)) and viscous 

fluid dampers. VE materials used in vibrations mitigation are typically copolymers or glassy 

substances, which dissipate energy when subjected to shear deformation. The dynamic 

behavior of a linear VE material in shear under time harmonic excitation is determined by its 

shear storage modulus and shear loss modulus which are generally the functions of frequency, 

ambient temperature, shear strain and material temperature. In order to maximize the energy 

dissipation density of these devices, one must employ materials with large viscosities, which 

are both frequency and temperature dependent (Horr et al., 1996). 

 

(4) Tuned Mass and Liquid Dampers  

Energy dissipation in tuned dampers is accompanied by transferring some of the 

structural vibration energy to the tuned mass damper (TMD) which in its simplest form 

consists of an auxiliary mass-spring-dashpot system anchored or attached to the main 

structure as shown in Figure 1(d). Tuned Liquid Dampers (TLD) can be compared to TMD 
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because liquids are used to provide all of the necessary characteristics of the secondary 

system. In Japan, the first TMD was developed and tested for the tower of the Funade 

Pedestrian Bridge Towers in Osaka (Ueda et al, 1992), and recently these dampers were 

implemented in the Bai Chay Bridge (Nakamura et al, 2007).  

 

                        

(a) metallic damper                                         (b) friction damper 

                          

(c) viscous damper                                          (d) tuned mass damper 

Figure 1. Examples of passive control devices for bridges. 

 

 

(5) Smart Materials  

Beside the passive control technology, there is an emerging area of research addressing 

the possible use of innovative or ‗smart‘ materials for sensing and control purposes. These 

materials can be incorporated into a structural member, enabling it to modify structural 

behavior in response to external stimuli and thus providing a possible attractive means of 

energy dissipation. The most prominent materials that have been examined as actuation 

devices in resent years are shape memory alloys (Attanasio et al, 1996), piezoelectric 

materials, electrorheological materials and fluids (Makris et al, 1996), magnetorheological 

fluids, and  hybrid spring-damper isolator (Douglas et al, 2008) used on the Sutong Bridge 

over the Yangtze River. 
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3. DESIGN OF AN OPTIMAL PASSIVE DAMPING SYSTEM 
 

3.1. Optimization and Modeling Methods 
 

The idea of formulating the design problem of energy dissipation systems as the optimal 

of some selected scalar function has been used in several studies and has always been 

associated with the use of energy concepts. Ciampi et al (1996) proposed a unified 

methodology, as a basis for the design of a large class of passive control systems based on a 

single objective function whose maximization leads to satisfactory results for a large class of 

applications. Tahar et al (1996) gave an alternative approach based on thermodynamic 

principles for modeling damping. A modern structural control may have many inputs and 

outputs, and they may be interrelated in a complicated manner. That is for example of 

velocity-dependant structural characteristics. The state-space methods for the analysis and 

synthesis of control systems are best suited to deal with several interrelated input-response 

systems that are required to be optimized. A state-space method is based on the description of 

system equations in terms of n first-order difference equations or differential equations, which 

may be combined into a first-order vector-matrix differential equation.  

When an n-DOF (Degree-of-Freedom) discrete-parameter structure is subjected to 

environmental loads w(t) and is counteracted by control forces F(t), its governing equations 

can be written in matrix form as  

( ) ( ) ( ) ( ) ( )Mu t Cu t Ku t BF t Ew t    ,   (1) 

where: u(t) is the n1 displacement vector; M, C and K are respectively, the nn mass, 

damping and stiffness matrices; E is the nl location matrix of the excitation loads; B is the 

nq location matrix of control forces; F(t) is the q1 control force vector with characteristics 

satisfying the control strategy; w(t) is excitation load matrix of order l1 representing various 

directions.  

To facilitate further discussions, Equation (1) is expressed in the state-space 

representation as: 

)()()()( twEtFBtzAtz  ,           (2) 

where: 
( )

( )
( )

u t
z t

u t

 
  
 

 is the 2n1 state vector; 
1 1

0 I
A

M K M C 

 
  

  
 is the 2n2n system 

matrix; 
1

0
B

M B

 
  
 

  is the 2nq friction load matrix; and 
1

0
E

M E

 
  
 

 is the 2nl excitation 

load matrix. 

The solution of the time-invariant state Equation (1) can be found by rewriting it in the 

form  of )()()()( twEtFBtzAtz  , and pre-multiplying both sides of this last equation by 

Ate , and after integration from t0=0 to t, one obtains: 

0
( ) (0) ( ) ( )

t
At Ae z t z e BF t Ew t d           

(3a) 

or 

   
t

tAtA dtwEtFBezetz
0

)( )()()0()(  .          (3b) 
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In order to carry out the integration involved in Equation (3b), the continuous-time 

evolution of w(t) and F(t) between sampling interval is required, since earthquake records are 

commonly discrete and the control forces are piecewise linear in nature. These functions are 

discretized by assuming their linear variations between two consecutive instants tkt 0
 and 

tkt  )1(  with tktk  )1( , i.e.: 

])1[()(
)1(

)( tkF
t

tk
tkF

t

tk
F 












 ,   (4a) 

])1[()(
)1(

)( tkw
t

tk
tkw

t

tk
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 .  (4b) 

After sampling the interval [t0, t] and the related functions between any two consecutive 

sampling instants in Equation (3b), and multiplying by A te  and subtracting the term z(kt) 

from the preceding one z[(k+1)t], one obtains the following expression 






 
tk

tk

tkAtA dwEFBetkzetkz
)1(

])1[( )]()([)(])1[(  .    (5) 

It has been assumed earlier in Equations (4a) and (4b) that each of these functions varies 

linearly between two infinitely-small consecutive sampling instants. Since in numerical 

integration this variation is usually considered with less importance, a proper understanding 

should be made. Considering linear functions F(t) and w(t), Wang et al (1998) deduced this 

equation by taking the Laplace transformation of Equation (2) and transforming the result 

back to the time domain. The obtained results are the same with Equation 5 in the continuous 

form.  After simple manipulations he found the analytical solution to Equation (2) as the 

following difference equation: 

])1[()(])1[()()(])1[( 10100 tkwEtkwEtkFBtkFBtkzAtkz  ,     (6) 

where: tAeA 0
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0
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0
 is the assumed 2n×q discrete time-function force 

loading matrix of the previous step. 

BIAA
t

AB 










  )(

1
0

21

1
 is the assumed 2n×q discrete time control force loading 

matrix of the present step. 

E0 and E1 are the assumed 2n1 discrete time excitation force loading vectors of the 

previous and present step respectively, with the same expression as B0 and B1 replacing B  by 

E . 

Equation (6) can be easily applied in computations when appropriate tools are available 

without high precision demand. Since we find 
kA0  in the first member of the right part of this 

equation after (k+1) step, this equation does not diverge because of the mass and damping 

presence. It is possible then to use in Equation (5) the member tkAe  )1(  in the integrand 

without taking into account its convergence. 
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3.2. Design and Application of Friction Dampers 
 

From the car industry to the building design, vibration mitigation systems have received 

particular interest in recent years and are dealing with the concept of mounting a system or 

some of its elements on surfaces which permit sliding. Mostaghel et al (1983) studied the 

response of sliding structures to harmonic support motion and established the effectiveness of 

sliding supports to control the acceleration level. Fitz Gerald (1989) proved that slotted bolted 

connections can provide elastic and inelastic energy dissipation, eliminating the need for 

inelastic member buckling. It is important to see that reducing induced responses in the bridge 

superstructure before its partial dissipation or consumption in the substructure is an efficient 

way that should be studied with great emphasis. We must tackle the design and 

implementation of slotted bolted friction connections as a passive vibration control device 

installed in through-truss railway bridge system. The frictional resistance of the interface is 

assumed to be velocity dependent even if it can be taken as a Coulomb friction process.  

Included in this scope are: description of the friction connection, and analysis of the 

effectiveness of the proposed device under harmonic, train and seismic excitations. 

 

3.2.1. Mathematical Formulation and Model 

The main objective in structural modeling and analysis is to provide the simplest 

mathematical formulation of the true bridge behavior that satisfies a given assessment for the 

response determination. Thus the analytical model follows the description of the structural 

geometric dimensions, material properties and the loads as closely as possible, to facilitate the 

engineering interpretation of numerical response quantities. Surface friction is an energy 

dissipative process which takes place with relative tangential displacement of contacting 

solids in zones of real contact between them formed by the action of an external load (Figure 

2(a)). Depending on the types of displacement, it is possible to distinguish three types of 

friction, i.e. sliding friction, rotating friction and rolling friction. The friction force T is the 

resultant of the tangential resistance forces arising at real contact points when one body slides 

along the surface of another, and is a non-potential amount. In passing from rest to sliding, 

there is a preliminary displacement region (Figure 2(c), section OA). The tangential 

resistance under preliminary displacement conditions is called the incomplete friction force, 

or better the adhesion force since it is partially potential in character.  

The full stationary friction force corresponds to a transition from preliminary 

displacement to sliding (point A), and is conditionally called static friction. After the 

preliminary displacement starts stable sliding, characterized by a sliding friction force (line 

AB). Depending on the problem posed, friction can be evaluated by a force or a moment. In 

engineering practice, friction is usually evaluated by means of a dimensionless quantity f 

called the coefficient of sliding friction, which is the ratio of the friction force F to the normal 

load N. 

/f F N .     (7) 

In metal-forming process the ratio of the tangential resistance to the yield point of the 

weaker material in the contact zone between two bodies, is called the friction coefficient. In 

this case, in accordance with plasticity theory, the instantaneous coefficient of friction cannot 

exceed 0.5. Since this coefficient is a function of input factors (nature of sliding bodies, loads, 

lubricants, speed,…) and internal factors (changes in roughness, mechanical properties, heat 
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transfer,…), it should be considered as variable. Kragelsky (1982) showed that the pressure 

has a significant effect on the magnitude of the friction coefficient, and suggested that the 

change in the magnitude of the friction coefficient as a function of the normal pressure is 

determined by the ratio between these forces. The increase in friction force F as a function of 

the contact time t is given by the equation  

 teFF   )1(0
,            (8) 

where F0 is the friction force at a constant time equal to zero, α = F /F0, F is the friction 

force for an infinite contact time. The value of  can be determined via experiment. 

 

   

Figure 2. Illustration of the friction device (a), the free-body diagram (b) and the friction process (c). 

 

Constantinou et al (1990) suggested taking the sliding coefficient of friction as a function 

of the sliding velocity U  for Teflon-steel interface in the following approximated equation 

 s max f exp | |f f D a U        (9) 

in which fmax is the coefficient of sliding friction at large velocity, Df is the difference between 

fmax and the sliding value at very low velocity, and a is a constant for a given normal pressure 

and condition of interface. fmax, Df and a are obtained experimentally, and with them Equation 

(9) reproduced  results with a good accuracy. 

Considering the breakaway process that occurs before sliding from rest, and the fact that 

the same process may happen whenever the response of the structure passes through the zero 

velocity, Minsili et al (2000) gave the expression of friction coefficient for steel-steel 

interface as 

S SL f exp( | ( )|f f D b a U t    ）,   with   | ( )| 0U t  ,            (10) 

where 
f 0 SLD f f  , 

0 =0.4f  is the coefficient of static friction (zero velocity) and fSL=0.15 is 

the coefficient of sliding friction under consideration at very large velocity. Since the most 

important is the theoretical transition from static to sliding considering energy dissipated 

through the breakaway process and the related coefficients of friction, coefficients a and b 

can be extrapolated from the work done by Kragelsky (1982) and Constantinou (1990), and 

are taken here as 5 and 0.2 respectively. 
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Consider an axial element that carries primarily only axial loads with a mounted friction 

device as illustrated in Figure 2(a). Since during sliding additional forces due to friction 

against the motion occurs along the member, the forces on each end may not be absolutely 

equal, the same as the related end displacements and velocities.  The friction force acting 

along the sliding surfaces is governed by  

s| | ( )F f t N ,              |                                              (11) 

where N is the applied normal force to the interface and is taken as constant here for bolted 

connections. According to Equation (4), the friction force can be written as 

s| |< ( )F f t N ,                (12a) 

1 2 0u u  ,                 (12b) 

s 1 2= ( ) sgn( )F f t N u u           (12c) 

in static and sliding mode respectively, where sgn denotes the signum function. 

 

3.2.2. Analytical Model 

The superstructure of a through-truss bridge is considered in analysis, while the 

substructures are supposed to be rigid so that their actions on friction analysis can be ignored. 

The expected responses of the non-friction members are in the elastic range, and a 

quantifiable basis can be established for ground motion input variations along the truss length 

and movement joint characterization. However, the friction responses of members behave in 

non-sliding mode the elastic range while plastically in sliding mode according to the 

conditions established in Equation (12).  

Since we want to assess the gain of the addition of friction elements in a bridge structure, 

it can be considered only one of both bridge trusses and its related plan loading. All effects 

such as transverse flexure and torsion were then neglected, because they are out of the scope 

of this work even if they are important in bridge analysis. The truss system is isolated with 

the left support fixed while the right one movable, and can be represented with or without a 

friction pendulum bearing. It is supposed that all truss elements will be subjected only to 

tension or compression with the condition that the structure without friction elements has 

been statically submitted to fatigue and stability checking according to required standards and 

norms. As it is shown in Figure 3, the added friction element in the panel does not intercede 

with the primary diagonal element of the structure. Each friction element is divided into two 

parts: each part connected (bolted or welded) to two cover plates. 

Passing over the primary diagonal, these plates are connected (slotted bolted) to the 

―movable‖ part that can slide under specified conditions. The slot may be installed in the 

diagonal friction element flange or in the cover plate. To allow the motion of the ―movable‖ 

part of the friction element, a clear distance should be provided depending on the expected 

dynamic camber (panel drift). For an SDOF structure, the computation of response 

characteristics such as u  
and u  needed for their assessment is easy in nature. For plane 

structures, individual elements cannot only have axial elongation, but can also rotate during 

any time of the vibration history. This is why it is important to escape from the traditional 

computation of these values and apply more efficient ones. A form of co-rotational technique 

for truss elements is used to compute incremental displacements and velocities between nodes 

of element at each step. The derivation uses a plane co-rotational truss element (spatial one is 

also applicable) with the Kirchhoff theory and the key element in such derivation is the 
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introduction of the variation of the local transformation matrices, from which can be derived 

the mid-point formula according to Bathe (1983): 
T

21 21 21

n 0

2 1

l 2
u S d d

l


 
  

  
,                                           (13) 

where: 
1221 SSS


 is vector difference between the two end-points positions in the general 

S


and varying local d


 coordinate systems; l0, ln are primary and deformed element. Using the 

initial basic form for the element, the section is assumed constant and the axial element force 

is 
0/ luEAN  for non-friction members. 

    

Figure 3. Bridge model with incorporated friction devices (a), and a panel representation with the 

incorporated friction device (b). 

 

By discussing the dynamic behavior of the truss model according to the free-body 

diagram represented in Figure 2(b), it can be assumed that the restoring force is proportional 

to the displacement. The dissipation of energy through the theoretical viscous damping is 

done by the damping force and is proportional to the velocity. In addition, the mass in the 

model is always considered to be unchanged with time. Based on these assumptions and 

reference Figure 2(b), the dynamic equilibrium in the system is established by equating to 

zero the sum of the components 
I ( ) ( )F t mu t , 

S S( )= - ( ) syn ( )F t f t N u t , ( )iP t , 
K ( )= ( )F t ku t  

and 
D ( )= ( )F t cu t , which are respectively the inertial, friction (static or sliding), excitation, 

spring and damping forces at instant t. Hence at time ti 
the equilibrium of these forces is 

expressed as 

I D K S( )+ ( )+ ( )= ( ) ( )i i i i iF t F t F t F t P t .        (14) 

At short time-step t, this equation can be transformed by considering the corresponding 

incremental displacements and forces in the incremental friction equation as 

Si i i i im u c u k u F P         ,          (15) 

where all the coefficients dependent on variables such as velocity or friction phase 

corresponding to time ti are assumed to remain constant during the incremental time step t. 

The problem occurring with the equation is that the friction force term is velocity dependent 

and is known only when the velocity is obtained at that time increment t, therefore an 

appropriate method should be adopted. 
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3.2.3. Material Property Matrices 

The problem of defining structural properties of a structure can be reduced to the 

evaluation of its stiffness, damping and mass matrices. These properties are found by 

evaluating the properties associated with individual finite elements and the related degrees-of-

freedom of their respective nodes. The mass of any element is assumed to be concentrated at 

nodes, and the distribution of the distributed superstructure mass to these points is 

determinate by static allocation principle. It is evident from the lumped mass theory that the 

mass matrix has a diagonal form with zero non-diagonal elements since only transnational 

degrees of freedom are defined. 

 ijmM   with 
jiifm

jiifm

ij

ij





0

0
.   (16) 

The stiffness in structures with friction damping systems is affected when one or many of 

its element conditions change from one friction mode to another. This effect is clear for an 

SDOF system, and according to Figure 2, individual stiffness of friction element tends to 

reach a zero-value in the sliding mode. The stiffness of the whole structure is then between a 

minimum value Km and a maximum value KM when all sliding elements are in sliding mode 

and in stick mode, respectively. Therefore, the stiffness matrix depends not only on the 

configuration of the structure but also on its loading conditions. It is then better to partition 

the global stiffness matrix in friction-dependent stiffness sub-matrices Kf, Kf0, K0f and friction 

non-dependent stiffness K0, that is 

0 0f

f 0 f

K K

K

K K

 
 


 
  

.     (17) 

In the non-linearity of systems with added friction damping, it is not allowed to apply any 

superposition method using the uncoupled model responses. But for simplicity in this work, 

the damping matrix is proportional only to mass matrix according to the generalized modal 

damping value with the viscous damping ratio 0.02. 

To tackle the velocity-dependence problem of the friction force Fs(ti+1) at each time 

interval, additional numerical approximations are required to reach the pseudo-friction force. 

By initializing data of (i+1)th interval step by the ith interval except for excitation loads 

known a priori, and with the velocity-dependent expression of other variables, the new results 

of (i+1)th interval are defined. This is an iterative procedure that is stopped when a tolerance 

error (
kk uu   1 ) between the previous and the new increments of the kth iteration in one 

time interval step. For the first interval i=1, the friction force is considered to be at the stick 

mode, that is at t0=0, |u(t0)|=0 according to conditions of Equation (12) in the static mode. An 

analogue iterative solution-algorithm is given by Minsili et al (2000). 

 

 

3.3. Numerical Results on Passive Control 
 

3.3.1. Numerical Results for Harmonic Excitations 

The primary factor in selecting a step-by-step procedure is efficiency, which concerns the 

computational effort required to achieve the desired accuracy. Accuracy alone cannot be a 

criterion for method selection, because, in general, any desired degree of accuracy can be 
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obtained by any method if the time step is made short enough. To any numerical step-by-step 

integration method, the accuracy depends on the length of the time-increment t. Three 

factors are considered in selection of this interval: (1) the rate of variation of the applied loads 

(input excitation and the friction), (2) the complexity of the nonlinear stiffness properties, and 

(3) the natural vibration period of the considered structure. In general, the variation of 

material property is not a critical factor. However, if a significant sudden change takes place 

as in the present stick-sliding transition modes, a special treatment is considered to tackle 

accurately this change in computations. As an effort to verify the adequacy of the proposed 

numerical procedure, the harmonic response is investigated. The harmonic excitation is 

expressed as P(t) = G·sin(wt), where G = 0.4g is the amplitude of ground acceleration and w 

the excitation frequency taken as 0.6 times the value of the first natural frequency of the truss 

in non-resonance case. Assuming that the friction mechanism is a velocity dependant type as 

described earlier, the vertical displacement of the middle span (node 8-Y) at the bottom chord 

and the horizontal displacement (node 16-X) of the left abutment are depicted in Figure 4. 
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Figure 4. Comparison of sinusoidal responses with and without friction for node 8-Y (left) at middle 

span and 16-X (right) at left abutment. 

 

These results show that friction devices incorporated in a truss structure displays 

important characteristics that need to be considered in detail and be verified experimentally. 

When compared to the dynamic behavior of the same structure without friction devices, one 

can see that the dynamic response of the present structure is not so different if only the rise of 

the amplitude and its stabilization are considered. But a very important fact is that since each 

friction force is in phase-lag with the velocity-difference at the element nodes, effect of these 

added friction forces is displayed in the change of the frequency component of the structure 

(Figure 4). One can also see that insertion of friction devices in the structure clearly reduces 

the displacement sometimes to 70 % at nodal points for the whole structure. In the other side 

there is also a negative effect in the rise of acceleration at almost any nodal coordinate. 

Shown in Table 1 are the results for several specific nodes.  
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Table 1. Maximum responses of the structure under harmonic excitations 

Node number and 

direction 

Displacement (m) Acceleration (g) 

Without friction With friction Without friction With friction 

8-X 0.66 0.11 0.18 1.27 

8-Y 2.37 0.92 0.6 1.94 

16-X 1.22 0.29 0.3 1.76 

 

3.3.2. Numerical Results for Traffic Excitations 

The simulation of a running train on the same structure is also done with the help of a 

specific computer software developed by Beijing Jiaotong University, on the basis of the 

experimental train SS-9 (designed speed 200 km/h) on the Qinhuangdao-Shenyang high-

speed railway in China. The bridge load is taken as a vertical continuous load which is a 

random variable both with regard to the coordinate x and to the time t and moves at a constant 

speed along the truss deck [44], while transverse and longitudinal effects are neglected. The 

train vertical load vector P(x,t) is then formulated as 

ˆ ˆ( , ) [ ( )][1 ( )]P x t p p s r t   ,    (18) 

where: p = E[f(x,t)] is the constant mean value of the continuous load; ˆ( )p s  is the 

concentrated random component of the load depending on the moving coordinate s; ˆ( )r t  is 

the concentrated random component of the load depending on time t; s is the length 

coordinate with the origin moving at the speed c; 1  . 

Analysis of the structure responses under running train at various speeds is done for 

comparative purpose to assess effect of the friction devices, and the obtained results are 

shown in Figure 5. 

The results indicate that the proposal to use slotted bolt connections as energy absorbers 

during the passage of a train may not be so effective. This effect is mostly attributed to the 

non-potential nature of the friction process itself. Since in the system involving friction, as 

long as there is a motion, the magnitude of the friction force is constant and its direction is 

opposite to that of the sliding velocity.  

The figure shows that reduction of the middle span displacement is obvious when the 

excitation load reaches its maximum, where also is maximum energy dissipation. But as the 

maximum train excitation remains nearly constant, there is no practical difference between 

the responses of the primary truss structure and the friction-damped truss. The reverse 

situation is also seen during the fall of the maximum train excitation when the last car of the 

train crosses the last support, where the friction seems to add energy to the structure even the 

considered amount is negligible. 

Shown in Table 2 are the maximal displacements and accelerations on node 8-Y under 

different train speeds. Generally, the acceleration reduction is obvious with increase of train 

speed, while the displacement reduction is not. This remains one of the most important 

problems to be considered with great care.  
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(a) Train speed  60 km / h.                                                 (b) Train speed 100 km / h. 
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(c) Train speed  160  km / h.                                       (d) Train speed  200 km / h. 

Figure 5. Displacement comparison under train excitation at various speeds. 

 

Table 2. Maximal displacements and accelerations on node 8-Y under  

running train load 

Train speed 

(km/h) 

Displacement (cm) Acceleration (g) 

Without friction With friction Without friction With friction 

60 2.76 2.29 0.38 0.93 

100 2.94 2.28 0.87 0.75 

160 2.86 2.31 1.09 1.04 

200 2.94 2.38 2.27 1.59 

 

3.3.3. Numerical Rresults for Earthquake Excitations 

The performance of friction connections in the truss under seismic loading is calculated, 

using the dual recorded earthquake motions of Borrego Mountain in 1968 with magnification 

factor 4, and of El Centro in 1940 at the Imperial Valley station. The horizontal and the 

vertical components are jointly considered. The results are shown in Figure 6. One can find 
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that, compared with the structure without friction device, the insert of friction connection 

reduced the displacement by 45% under El Centro excitation while by 32 % under Borrego. 

This discrepancy is in particular associated to the frequency component of the excitation and 

to the behavior of the structure. Since the dissipated energy is also related to the effect of 

sudden developed drag force at element nodes by the excitation, the effect of the represented 

friction may be simply neglected if the input force is too big. In the other way, it is possible to 

find a suitable value of the represented friction force to counter the effect of excitation force. 

One solution can be obtained by varying the magnitude of the force normal to the sliding 

interface.  
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Figure 6. Vertical displacement histories at node 8-Y under earthquake excitations. 

 

3.3.4. Numerical Results for Optimization of Friction Dampers 

An important problem that occurs with FD-isolated systems is the increase in acceleration 

at various DOFs. A simple analysis can help to find the optimal number of bolts that is related 

to each specific structure and loading, which is conducted on a truss bridge as shown in 

Figure 7. This optimal number of bolts considers the decrease in displacement as well as the 

increase in acceleration for necessary DOFs of a given structure. Assigning the response in a 

specific degree-of-freedom to be a function of the number of bolts in each slotted bolted 

connection, maximal responses are recorded for each degree-of-freedom during the time 

history. Even if this procedure requires a huge amount of computational efforts, it allows us 

to reach suitable results. By changing the number of bolts on each friction element and 

recording maximal responses, the maximal displacements and accelerations in some DOFs as 

a function of the number of two-bolts are shown in Figure 8. 

 

Figure 7. The considered truss elements and nodes. 
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Figure 8. Accelerations and displacements as function of the number of 2-bolts in each FD connection. 

 

The figure shows that it is possible to find an optimal number of bolts that will prevent 

the structure from having excessive responses (jump of acceleration) in a given DOF. Solving 

the optimal number of bolts is the same problem as finding the optimal friction force that 

suppresses the structural response without negative effects. If this friction force is instantly 

provided, an instant force N(t) normal to the sliding interface is required and this solution is 

no more a passive control but an active control procedure. 
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3.3.5. Remarks on Friction Dampers 

This analysis is carried out on a through truss bridge structure, considering two cases 

without and with a FD-isolation device inserted as an additional cross diagonal slotted bolted 

element. Based on the results, the following observations are made:  

(a) Introduction of FD into a truss structure reduces peak displacements of the whole 

structure, and this reduction is a direct consequence of the internal panel drift reduction 

during the friction force process;  

(b) The presence of a friction force limits the relative displacement to small values, but 

the acceleration may be undesirably large in some DOFs of the structure;  

(c) As a direct result of the first two observations, it is necessary to find an optimal FD 

system with appropriate characteristics to meet the expected performances of structure;  

(d) It is possible to find an optimal number of bolts that will prevent the structure from 

having excessive responses (jump of acceleration) in a given DOF, the optimization 

procedure is conducted, with maximal displacement and acceleration as functions of the 

number of two-bolts in each slotted bolted connection. The results show that the acceleration 

reaches a certain minimum before it takes a quasi increase with the rise of the number of 

bolts;  

(e) The analyzed passive control system is subjected to variations of some structural 

properties, in which the responses of the structure are greatly affected. Subjected to these 

structural variations, the optimal number of bolts should also be time-dependent to match 

with these changes. An instant provision of the friction force also requires an instant 

provision of the applied force N(t) normal to the sliding interface. This solution is no more a 

passive control but an active control procedure.  

Although the concept developed in this section appears sound and effective, further 

analysis should be developed and some of the traditional constraints such as constant (normal 

to sliding interfaces) forces imposed earlier could be relaxed. The next part of this work will 

deal with these considerations, but in a different structural system. 

 

 

4. ACTIVE CONTROL STRATEGIES 
 

New concepts of structural protection and structural motion control have been advanced, 

which are at various stage of development. In the area of active system, active mass dampers 

and drivers, active tendon systems, pulse thrusters, active variable stiffness systems are some 

of the devices being developed and tested in the laboratory, and in some cases, in actual 

structural applications. When only structural response variables are measured, the control 

configuration is referred to as closed-loop control since the structural response is continually 

monitored, and this information is used to make continual corrections to the applied control 

forces. An open-loop control results when the control forces are regulated by only the 

measured excitation. In the case when the information on both the response quantities and the 

excitation are utilized for control design, the term closed-open-loop control is used in the 

literature. To check the effect of applying such control forces to a structure under ideal 

conditions, a structure modeled by an n-DOF lumped mass-spring-damper system is 

considered.  
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An active control system may be defined as a system which requires a large power source 

for operation of electro-hydraulic or electrochemical actuators. The actuators supply control 

forces to the structure based on the feedback information from the measured structural 

response and/or on the feed forward or feedback information from the external excitation, as 

illustrated in Figure 9. The recorded measurements from the response and/or excitation are 

monitored by a controller (computer) from sensors, which follows to a pre-determined control 

algorithm. The controller generates the appropriate control signal for operation of the 

actuators. The generation of control forces by electro-hydraulic actuators requires large power 

sources, which are in the order of tens of kilowatts for small structures and may reach several 

megawatts for large structures. Structural control for civil engineering applications has a 

number of distinctive features, largely due to implementation issues, which set it apart from 

the general field of feedback control.  

 

         

Figure 9. Block diagram of active control strategy and a SDOF structural model. 

 

 

4.1. Control Algorithms 
 

In classical linear optimal control, the control vector F(t) is to be chosen in such a way 

that a performance index J is minimized subject to the constrained equation in the state space 

 as 

f

0

t

1 0 f 0 f 2[ ( ), ( ), , ] ( , , , , )d
t

J J z t z t t t J Z Z F F t t   .         (19) 

The performance index J has two terms: the first term J1 is an initial-terminal stage 

penalty function, which depends only on the time couple (t0,tf) and on the states evaluated at 

these two time instants. The second term J2 is an integral evaluated over the interval [t0,tf].  

 

 

(1) Pole Assignment Technique 

The system matrix in the state space form of Equation (2) defines the open-loop system 

dynamics, and its eigenvalues provide modal damping and stiffness characteristics. For a 

structural system, the eigenvalues ηi are related to the modal frequencies ωi and damping ratio 

i  in complex conjugate pairs by  
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21 ; 1i i i i ij j        .    (20) 

Since the closed-loop eigenvalues define the controlled system behavior, a feasible 

strategy is to choose the control gain G in such a way that the ηi take a set of prescribed 

values. This control algorithm is referred to as pole assignment technique.  

 

(2) Instantaneous Optimal Control 

Instantaneous optimal control is referred to optimal control laws derived by minimizing 

the performance index in Equation (19) at every instant t when 
f0 t t  , leading to  

T T( ) ( ) ( ) ( )J t z Qz t u t Ru t  ,    (21) 

where: Q is the 2n×2n symmetric positive semi-definite weighting matrix for the responses; R 

is the q×q symmetric positive definite weighting matrix for the input control forces. 

The present trend shows that the control algorithms can be derived into three 

instantaneous optimal controls forms: open-loop, closed-loop and open-close-loop systems.  

 

(3) Independent Modal Space Control 

In order to apply optimal control using a state-space formulation, the structure is usually 

discretized with a lumped-parameter approximation representing critical modes while leaving 

the residual modes uncontrolled. Upon determination of the modal control forces, the physical 

control forces can be synthesized by any method in modal analysis. The effect of using a 

varying number of actuators to implement this algorithm has been studied, and it is shown 

that there is no practical purpose served by having more controllers than the number of modes 

to be controlled. 

 

(4) Bounded State Control 

Active control algorithm is designed to limit the state variables within prescribed bounds, 

or bounded state control. To conserve energy, control is activated only when some pre-

specified threshold has been exceeded. The pulse magnitude f(ti) is designed to obey the law 

that if the expected response during interval (ti, tj) exceeds a maximum permissible level xL 

and if the expected maximum response, xmax, is below the limiting values, no pulse is to be 

triggered. 

 

(5) Semi-Active Control 

Semi-active (SA) control system provides a much needed technology between fully 

active (FA) structural control systems and passive designs. The term SA describes a system 

that consists of a variable actuator, but it requires very little power to operate. A fully active 

hydraulic system, for example, requires line power to drive a pump, while the SA one does 

not, even if both of them requires actuators, valves, etc. The power required for the SA 

system is what necessary to modulate the valve position only. Application has shown that for 

SA control, if the hydraulic pump is removed from a FA hydraulic design, and the plumbing 

is altered, the system (SA) can provide attenuation that is equivalent to what would have been 

expected in the passive control design. SA control strategies include SA vibrations dampers, 

Variable Viscous Oil Damper, SA Tuned Mass Damper and Hybrid Liquid Column Dampers. 

There are also a wide variety of linear and or nonlinear sub-optimal control techniques, most 
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of which are tailored to specific structures and sensor-controller specifications. A large 

number of current control strategies have centered their research with different applications 

on neural-network-based control, predictive control, fuzzy control, discrete-time control, and 

nonlinear control laws as possible control methods.  

 

 

4.2. Active Control Mechanisms for Bridges 
 

Control of civil engineering structures requires that the control device generates a large 

control forces with high velocities and fast reaction times. Another issue in the active control 

for the bridge deck is how to apply the control forces, for a bridge is designed to carry vertical 

load and their stiffness in this plane is very high. Control forces acting on this direction 

should have very little effects if their intensity is limited and in practice the installation of the 

actuator is rather difficult. Experiment on various designs of possible control devices is thus 

necessary to assess the applicability of theoretical results in the laboratory and in the field.  

 

4.2.1. Active Tendon Control 

Active tendon control system generally consists of a set of prestressed tendons connected 

to a structure whose tensions are controlled by electrohydraulic servomechanisms or 

actuators, as described in Figure 10. The attractive feature of tendons is that they can operate 

in both pulsed mode and continuous time mode. Early experiments involving the use of 

tendons were performed by Shelley et al (1995) on a series of small-scale structural models, 

which included a simple cantilever beam, a king post truss and a free-standing column. From 

the standpoint of practical implementation, tendon control systems have been widely applied 

to buildings but are still in the early stage in bridge engineering and need to be investigated. 

Tendon control mechanisms for cable-stayed bridges were studied by many authors (Hiroshi 

et al, 1994; Patrick et al, 1994; Morgado et al, 2006). Analytical and experimental results 

show their effectiveness to add enough damping to the bridge.  

 

4.2.2. Active Mass Damper & Driver 

Passive tuned mass dampers are in general tuned to the first fundamental frequency of the 

structure, and they are not so effective when a structure is subjected to earthquake-type loads, 

in which the vibration energy spreads over a wide frequency band (Xiang et al, 2005). Shelley 

et al (1995) reported a full-scale, active, structural vibration-control system, successfully 

implemented and tested on an 80 m span steel-truss highway bridge. Hansen et al (2000) 

presented a series of wind-tunnel tests that were performed for a bridge model equipped with 

active movable flaps controlled by a servo mechanism, and their results show that it is 

possible to reduce the oscillations and to prevent aerodynamic instabilities using this 

technique. The feasibility of the concept of active structural control to bridge engineering was 

demonstrated through examples and there are still many aspects to be examined. It is then 

important to develop the optimization procedures that not only allow time-dependent 

structural characteristics but also meet the material utilization and establish the economic 

counterpart. 
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Figure 10. Active tendon mechanism installed on a bridge deck. 

 

 

5. DESIGN OF AN OPTIMAL ACTIVE DAMPING SYSTEM 
 

At present, design of active control systems for structural applications is not addressed in 

any model code. However, extensive efforts in the field of energy dissipation and the 

increased interest of the engineering profession in this area, has resulted in the development 

of tentative requirements for the design and implementation of active energy dissipation 

devices. Even if the development of active or hybrid control systems has reached the stage of 

full-scale applications to actual structures, a lot has to be done to give a pseudo-unified 

approach that is in tune with available theoretical and experimental achievements. More 

active or hybrid systems have been installed during erection in building and bridge structures 

around the world. The performance of these systems under recent wind and earthquake 

episodes is summarized in this section. More details of these applications can be found in 

Soong et al (1994). 

A lot of researches and developments of active and/or semi-active dampers have been 

carried out during the past several years because of their high performance and low power 

demand. A full-size semi-active hydraulic damper with a maximum damping force of 1000 

KN has been developed and applied by Kurata et al (1999). Feng et al (2000) tested large size 

bearings with lead-damper in a dynamic actuator that was able to simulate a 15 MN dynamic 

load on a building. Bernd et al (2008) reported a high frequency testing facility, for stay 

cables and tendons with a testing load up to 20 MN that can be operational on the tower head 

or on the bridge desk. Thus the problem is not in the availability and implementation of an 

actuator with given technical output, but in the feasibility and the efforts one wants to put in 

the realization of a given project. Figure 11 shows for example the outline of the control 

system mounted on the bridge tower or on the girder depending on the controlled object. 

Cables, through the actuator when needed, can be anchored at the deck as well as the towers. 

For each of these connections, numerous devices exist depending on the configuration of the 

deck and the tower as well as the actuator. These cables at the tower may be either fixed or 

movable and are situated at the top or at intermediate locations depending on the number of 

cable needed. Fixed supports are by means of pins or sockets, and movable supports have 

roller or rocker devices. Connections to the deck are by means of special sockets with the 

configuration that depends on the type of cables and actuators used. 
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Figure 11. 2-D towers model used in analysis and corresponding anchorages at the tower. 

 

 

5.1. Tower Analytical Model 
 

The characteristics of the analytical model used in this work can be seen in Figure 11, 

which represents the Inner Lind Ding island cable supported bridge with more than 6 spans 

(Xiao et al, 1998). The girder is an assembling of pre-stress concrete box section for the 

middle central span supported only by the suspension cables. The main span is 1400 m and 

the side spans are (232+87+80) m each. The stays are arranged in a modified fan system 

around each tower. Additional secondary cables are arranged as trajectories from the 

suspension main cable to the stiffening girder in the quasi-perpendicular direction to the 

stayed cable. The frame tower is about 259 m high from the ground level, which supports 

about 34 stayed cables radiating from the top of it. The section of the tower and related 

characteristics varies with its height. The structure is subdivided into finite elements or 

members of different sectional properties and each member has two nodal points.  

Knowing structural matrices of the bridge system defined with appropriate finite element 

methods, a three-dimensional modal analysis of the whole structure shows that the vibration 

modes of the system can be reasonably separated into in-plane and out-of-plane vibration 

modes. Considering only the tower-cable system, there are no significantly coupled mode 

shapes between in-plane and out of plane vibrations. Analytical results show that the two 

towers may have in-phase modal motions in one particular mode and may also have out-of-

phase modal motions in another mode. Thus the two towers having an in-phase modal motion 

affect the modal vibration of the main span, which in return affects also the towers modal 

vibration. Therefore, the natural frequencies of the towers in the structure are considerably 

different from those of the free-standing towers that can be assimilated to a simple cantilever 
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beam. From the above analysis it can be concluded that the tower in-plane dynamic responses 

to any excitation should be computed using the coupled system model rather than only the 

separated free standing tower model associated with or without additional springs, replacing 

the removed member of the coupled system. 

 

 

5.2. Design and Application of Active Control Strategies 
 

Referring to Figure 9, the control configuration used is referred as closed-loop control, 

since the structural response variables are measured. The structural responses therefore are 

continually monitored and this information is used to make continual corrections to the 

applied control forces. When an n-DOF discrete-parameter suspension bridge is subjected to 

environmental loads w(t) and counteracted by control forces u(t) (instead of f(t)), its 

governing equations was found earlier in Equation (2) and the solution found in Equation (6) 

with f(t) replaced by u(t), and u(t) replaced by x(t). Thus we have the discrete state variable as 
T( ) [ ( ), ( )]z k x k x k , x(t) being the displacement vector of the present model. As a whole, it is 

more logical and more realistic to model the structural control system in a discrete-time 

fashion given the condition that the integration step is small enough to meet the accuracy 

requirements. The present required active control forces are found by minimizing the discrete 

quadratic objective index for the k
-th

 interval of Equation (21) as: 
T T( ) ( ) ( ) ( ) ( )J k z k Qz k u k Ru k  .    (22) 

 

 

5.3. Discrete-time Control by the Derivative of the Cost Function 
 

With instantaneous control law, the optimization problem can be formulated as the search 

of the optimal control forces u(k) that minimize the performance index J(k) in Equation (22) 

subjected to the constraint of the discrete-time state Equation (6). Therefore, this constraint is 

added to the cost function using the Lagrange multipliers λ(k) (or co-state vectors) and the 

Lagrangian is defined as 

 

T T

T

0 0 1 0 1

( ) ( ) ( ) ( ) ( )

( ) ( ) ( 1) ( 1) ( ) ( 1) ( ) .

J k z k Qz k u k Ru k

k z k A z k B u k B u k E w k E w k

   

        
  (23) 

Since the performance index is quadratic, the necessary and sufficient conditions for the 

minimizing of the Lagrangian J’ are 

0)()1()()1()1()(
)(

)('
10100 




kwEkwEkuBkuBkzAkz

k

kJ


,      (24a) 

0)()(2
)(

)('





kkQz

kz

kJ
 ,      (24b) 

T

1

'( )
2 ( ) ( ) 0

( )

J k
Ru k B k

u k



  


,      (24c) 

 

 

 



Lezin Seba Minsili, Changyong Zhang and Qian Cheng 342 

From Equation (24b), the Lagrangian multipliers λ(k) are linearly related to the states as 

)(2)( kQzk  .     (25) 

And from Equation (24c), the control forces are also linearly related to the Lagrangian 

multipliers λ(k) as 

1 T1
( ) ( )

2
u k R B k  .         (26) 

By substituting Equation (25) into Equation (26), the control forces are in turn linearly 

related to the states as  
1 T

1( ) ( ) ( )u k Gz k R B Qz k   ,             (27) 

where 1 T

1G R B Q   is the q×2n feedback gain matrix which is a constant matrix.  

The control forces u(k) are simply generated from the structural states z(k) multiplied by 

the pre-calculated constant feedback gain G. This approach presents an ideal structural system 

that may be controlled with a minimal control energy or near-to-zero control forces, since the 

system analyzed in this way is on an extreme position.  

Under the quadratic performance criterion in Equation (23), the actuators input u(k) 

obtained by the above methods is found by choosing for simplicity the weighting matrices Q 

and R (diagonal matrix containing specific values Ri) as 
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,      (28) 

where kci is the ith tendon stiffness associated to the controlled degree-of-freedom; αi is the ith 

tendon inclination; β is the coefficient determining the relative importance of the control 

effectiveness and economy: if β < 1 control effectiveness is more weight, if β > 1 economy is 

more important, if β = 1, they are equally important, β = Q represents an uncontrolled case. 

In the present and subsequent analytical control strategies the following expressions are 

referred to: Xo is horizontal displacement history of the tower-top without control; SF, DF, 

VF, SFt, DFt, are, respectively,  horizontal displacement history of the tower-top with state-

feedback control, displacement-feedback control, velocity-feedback control, state-feedback 

and time-delay and displacement-feedback and time-delay; Xtp(t) is horizontal displacement 

of tower-top at time t; Yms(t) is vertical displacement of the middle span section at time t; Yo 

is vertical maximal displacement of the middle span section without control; Xc is horizontal 

maximal tower-top displacement of the state-feedback case; Xcd is horizontal maximal tower-

top displacement of the displacement-feedback case; Xcv is horizontal maximal tower-top 

displacement of the velocity-feedback case; Xct is maximal tower-top horizontal displacement 

with SF and time delay; Xcdt is maximal tower-top horizontal displacement with DF and time 

delay; β is control effectiveness coefficient; α1/α2 is the linearization proportionality 

coefficients; cf is maximal control force applied at tower-top; m is number of steps in time 

delay. 

The control effect in time domain obtained by the derivative procedure can be seen in 

Table 3 and Figure 12, where several important facts are observed. The control effect is 

greatly influenced by the choice of the weighting matrix Q. In general, a classical choice of Q 

with only the stiffness matrix K in the first subspace of Q displays no control benefit with the 

given method. But adding the mass matrix M on the second diagonal subspace shows 

valuable results depending on the control effectiveness coefficient β. 
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Table 3. Maximal displacements by the derivative of the cost function  

(α1/α2 = 1.0/1.0; sinusoidal excitation) 

Maximal 

Values 











00

0K
Q  











M

K
Q

0

0  

β
 
=1.0 β

 
=10000 β

 
=1.0 β

 
=0.01 β

 
=0.001 β

 
=0.0004 

Xo, (m) 5.93 5.93 5.93 5.93 5.93 5.93 

Xc, (m) 5.93 5.93 1.87 1.68 0.62 ∞ 

Xcd, (m) 5.93 5.93 1.87 1.87 1.86 5.92 

Xcv, (m) 5.93 5.93 1.87 1.68 0.51 ∞ 

 

As expected according to the minimization process done earlier, when β
 
=10000 the 

responses of the system remained unchanged for the state feedback, displacement feedback 

and velocity feedback control cases. Assigning different values to the coefficient β
 
(for 

example 1.0, 0.01 and 0.001) better control results are obtained with more than 85% 

displacement reduction. Greater benefit is even obtained for the velocity feedback case while 

the displacement feedback remains in the same stable position. The state feedback case is in-

between these two cases. Further reduction of the control effectiveness coefficient β
 
under 

0.0004 shows the instability of the given method associated to a drastic increase of the control 

force and responses in the state feedback and velocity feedback control. The result of this last 

fact is omitted here since a better method can be found. 

 

 

5.4. Discrete-time Control by Linearization of the Feedback Gain 
 

To develop an optimal solution, it is necessary to create a cost function that includes the 

appropriately chosen weighted variables such as the state vector z(t) and the applied control 

forces, which are paramount to the problem. With such variables in the optimization process, 

the structural response can be balanced against control effort. An optimal solution is defined 

by minimizing this cost function with respect to the control and the state and being 

constrained by the appropriate equation of motion. It is required to create a continuous 

quadratic function J, which will be minimized by appropriate control gain G subjected to the 

equation of motion. A clear understanding of the gain matrix with respect to displacement and 

velocity shows that they have different contribution to the control gain. With this method, it 

can be noticed that it is possible to reformulate the gain matrix by simply decomposing its 

displacement and velocity components and then multiplying each one by a certain 

proportionality coefficient related to the desired expectations. 

The control force subjected to a linear time-invariant structure that is actively controlled 

by a closed-loop controller, can be modeled by the following relation 

.     (29) 

 

)()( tGztu 
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(a)                                    β = 1.0                                                                    β = 10 000 
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(b)                                   β = 1.0                                                                       β = 0.01  
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(c)                                 β = 0.001                                                                  β = 0.0004 

Figure 12. Tower-top relative displacement by the derivative of the cost function for the weighting 

matrices  (a) 
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Taking the components of G related to the displacement and to the velocity, one can 

easily formulate it as: 

d vG G G  ,     (30) 

where Gd and Gv are respectively the displacement and velocity gain matrices defined as 

d

( , )
( , )

0

G i j j n
G i j

j n
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（ ）
,    (31a) 

v

( , )
( , )

0

G i j j n
G i j

j n


 



（ ）

（ ）
.    (31b) 

Stimulating or reducing effect of one component over the other will result in multiplying 

it by a proportionality coefficient αi that is greater or less than 1.0. Applying it in the new 

constructed gain matrix gives the following linearized gain matrix 

L 1 2 1 d 2 v=G G G G G    .                (32) 

Substituting the closed-loop control of Equation (29) into the motion Equation (2) and 

defining the quadratic cost function J leads to the following problem statement in discrete 

time 

L
G

min( ) subject to ( 1) ( ) ( )J z k A z k Ew t   ,  (33) 

where the discrete close-loop system matrix LA is defined as  

L 1 2A A BG A BG BG     .     (34) 

The form of the cost function remains quadratic in z(k) and u(k) with an initial time t0= 0 

but without initial-terminal stage penalty term. By minimizing the function subjected to a 

constraint equation, the linearized cost function JL using time-varying co-state vectors 

(Lagrange multipliers) is easily formulated, and its effect compared to the original gain G can 

be seen. In this technique, the motion equations are adjoined to the cost function using 

undetermined co-state vectors λ(k). The value of the cost function is unchanged since the 

adjoined equation adjoined is identically equal to zero at every time-step. However, the value 

of the first variation of the functional is changed. The problem statement may be described as 

1 2

L
, 

min( )
G G

J         (35) 

in which the linearized cost function is defined as 

 T T T T

L L 1 2 L0
( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( 1)

n

k
J z k Q z k z k G RG z k k A z k Ew k z k


      
  ,    (36) 

where the discrete closed-loop weighting matrix QL is expressed as  
T T

1 1 2 2LQ Q G RG G RG   ,      (37) 

and the discrete Lagrange multipliers (co-state vectors) as 

1
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.        (38) 

The necessary conditions for optimality are obtained by imposing the first variation of the 

discrete augmented cost function JL with respect to the control and the state equal to zero as 

follows 

L 0 0,1,...,
( )

J
for j n

j
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L 0 0,1,...,
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J
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.        (39c) 

These necessary conditions for optimality again generate a series of difference equations. 

From Equation (39a), the discrete-state space equation is recovered. The initial conditions for 

this equation are prescribed, which can be solved forward in time to obtain the discrete-state 

time history as in Equation (6) with z(0)=0. From Equations (39b) and (39c), a difference 

equation for the Lagrange multipliers λ(k) and a final history at k=n are obtained, so that it 

can be solved backward in time to obtain the discrete-Lagrange multipliers time history as 

 T T
L L 1 2( 1) ( 1) 2 ( ) ( ) ,

( ) 0 and 0,1,..., .

k A k Q z k G RG z t

n k n

 



    

 
           (40) 

The final necessary condition (39c) leads to explicit forms for the gradient of the discrete 

linearized cost function JL with respect to the discrete velocity and displacement control 

gains. The form of these equations encourages the use of a gradient search to obtain 

numerical results for minimizing JL: 

T TL
1 20

1

2 ( ) 2 ( ) ( ) ( )
n

k

J
RG z k RG z k B k z k
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 ,  (41b) 

L L L

L 2 1

J J J

G G G

  
 

  
.      (41c) 

These two last equations are the same in nature with the one obtained in general optimal 

control, and lead to the general form that justifies the use of the gain in Equation (32) without 

disturbing the stability of control system. Thus the governing equations define a two point 

boundary-value problem, since initial conditions for z(k) are prescribed at k = 0, while the 

final conditions for λ(k) are given at k = n. The state equations for z(k) are shown to be 

independent of the Lagrange multipliers, but they contain the state variables explicitly. 

Therefore, it is possible to solve the state equations forward in time first and then solve the 

co-state equations backward in time to obtain the complete time histories for both. Since 

Equations (41a) to (41c) are identical for G1, G2 and GL, it is possible to find the gain matrix 

G with any well known classical method, and then linearize it with one of the coefficients 

among α1 or α2 greater than 1.0 affected to the gain component with more response reduction. 

The other coefficient less than unity will then be affected to the component with less response 

reduction. 

Considering Equations (40) and (41) in term of G only without linearization, we find that  
T( ) ( 1) 2 ( )k A k Qz k    ,          (42a) 

1 T1
( ) ( ) ( 1)

2
u k Gz k R B k    ,        (42b) 

For linear optimal shift-invariant state feedback control, the co-state vector λ(k) has the 

form 

)()( kPzk  ,     (43) 
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where P is a 2n×2n constant matrix. 

Hence the control force vector is linearly related to the state variables of future time 

step as 

1 T1
( ) ( 1)

2
u k R B Pz k   .         (44) 

Substituting Equation (35) into Equation (44), one finds that the control force is linearly 

related to the current state as 
T 1 T( ) (2 ) ( )u k R B PB B PAz k   .             (45) 

Based on Equations (32), (43) and (45), the unknown matrix P can be determined by 

solving the following Riccati matrix equation 

 
1

T T2 2T TP A PA Q A PB R B PB B PA


    .        (46) 

The control gain G can then be expressed as  

1 T1

2
G R B P  .              (47) 

The expression can be pre-calculated for a given structure and with prescribed weighting 

matrices Q and R. It is also important to see that in Equation (32), the linearized matrix GL 

becomes simply G if α1 = α2 = 1; and α1 = 0 displays the case of velocity feedback control 

with GL proportional only to GV. The same conclusion can be made also with α2 = 0 for the 

displacement feedback control. 

The minimization procedure obtained by Equation (35) only may not always give the best 

result with the best commercial software package for any structural model. As shown in 

Figure 13 and Table 4 with α1/α2 = 1.0/1.0 and β = 1, there is no significant difference 

between controlled and uncontrolled cases. Furthermore, the result with β = 0.01 shows that 

there is instability with the velocity feedback control procedure, since its maximal controlled 

response Xcv is almost double of the non-controlled one Xo. In the same time, a slight 

reduction of pick response for the displacement feedback control case Xcd can be found. And 

since there is a greater influence of instability generated by the velocity feedback control on 

the general response, the state feedback controlled response Xc is also greater than the non-

controlled case. Solving this velocity-instability and displacement-gain optimization is the 

justification for linearization of the gain matrix G. 

Results obtained from the linearized feedback gain matrix GL are also shown in Figures 

13 and Table 4 for four pairs of the linearization coefficient α1/α2 with a fixed value of β = 

0.01. One can see that the instability due to the velocity feedback is reduced by giving a 

stable response near to the non-controlled case, while the state and the displacement feedback 

responses can be reduced significantly to a near-to-zero position if the imposed linearization 

proportionality coefficient α1 is further increased. For the present structure and for those with 

noticeable computational irregularities such as instability, modeling errors, spillover and so 

on, the linearization procedure appears to be adequate for it intends to reduce undesirable 

responses while activating needed ones. 
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Figure 13. Tower-top relative horizontal displacements obtained by the linearization of the feedback 

gain matrix 
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Table 4. Maximal displacements by Linearization of the Feedback Gain Matrix 

(Sinusoidal excitation) 

Maximal 

Values 

α1/α2 

1.0/1.0 3.9/0.1 9.9/0.1 49.9/0.1 99.9/0.1 

β = 1.0 β = 0.01 β = 0.01 

Xo (m) 5.93 5.93 5.93 5.93 5.93 5.93 

Xc (m) 5.92 11.4 4.44 3.18 1.37 0.66 

Xcd (m) 5.93 5.44 4.39 3.14 1.12 0.65 

Xcv (m) 5.93 12.4 5.97 5.97 5.97 5.97 
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5.5. Time Delay Compensation 
 

The discrete-time control system described by the linearization procedure is idealized 

when the control forces u(k) at step k has been computed with the known state response of 

z(k-1) and z(k-2) at the time step (k-1). In practice, time has to be consumed during data 

processing, online computation and control force application. Inevitable time delay in control 

execution makes it necessary to consider appropriate modification to the control algorithm. In 

the presence of time delay mt, the state Equation (6) becomes: 

0 0 1 0 1( ) ( 1) ( 1) ( ) ( 1) ( )z k A z k B u k m B u k m E w k E w k          , (48) 

where m is the number of delayed time steps. The application of the control force u(k) is out 

of phase with the state variables z(k) by -m t . With time-delay the discrete performance in 

Equation (23) can be rewritten as 

T T

0
( ) ( ) ( ) ( ) ( )

n

k
J k z k Q z k u k m R u k m


        .  (49) 

Considering time-delay, the optimization problem is again converted to the minimization 

of the performance index of Equation (49) subjected to the constraint of Equation (48). 

Following the procedure outlined from Equations (35) to (47), one can find that the time-

delay control forces u(k-m) are also linearly related to the current state variables z(k) by 

1 T
1

1
( ) ( ) ( )

2
Lu k m R B Pz k G z k    .   (50) 

The control law represented by this last equation cannot be implemented, since the 

control forces u(k-m) at step k-m depend on the state variables z(k) that is expected to be 

known from the m steps ahead. Instead of the current state variables, the time delay state 

variables should be used for the online calculation of the time-delay control forces. After 

substituting Equation (50) into the state Equation (48) without considering the excitation load 

w(k), the current state variables z(k) and the previous state variables z(k-1) have the 

relationship as follows 
1

1 T 1 T
1 0 0

1 1
( ) ( 1)= ( 1)

2 2
z k I B R B P A B R B P z k Tz k



    
       
   

,      (51) 

where T is the 2n×2n transition matrix 

   

1

1 T 1 T
1 0 0

1

1 L 0 0 L

1 1

2 2

= .

T I B R B P A B R B P

I B G A B G



 



   
     
   

 

  (52) 

By continuously applying this last equation to Equation (50), the time-delay control force 

u(k-m) can be generated from the time-delay state variables z(k-m) as 

L D( ) ( ) ( )mu k m G T z k m G z k m     ,    (53) 

where 
D L

mG G T  is the time-delay feedback gain matrix with the same order of matrices G 

and GL.  

The dynamic equation of the present discrete-time system in the presence of time-delay 

remains simply a difference equation as before, and the stability problem associated with this 

procedure can be easily transformed to an eigenvalue problem of the augmented effective 

system matrix defined in Equation (34). 
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Table 5.  Maximal displacements with time delay consideration 

(sinusoidal excitation;  α1/ α2 = 49.9/0.1; β = 0.01) 

Maximal 

Values 

Time delay m 

5 10 12 13 14 15 

Xo (m) 5.93 5.93 5.93 5.93 5.93 5.93 

Xcd (m) 1.15 1.12 1.12 1.12 75.4 1.8E+17 

Xcdt (m) 1.07 0.952 0.89 0.85 0.81 0.77 
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Figure 14. Tower-top relative displacement under a sinusoidal excitation with time-delay consideration 

for the displacement feedback (α1/ α2= 49.9/0.1; β=0.01). 

 

The dynamic characteristics of the structural model can be easily studied by evaluating 

the eigenvalues of the effective system stiffness matrix of Equation (34) for different time 

delay m.  It can be seen that with inclusion of transition matrix T
m
 from Equation (52), the 

natural frequencies are greatly changed and the system equivalent damping are also increased. 

In frequency-domain, the effectiveness of time-delay compensation will be obvious, since the 

pick amplitude will be greatly influenced in the considered modes with and without 
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compensation. Frequency analysis is not performed here to verify this question, for this is not 

the key problem to be tackled in this work.  

The results in time-domain show the importance of time-delay compensation. When m = 

5, the time-delay is 10 ms and the system can still operate safely without instability, but the 

compensation effect is noticeable on the maximal horizontal displacement amplitude of the 

top-pier. This situation remains without great change up to m = 13 with time-delay 26 ms, as 

shown in Table 5 and Figure 14. Further increase in time-delay displays an abrupt instability 

of structural responses in the case without compensation. When time-delay compensation is 

considered, the control system remains stable for m = 14 and m = 15. During instability, the 

corresponding amplitude-change increases as a function of time delay and the relative 

displacements grow faster with time. 

 

 

5.6. Bounded State Control 
 

From a practical standpoint, the application of large control forces to a structure does not 

pose insurmountable problems, while continual generation of such forces over a non-limited 

time may cause the concept of active control to become impractical, even for small control 

variables. The approach discussed here attempts to use discrete control forces only under 

specific pre-determined conditions. Furthermore, a particular structure may not have a great 

need for additional active or passive damping mechanism under expected excitations in its 

lifetime. It is thus evident that in order to minimize the amount of control energy, the control 

should be applied only when the structural response exceeds a certain threshold. The control 

force magnitude u(k) is designed such that if the expected response z(k) exceeds a maximum 

permissible level ZL, it will be reduced to an approximated value of ZL and, if the maximum 

response Zmax of the structure is below the limited value ZL, no actuator is to be activated. 

Thus the required control force magnitude can be approximated by the following expression 

B L

L

( ) if ( )
( )

0 if ( )

Gz k z k z
u k

z k z

 
 


,   (54) 

where 
B ( )z k  is the bounded state difference between z(k) and ZL affected by the bounded 

coefficient αB, taking into account the limitation to obtain a perfect minimization of the cost 

function. It is clear that if the cost function J is well defined and the control always on, the 

bounded coefficient will be reduced to unity, and the structural response will be reduced to 

―zero‖. However, this is almost impossible. The dealing of the bounded coefficient can be 

achieved through a cyclic iteration procedure in one step k, but since such method involves a 

huge amount of time and computational effort, it is not applied here, while the coefficient αB 

is taken as a weak linear function of z(k), for example as 
max L max1 ( ) ( ) /Z z z k Z   , Zmax 

being the maximum value of z(k) without control. Therefore, one can define the bounded state 

difference coefficient as  

B B L( ) sign[ ( )] ( )z k z k z k z     .            (55) 



Lezin Seba Minsili, Changyong Zhang and Qian Cheng 352 

   

(a)  xL = 2.0 m; Xo = 5.93; Xc = 2.55; Xcd = 2.50; Xcv = 6.09. 

   

(b)  xL = 1.50; Xo = 5.93; Xc = 2.05; Xcd = 2.01; Xcv = 6.11. 

Figure 15. Bounded state control: displacement and control force histories with the prescribed threshold  

xL = 2.0 m and 1.5 m. (α1/ α2 = 49.9/0.1; β = 0.01). 

 

Since energy requirement is crucial for the feasibility of bounded state procedure, it is 

possible to reach a desired threshold level providing that the present control algorithm is 

perfect and leads to a zero-displacement function. Taking the threshold limit  xL 
to 2.0 and 

1.5, it can be seen that the maximal displacements obtained are almost always 0.5 m greater 

than the threshold limit. This is because that the control is activated only when the 

displacement reaches the prescribed threshold. The control mechanism will be able to reduce 

the vibration under the prescribed value after a certain lag of time, during which the response 

will reach an extra peak value. A proper handling of the prescribed threshold and the extra 

peak value leads to a desired threshold displacement limit. Figure 15 also displays the control 

force history for the two threshold limits, and it is evident that the control is activated only 

when the prescribed threshold is exceeded. The control force diagram shows that, at the 

beginning of activation, the forcing function is underestimated being less than the required 

value related to the on-growing response. When the response decreases, the forcing function 

is overestimated and more reduction is achieved. This process is seen with the error explained 

earlier between the prescribed threshold and the extra peak value less than 0.6 m. 
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5.7. Responses Simulation under Earthquake  
 

The effectiveness of the developed theory is again determined by studying the responses 

of the system under the El Centro earthquake input (Imperial Valey 1940). The horizontal 

component (S00E with PGA = 0.3417g) and the vertical component (PGA = 0.2063g) of the 

earthquake are simultaneously applied to the system without taking into account the time-

difference input between considered support motions. Therefore, the time-difference between 

the inputs at the two towers is negligible compared to the considered time-delay in the present 

work. The reason for choosing such input is that it represents a benchmark, with which one 

can easily compare the results obtained by the present formulation. Structural properties of 

the model remain unchanged, as well as the control weighting matrices. Since all the 

earthquake records are discrete, the discrete-time formulation followed by sinusoidal 

numerical analysis is suitable at this stage. 

First, horizontal (X) and vertical (Y) excitations are separately applied to the model 

structure. Results in Figure 16 show almost 83 % reduction of the tower-top horizontal 

displacements for the state (SF) and the displacement (DF) feedback controls. This reduction, 

as shown in Table 6, is limited only to 75% for a dual horizontal and vertical excitations 

applied at the same time. This situation was expected since the influence of both inputs, even 

different in modal components, is less consistent in term of negative input energy to the 

structure. 

Table 6. Maximal displacements by the linearization of the feedback gain under El 

Centro input with α1/ α2 = 49.9/0.1 and β = 0.01 

Maximal 

Values, 

(m) 

Horizontal component Vertical component Horizontal & vertical 

Tower-top Mid-span Tower-top Mid-span Tower-top Mid-span 

Xo/Yo 0.224 0.49 0.389 13.6 0.356 12.7 

Xc/Yc 0.039 0.48 0.081 13.1 0.085 12.6 

Xcd/Ycd 0.040 0.47 0.077 12.5 0.082 11.8 

Xcv/Ycv 0.229 0.49 0.398 13.8 0.398 12.9 

 

Another important fact shown in Figure 16 is that the tower-top displacement control 

procedure has little influence on the mid-span vertical displacement. From a closer look of the 

mid-span displacement history Yo(t), one can see that vertical responses due to horizontal 

excitations (X) are damped by the structural damping, while mid-span vertical responses due 

to vertical (Y-Y) or dual (X-Y) excitations are almost stable after reaching their maximal 

values. The shape of the last two diagrams of the mid-span response without or with control is 

similar in the first 60 s to the process of a single DOF damped structure in resonance. And 

then, when the effect of the excitation load vanishes, the shape becomes similar to a free 

vibration damping process that may need a relatively long time before its consumption. This 

allows concluding that the control of horizontal displacements of the present tower has little 

effect on the vertical responses of the mid-span.  
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(a)  Horizontal component of El Centro (X). 
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(b)  Vertical component of El Centro (Y). 
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(c)  Vertical & Horizontal components of El Centro (X-Y). 

Tower-top horizontal displacement                               Middle-span vertical displacement 

Figure 16. Tower-top horizontal displacements and mid-span vertical displacements under El Centro 

excitations with α1/ α2 = 49.9/0.1 and β = 0.01. 

 

Taking into account time-delay effect for El Centro earthquake, Figure 17 displays 

almost the same conclusions as those with sinusoidal input in Figure 14. The Linearized 

method is used with the linearization coefficients of proportionality α1/α2 = 49.9/0.1 and the 
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control effectiveness coefficient β
 
= 0.01. For both state and displacement feedback controls, 

the rise of response amplitude at beginning is weak and proportional to the time-delay m, then 

when m reaches 14, this weak proportionality is destroyed and replaced by a strong instability 

if no control measure is taken, as shown also in Table 7. It is evident that the linearization of 

the Feedback Gain method can be successfully applied to earthquake inputs with practical 

considerations such as discrete time control, time-delay, and other control algorithms. 
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Figure 17. Tower-top displacements without and with time-delay compensation for the state feedback 

(left column) and the displacement feedback (right column) under El-Centro excitation (X-Y). (α1/ α2 = 

49.9/0.1 & β = 0.01).  

 

5.8. Remarks on Active Control Strategies 
 

This section is to display some concepts involved in the active control of structures by the 

closed-loop algorithm, to examine and improve the application of the Feedback Gain Matrix, 

through analysis of an active tendon control scheme for a bridge tower structure. Although 

the analysis presented is for a reduced order model with limited number of nodes and 

elements, it can be applied to a real structure with unlimited degrees-of-freedom. The 

following points are summarized for the discrete-time control methods described: the 
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derivative of cost function; the linearization of Feedback Gain Matrix; the time delay 

consideration and the Bounded State application. 

Table 7. Maximal displacements with time delay consideration under El Centro input 

(α1/ α2 = 49.9/0.1; β = 0.01) 

Maximal 

Values, (m) 

Time delay m 

State Feedback Displacement Feedback 

05 12 14 05 12 14 

Xo 0.356 0.356 0.356 0.356 0.356 0.356 

Xc/Xcd 0.088 0.093 ∞ 0.085 0.095 ∞ 

Xct/Xcdt 0.081 0.069 0.070 0.078 0.060 0.053 

 

It is demonstrated that under earthquake excitations, the Riccati closed-loop algorithm 

does not satisfy alone the optimal condition. The results in this work are achieved by 

activating some useful components of the Riccati matrix while attenuating the others strongly 

according to the expected results, availability and requirements of control mechanism. 

Compared with the derivative method examined earlier, the efficiency of the proposed 

linearization method is more compatible to the control of civil structures and shows great 

performance. According to the simulation results obtained through sinusoidal and earthquake 

inputs, the following conclusions have been obtained:  

(1) The results obtained from the linearized feedback gain matrix GL display the 

efficiency of the present method in suppression of vibration. 

(2) It is better to apply control actions into a structural system only after the time-delay is 

analyzed and properly tackled.  

(3) The approach must consider nonlinear variation of structural properties since 

elements are working in elasto-plastic or plastic stage. 

(4) The pro and cons of controlling tower vibration in a real environment should be 

assessed, and the influence of it on the mid-span vertical vibration be considered. 

(5) The efficiency of a tendon control in high-rise structures should be justified, since the 

self-mass of the control cable will increase the system mass and therefore lower the frequency 

range of the system.  

 

 

CONCLUSION 
 

This chapter introduces the basic concepts of passive energy dissipation and active 

control of bridges, and current development, structural applications of these concepts to the 

mitigation of bridge vibration. While with significant advancements in implementation of 

these concepts to bridges, it is important to underline that this exciting technology is still 

evolving, and improvements in both theory and practice will continue in the years to come. 

The acceptance of innovative technologies in structural engineering is based on a combination 

of performance enhancement versus construction costs and long-term effects. Structural 

systems like bridges are complex combination of individual structural components and 

innovative devices with realistic prediction and evaluation of their performance. The main 
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objective of this work is to develop and evaluate passive and active vibration control methods 

that can be applied to bridges. The developed control methods are to allow the structure to 

resist an external excitation, therefore to reduce structural responses, by applying an 

appropriate control effect opposite to that resulted by excitations. In other words, the control 

energy developed by a pseudo control force is able to match the energy demand of the 

excitation force. Like any other design schemes, some constraints should be satisfied, which 

include the economical feasibility, the minimization of inconveniences to existing and future 

structures, the safety of existing structures and the improvement of their structural 

characteristics. 

The main contributions of the present work are summarized as the following points: the 

proposal of a new friction device as a pre-engineered element; the performance assessment of 

friction dampers in a structural system; the proposal of an active tendon control method using 

the Linearization of Feedback Gain; and analytical studies using time-history analysis to 

evaluate various active control methods with different practical considerations. Various 

passive and active control methods are summarized from worldwide researches and 

developments. Important conclusions from these developments and from the analyzed results 

include:  

(1) Introduction of FD into a bridge structure reduces peak displacements of the whole 

structure while the acceleration response may be undesirably enlarged. So it is necessary to 

develop an optimal FD system with appropriate characteristics that can meet the expected 

performance of structure.  

(2) The present active control strategy based on the linearization method shows that it is 

possible to fully suppress the structural vibration using proper control methods, if practical 

conditions are fully analyzed and properly tackled. 

The research in this work aims to provide a more comprehensive evaluation on the 

proposed passive and active control algorithms. However, there are still some issues that 

should be investigated to make this work more definitive. These include:  

(a) The performance of friction devices (FD) or slotted bolted connections when 

subjected to out-of-plane loading. The present FD is designed to produce longitudinal control 

forces while it is still important to predict the expected transversal reactions. An experimental 

study, which would subject the FD to bi-directional or tri-dimensional loading, will be done 

to acquire the necessary data.  

(b) In general, an active control procedure with friction devices will find wide 

applications not only in bridge engineering, but also in civil engineering. The question 

pertaining to which component on which level is to be modulated: the friction coefficient or 

the normal to the sliding surfaces force? The response of this question is still the subject of 

present research even if some applications using semi-active friction devices are done in the 

building industry;  

(c) An intensive excitation force requires a very large control force, especially for 

enormous structures. The response control will require specific innovations, such as the 

hybrid type control that combines the passive damping system and the active vibration control 

system. But this may not always be possible if the designed control force reaches the limit of 

its practical application. In other words, the structure may be subjected to failure. The 

limitation conditions can be suppressed if the controlled structure is able to respond in the 

nonlinear behavior (variable structural characteristics) without suffering any damage. This 

may be an appropriate solution for bridge engineering. 
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Abstract 
 

In this chapter, six kinds of typical isolation devices and several practical 

engineering examples are introduced, followed by the studies on parameters optimization 

and energy based analysis method of seismically-isolated bridges. Operating principles, 

analysis models and some practical engineering examples of lead rubber bearing (LRB), 

friction sliding type bearing and E-shaped steel damping devices are mainly introduced. 

An optimization design model of the seismic isolation system with LRB for a simply-

supported railway beam bridge is established, based on optimization theories and 

considering soil-structure interaction. The parameters of isolation bearings are taken as 

design variables, and the maximum moments at bottom of bridge piers are employed as 

objective functions. The optimization calculations are carried out separately under 

excitation of three practical earthquake waves, from which the effects of dynamic 

parameters of LRB on the seismic responses are given. In order to enhance the 

optimization efficiency, the vehicle running safety is checked separately by inputting the 

values of spectral intensity after the optimal parameters are determined. The design 

method for seismically-isolated bridge with LRB is studied according to the energy 

theory. The energy equations of the system are deduced, and then the analysis model of 

energy response for seismically-isolated bridges is established. To get the energy spectra, 

forty earthquake records are selected, and the nonlinear time history analyses for seismic 

energy responses of bilinear SDOF seismically-isolated bridges are carried out, and then 

the statistical seismic input energy spectra for bridge seismic isolation design for site type 

B are obtained. Furthermore, the nonlinear energy responses analyses of seismically-

isolated bridge are conduced, and the energy design principle is proposed for bridges 

seismically-isolated by LRB. 
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1. INTRODUCTION 
 

Earthquake is one of the most severe natural disasters that caused heavy casualties, as 

well as damage or collapse of buildings, bridges and other infrastructures. There have been in 

the past decades lots of serious earthquakes in the world, such as Tangshan earthquake (M7.8) 

in 1976, Loma Prieta earthquake (M7.1) in 1989, Northridge earthquake (M6.7) in 1994, 

Kobe earthquake (M7.2) in 1995, Turkey earthquake (M7.4) in 1999, Chi-Chi earthquake 

(M7.6) in 1999, Indian Ocean earthquake with tsunami (M8.9) in 2004, Wenchuan 

earthquake (M8.0) in 2008, Haiti earthquake (M7.3) and Concepcion earthquake (M8.8) in 

2010. During an earthquake, the damage and collapse of infrastructures may lead to lifeline 

works interrupted and disaster rescue action delayed, which may further result in severe 

secondary disasters, and increase casualties and property loss. Among those, the serious 

problems resulted from failure and damage of bridges, including the harm of transportation 

network suspended and the huge expenditure on retrofitting the bridges to their original 

functions, have attracted much attention in many countries. 

The seismic mitigation and isolation technology, as a new anti-seismic technology, has 

attracted more and more attention (Buckle and Mayes, 1990), and at present, is being 

investigated and implemented in more than twenty countries around the world. This 

technology has been brought into the seismic design codes for bridges in some countries, 

including New Zealand, Italy, USA, Japan, China, etc., where hundreds of seismically-

isolated bridges have been built and being built. Some of the isolated bridges have 

experienced earthquakes and even intense earthquakes, during which the seismic mitigation 

and isolation devices performed excellent efficiency (Priestley et al, 1996). The seismic 

mitigation and isolation design for new bridges can effectively control the seismic response of 

bridge, including internal force responses and displacement responses, so that the bridge may 

still satisfy the safety and functional requirements after suffering an intense earthquake.  

For a bridge structure, the deck and piers are connected by bearings. Theoretical and 

experimental analyses show that the connection forms of bearings have a great influence on 

the dynamic characteristics of bridge. Installation of horizontal flexible support and energy 

dissipation devices between girder and piers can effectively reduce the seismic responses of 

structures. In the last 30 years, many types of isolation devices and energy dissipation devices 

have been developed and a great deal of experimental researches conducted, some of which 

have been widely used in practical engineering structures. Currently, there are still many 

researches on development of new isolation devices. 

 

 

2. MECHANICAL PROPERTIES AND ANALYSIS MODEL  

OF ISOLATION BEARINGS 
 

Proper bridge design using seismic mitigation and isolation technologies can reduce the 

seismic forces input to structure. A good isolation system should be capable of supporting the 

structure, while providing an additional horizontal flexibility and energy dissipation capacity. 

When choosing an isolation system, in addition to meet the requirements of extending period 

and increasing damping, some parameters of isolation devices should be carefully considered 

from the normal working conditions, such as deformation capacity under static load, yield 
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strength, self-restoration capacity and vertical stiffness. The key of achieving good isolation 

performance is the mechanical properties of isolators. Therefore, it is important for engineers 

to know the performance of isolation devices to realize a rational isolation design. Herein 

below is a brief introduction to isolation devices of normally used. 

 

 

2.1. Rubber Bearing 
 

Rubber bearing, consisting of rubber sheet and steel plates bonded together alternately, is 

the most widely used vibration isolator for bridge structures. Owing to the restraint of steel 

plates on transverse deformation of rubber sheet, rubber bearing has very large vertical 

stiffness. While for the horizontal stiffness, thin steel plates do not affect the shear 

deformation of rubber, so the inherent flexibility of rubber maintains. Studies on the dynamic 

properties of rubber bearings show that the shear stiffness of rubber bearings is not linear, but 

its force-displacement hysteresis curve is long and narrow, thus the shear stiffness could be 

replaced by linear stiffness approximately. Rubber bearings mainly depend on increasing the 

flexibility of structure to extend the period of the structure to achieve vibration mitigation and 

to decrease the earthquake load applied on piers and abutments. Since the relative 

displacements between beam and pier or abutment are also increased at the same time, rubber 

bearings have certain limitations. 

 

Figure 1. Basic conformation of rubber bearing 

Basic conformation of rubber bearing is shown in Figure 1. Rubber layers and steel 

sheets are bonded together alternately and there are flanges on the upper and lower parts of 

the bearing. The plane forms of rubber bearings are mostly circular or rectangular.  

There is usually a hollow hole in the center of rubber bearing. Considering the supporting 

capacity of rubber bearing, it is better to manufacture it without the hole, but in the process of 

vulcanization of rubber, for even distribution of heat inside the rubber layer when heated from 

the outside, and sometimes it is necessary to set the center hole to ensure product quality. In 

addition, outer protective layer, made from material with good climate tolerance, is usually 

set to make the rubber bearing adapt to climate change. 
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2.1.1. Horizontal Stiffness of Rubber Bearing 

Horizontal stiffness (shearing stiffness) of rubber bearing is the horizontal shear imposed 

on the bearing when there is a unit relative replacement between upper and lower plates of the 

bearing, marked as kh. In the design scope, horizontal stiffness kh is lightly affected by other 

factors, and can be calculated by the equation below 

h

r

GA
k

T
     (

r rT nt , Pure shear)    (1) 

where, G is the shear modulus of rubber material, A is the effective horizontal shear area of 

rubber bearing, tr is thickness of a single rubber layer. 

Theoretically, to determine the horizontal stiffness in the scope of large deformation, in 

addition to the shear deformation caused by horizontal force, the bended deformation caused 

by vertical load should also be considered. When considering the effect of vertical load, the 

horizontal stiffness is calculated as (Skinner et al, 1996): 
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In the equations above, p is vertical load on the rubber bearings. H = Tr + Ts, where Tr is 

the total thickness of layered rubber; Ts is the total thickness of layered steel plates. I is 

moment of inertia of bearing cross section, S1 is the first shape factor of rubber bearings, 

which is calculated as 2.5; D is the diameter of circular bearing; L, B are the length and width 

of rectangle bearing; E is the standard elastic modulus of rubber material; Ev is the volume 

constraint elastic modulus; k is the correction factor for the hardness of rubber materials.  

Factors affecting the horizontal stiffness of rubber bearing are: 

(1) Mechanical properties of rubber (such as hardness, E, G), with which the horizontal 

stiffness increases. 

(2) Shape factor of rubber bearing has small effect. 

(3) Vertical load (axial compressive stress σ): kh decreases with increase of axial 

compressive stress. When the axial compressive stress is not significant, the effects 

on kh are small, and could be ignored. 

(4) Effects of shear deformation: horizontal stiffness of rubber bearing kh decreases 

with increase of shear deformation γ, but when the shear strain is large enough, kh 

will increase to some extent. The smaller the axial compressive stress withstood by 
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rubber bearing is, the less effect of shear strain on horizontal stiffness is. The 

general rule of horizontal stiffness variation of rubber bearing is that when the 

horizontal shear deformation is relatively small, the horizontal stiffness is relatively 

large, and vice versa. When the shear deformation keeps increasing (like: γ > 

300%), the horizontal stiffness has a tendency to increase. 

(5) Effect of repeated horizontal cycle numbers: kh decreases a little with increase of 

cycle number, but the effect is not obvious. 

(6) Effect of repeated horizontal load frequency ω: kh increases a little with increase of 

frequency. 

(7) Effect of temperature: kh increases with increase of temperature, but for different γ, 

the effect extent is different. 

 

2.1.2. Vertical Stiffness of Rubber Bearing 

The vertical stiffness of rubber bearing is defined as the vertical force corresponding to a 

unit vertical displacement: 

v
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p
k
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where v is the vertical compressive deformation and p is the vertical pressure of RB. The 

vertical stiffness of RB kv is calculated by the equations: 
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where: Ac is the effective compressive area; Tr=ntr; Ev is the volume constraint elastic 

modulus; E is the standard elastic modulus of the rubber; k is the hardness correction 

coefficient of the rubber material; D is the effective compressive diameter of the circular 

cross section of the bearings; S1 is the first shape factor of RB.  

The vertical stiffness kv can also be expressed with the second shape factor S2 of rubber 

bearing as 
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The significance to get a reasonable value of the vertical stiffness of rubber bearing is as 

follows: 

(1) Refrain the superstructure from oversized vertical deformation under the normal 

loads.  

(2) Determine the vertical vibration period of the isolated structure reasonably to avoid 

the resonance effect in earthquake or other vibrations. 

(3) The vertical stiffness of rubber bearing is affected by many factors, mainly including 

the mechanical properties of the rubber, such as hardness and standard elastic 

modulus. The bigger the two factors, the bigger the vertical stiffness. 

(4) Shape factors: the vertical stiffness increases along with increase of the first shape 

factor, almost proportionally.  
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(5) Vertical compressive stress: the vertical stiffness of rubber bearing increases with the 

vertical compressive stress. 

(6) Horizontal shear deformation: the vertical stiffness of rubber bearing decreases with 

increase of level shear deformation.  
 

 

2.2. High Damping Rubber Bearing 
 

High damping rubber bearing (HDRB) is made of specially prepared rubber material with 

good viscosity that can absorb energy itself. The shape and formation of HDRB are the same 

as those with natural rubber bearings. Integrated with energy dissipation function, HDRB can 

save the installation space and make the manufacture convenient. The hysteresis curve area of 

HDRB is very large which indicates great capability of energy dissipation. It also can be seen 

from hysteresis curve that the bearing represents nonlinear performance in small deformation, 

which relatives to repeated times and displacement value as well as displacement time 

history. Both the equivalent linear model and restoring force model can be used in hysteresis 

behavior analysis of HDRB. The former adopts equivalent damping ratio and equivalent 

stiffness model, while the latter often uses modified double linear model. 

According to the experiment results of HDRB, the parameters of equivalent linearization 

model, such as the shear modulus and equivalent damping ratio, show nonlinear relationship 

to shear strain of bearing, and so do the parameters of modified double linear model. In 

addition, the parameters of modified double linear model are influenced by time history 

course of bearings. Therefore, the calculation of equivalent stiffness and equivalent damping 

ratio in equivalent linearization model, as well as the parameters of nonlinear hysteretic 

model using in HDRB model, are given in many literatures as empiric functions related with 

bearing shear strain and time history course based on experimental results. 

 

 

2.3. Lead-rubber Bearing (LRB) 
 

The main disadvantage of rubber bearing is its small damping, so that sometimes the 

bearing deformation may be large due to its flexibility even if the horizontal force is at a low 

level. If lead cores are inserted into rubber bearings, a combined isolation device, lead-rubber 

bearing (LRB) is gained. The lead core provides energy dissipation capacity during 

earthquake, and yield strength and yield stiffness under static loads. When under low 

horizontal forces, the deformation of bearing is small for the high initial stiffness; while under 

earthquake excitations, because of the yield of lead core, seismic energy is dissipated and 

bearing stiffness declines, resulting in the period extended. Thus LRB can meet the 

requirements for good isolation system. The conformation of LRB is shown in Figure 2. 

Lead core has good mechanical properties and can be well combined with rubber bearing, 

which make it form a suitable material for vibration mitigation and isolation. LRB has a lower 

yield shear (about 10 MPa) and a high initial shear stiffness (G is approximately 130 MPa), 

and it has an ideal elastic-plastic performance and also a good fatigue resistance for plastic 

recycles. 
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Figure 2. The conformation of LRB. 

 

In addition, yield strength of LRB is related to the area of lead core, so increasing the 

area of lead core can improve its yield strength and energy mitigation capacity. Since it is 

easy to obtain lead with high purity, the mechanical properties of LRB are reliable. Therefore, 

LRB, as a kind of isolation bearing with a combination of isolator and damper, has a simple 

conformation, convenient manufacture process and low price, and has been widely applied in 

many countries such as New Zealand, USA, Japan, Italy etc. Figure 3 shows a hysteresis 

curve of LRB. 
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Figure 3. The hysteresis curve of LRB. 

Although LRB was invented early in the end of 1960‘s and has been widely used in 

engineering practice, the determination of mechanical analysis model and design parameters 

is still a problem to be solved, which can be known from the specifications for the countries 

and relevant literatures. The mechanical model and design parameters used abroad are 

introduced as following, which may provide some references for readers. 

According to the differences of analysis methods in design, LRB can be divided into two 

categories: equivalent linear model and nonlinear model. Equivalent linear model is the 
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description of the actual nonlinear model with an approximate linear model, and thus it can be 

used for structural response analysis. The linear model is mainly used in the elastic response 

spectrum analysis, with two mechanical parameters: equivalent linear stiffness and equivalent 

damping ratio. Nonlinear model is mainly used for nonlinear static analysis and nonlinear 

dynamic time-history analysis. The design parameters involved in the two analytical models 

are acquired via experimental research. 

 

2.3.1. Equivalent Linear Model of LRB 

In establishment of equivalent linear model of LRB, the two parameters of the model are 

given based on the bilinear hysteretic model by some researchers in several countries. Some 

of the suggested equations are shown as follows: 

(1) The equation of equivalent stiffness and equivalent damping ratio suggested by 

seismic isolation design specification for bridges in Japan (Japanese Association of Highway, 

1996): 

B d Be 2/K Q u K  ,       (12) 

 d Be d 2 1

B u

Be d Be 2

2 /( )

( )

Q u Q K K
h K

u Q u K

 



,     (13) 

where, KB is the equivalent stiffness of isolation bearing; hB is the equivalent damping ratio of 

isolation bearing; Qd is the characteristic strength as shown in the figure below; uBe is the 

effective design displacement of isolation bearing; K1 and K2 are initial stiffness and post-

yield stiffness of isolation bearing, respectively. 

The corresponding hysteresis curve of isolation bearing is given in Figure 4. 
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Figure 4. Hysteresis curve of isolation bearing.  

 

(2) The equation of equivalent stiffness and equivalent damping ratio suggested by 

AASHTO design guidelines (1991): 
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where: Ku is the initial shear stiffness of the isolation bearing;is the hardening ratio of the 

isolation bearing; =di/dy is the displacement ductility ratio of the bearing; 0  is the damping 

ratio of the structure, usually taken as 5%. 

(3) The equation of equivalent stiffness and equivalent damping ratio suggested by 

Hwang et al (1996) as: 
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in which,  is the ductility ratio; Ku is the initial shear stiffness.  

This method is built based on the bilinear hysteretic characteristics of single freedom 

oscillator model, with the hardening ratio limited to 0.2, and the two empirical equations of 

this method have big error in the small ductility ratio range. 

(4) The equation of equivalent stiffness and equivalent damping ratio suggested by 

Robinson (1995). 

Robinson suggested that the equivalent stiffness Keff should be defined as shearing 

stiffness K() rather than be defined based on the diagonal of the bilinear model. The 

equivalent damping ratio is: 

 
eff 2

maxk X
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where 2

maxX  is the maximum deformation of the bearings. 

 

2.3.2. Nonlinear Analysis Model of LRB 

The nonlinear analysis model of LRB is suggested to use bilinear model by the 

specifications in both Japan and New Zealand. But the parameters in each standard are 

different. 

(1) The suggested equation, based on experimental results, given in the seismic isolation 

design specification for bridges issued by Japanese Association of Highway (1996): 

u d6.5k k ,              (19) 

d
d

Be

F Q
k

u


 ,              (20) 

R pF A G A q  ,             (21) 

d p 0Q A q            (22) 

where, q0 = 85.0 kgf/m
2
 is the shear stress of the lead core corresponding to the shear strain 

= 0; q is the shear stress of the lead core, and the value is (unit: kgf/m
2
): 
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(2) The equations of nonlinear analysis model for lead rubber bearings suggested by the 

specification in New Zealand (NWD CDP818/A(1981)) (Mori et al, 1999) are: 
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The yield strength is: 
3 2

y 7.06 10F D  ,        (27) 

where: Ap is the cross-sectional area of the lead core; Ar is the bearing area excluding the area 

of lead core; Ag is the area of the bearing; D is the diameter of the lead core.  

(3) The static performance of lead rubber bearings 

Some researches have also been done about the mechanical properties of LRB in 

common conditions. The research shows that the LRB‘s dependence on creep velocity is 

small when the value of strain ratio is between 3×10
-4

~10
-1

s
-1

. The force only increases by 8% 

when the strain ratio increases by 10 times. But the dependence of shear stress on creep 

velocity is bigger when the value of the strain ratio is below3×10
-4

~10
-1

s
-1

. The force will 

change by 40% when the strain ratio varies by 10 times. 

The equation about the calculation of the bearing reaction induced by the influence of 

creep, shrink and temperature variation etc. is given by seismic isolation design specification 

for bridges in Japan: 

s d B s0.2F Q k u      (28) 

where, B R
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; us is the lateral deformation.  

Shown in Figure 5 is the comparison of the bearing forces induced by temperature and 

brake force under earthquakes and normal operation conditions. It shows that although the 

initial stiffness is large due to the lead, the resistance of bearing is small owing to the 

influence of temperature and creep. It provides the requirement of LRB in long span 

continuous beam bridges. 

In addition, in order to ensure normal mechanical properties of LRB, some requests for 

the size of lead core are also required, that is: 

P

p

1.25 5.0
H

d
  ,        (29) 

where Hp is the effective height of lead core, and dp is the diameter of lead core.  
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Figure 5. Comparison of the bearing forces under different conditions  

 

The request is given because that, if the diameter of lead core is too large, the restraints of 

layered rubber on lead core will become weak; on the other hand, if the height of lead core is 

too small, the deformation boundary of lead core is like a sphere face, in which cases, the 

restoring force characteristics of LRB are unstable. If the above equation cannot be satisfied, 

multiple lead cores are proposed. In addition, although the large diameter of lead core is good 

to increase the hysteresis loop area and energy dissipation capacity, the increase of diameter 

should be in limitation. The rubber layers of LRB do not only withstand pressure and restrict 

the deformation of lead core, but also provide restoring forces after shear deformation occur, 

which is very important. Thus, the limitation that rubber shear force should be greater than 

3/4 times of the shear force of lead core when the shear strain = 0.5 is proposed by some 

literatures, that is: 

r pb Pb

3

4
F A      (30) 

where, Fr = G Ar, and Ar is the bearing area excluding the area of lead core. 

 

2.3.3. Practical Engineering Examples of LRB 

LRB has been widely used in some countries, especially in New Zealand, USA and 

Japan. Many bridges have been built with LRB for isolation, and dozens of old bridges have 

been retrofitted with LRB for seismic resistance. Several typical LRB-isolated bridges are 

briefly introduced as follow. 

 

(1) Te Teko Bridge (New Zealand) 

The Te Teko Bridge in New Zealand, isolated with lead-rubber bearings, is one of the 

isolated bridges that have experienced strong earthquakes. In 1987, the bridge suffered a peak 

ground acceleration of about 0.30g to 0.35g in Edgecumbe earthquake. The bridge has 5 

spans, and each span is 20m. It adopted precast U-shaped beams, cast-in-place deck and 

single cylindrical pier with LRBs at the end of each span. In order to prevent horizontal 

sliding, a restraint ring was set on the isolation device with an effective height of 20 mm. But 

actually, the effective height of the restraint ring at the west side was only 5 mm. Owing to 
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this structure defect, an abutment bearing failed during the earthquake, resulting in a 

moderate damage of the bridge. 

 

(2) Seirra Point Bridge (USA) 

In the United States, the isolation technology first used for bridges was in the seismic 

retrofit program of Seirra Point Bridge (1984). The bridge was built in 1956, with a length of 

200 m and width of 40 m, slightly bended in horizontal direction. Dynamic analysis showed 

that the bridge would be seriously damaged in a strong earthquake when horizontal 

acceleration reached 0.6g. The solution was replacing the stiff ball bearings with LRBs for 

seismic isolation. It was calculated that when a Richter 8.3 earthquake happened at San 

Andreas Fault, which was 7 km away from the bridge, these bearings could extend the 

structure‘s natural period, and then elastic force of the pier was reduced by 5/6. Limit rods 

were used to ensure the connection between lateral and longitudinal beams. The bridge was 

estimated to remain functional during and after a design earthquake. During the Loma Prieta 

earthquake it withstood the impact with the peak acceleration of 0.09 g. Since the LRBs 

effectively reduced the seismic forces, the piers survived without much damage. 

 

(3) Sexton Creek Bridge (USA) 

The Sexton Creek Bridge (1990) is the first new built seismically-isolated bridge in the 

United States. The bridge is located on the No. 3 Illinois Highway. The main structure of the 

bridge is a three-span continuous composite beam, slightly curved, and supported by wall-

type piers and seat-type bridge abutments. Both piers and abutments are built upon pile 

foundations. The feasibility study was taken before selecting the design project. The principle 

of design project selection was to minimize the effect of seismic loads and non-seismic loads 

on piers. The ground condition was not good, and according to the AASHTO design 

guidelines, the peak acceleration of design earthquake for the bridge was 0.20 g. In the final 

selected design project, 20 LRBs were used to distribute the seismic loads to abutments. 

Another 20 rubber bearings (without lead core) were installed on the piers. By adjusting the 

stiffness of the bearings on abutments and piers, the seismic forces and wind loads applied on 

piers are limited to a minimum scale so that the actual elastic base shear force was reduced to 

0.13W (W is the weight of the bridge superstructure). 

 

(4) Miyagawa Bridge (Japan) 

In Japan, the first seismically-isolated bridge was Miyagawa Bridge over Keta River in 

Shizuoka Prefecture. The Miyagawa Bridge, completed in 1990, was a three-span continuous 

steel truss girder bridge, with the length of 110 m, at stiff soil site, supported by lead-rubber 

bearings. The main bridge structure was restricted in transverse direction. Along with 

longitudinal direction, there was a ±150 mm clearance for moving, and if over this scope, the 

abutment would limit its further movement. Through appropriate selection and arrangement 

of LRBs, the total inertia force could be distributed to each pier and abutment reasonably. The 

natural period of the Miyagawa Bridge without seismic isolation was 0.3 seconds, and the 

natural period of the bridge with seismic isolation design was 0.8 seconds with small 
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displacement amplitude and 1.2 second with large displacement amplitude. Most of the 

seismic isolation bridges in Japan use LRBs and HDRBs. 

 

 

2.4. Friction Sliding Type Isolation Bearing 
 

The bridge bearing should not limit the deformation of superstructure, which means that 

the resistance force of it should be low enough against the deformation of superstructure 

caused by temperature and concrete creep. Bearings making use of the behavior of low 

friction coefficient that existing between stainless steel and polytetrafluoroethylene (PTFE) 

materials have been used in bridges for more than 40 years. This kind of bearing, with the 

advantages of low friction coefficient and a large horizontal displacement, is fit for use as a 

freely movable bearing. The friction coefficient between stainless steel and PTFE materials is 

usually lower than 0.08, when coated with lubricant, it may become as low as 0.01~0.03. But 

this kind of bearings needs periodic inspection and maintenance. 

So far, a lot of experiments have been made about the friction coefficient between 

stainless steel and PTFE materials and the hysteretic behavior. The experiments indicate that 

for this kind of bearing, the response is close to completely elastic-plastic, with a good energy 

dissipation capacity, and the coefficient of static and sliding friction has a relationship with 

the bearing pressure and the conditions of contact interface. The coefficient of sliding friction 

increases with increase of loading velocity until a constant, about 1~20 cm/s, and maintains 

when velocity exceeds this constant. At the beginning of a slow sliding, the ratio between the 

sliding friction coefficient and static friction coefficient is about 1.5~4.5. This kind of bearing 

has no self restore capacity, and under the earthquake excitation, it is possible to generate a 

large permanent deformation. Therefore, especially when the sliding face is not completely 

flat, the permanent deformation should be controlled within an acceptable range by using the 

restoration devices. 

When PTFE sliding bearings are used, as this kind of device allows the superstructure to 

slide on the frictional face, the maximum seismic forces transferred from superstructure to 

substructure are limited to the maximum friction forces with much seismic energy dissipated 

and responses decreased. While owing to lack of self-restoring capacity, the predictability and 

reliability of seismic responses of this kind of bearing are not so satisfactory, thus it is usually 

used with other devices to make up a new isolation device. In these devices, the weight of 

entire structure is supported by PTFE slide plate, and at the same time, the horizontal 

resistance is small for the low friction coefficient, and the restoring forces are provided by the 

other devices. The main advantage of such devices is the insensitivity to the frequency of 

excitation. 

 

2.4.1. Principle Mechanism of Friction Pendulum System 

At present, there are several kinds of sliding isolation devices with self-restoring 

capacity. Herein, a brief introduction to a widely used device, the friction pendulum system 

(FPS), is stated as follow. 

FPS is a new kind of isolation device which consists of a slider with spherical surface and 

spherical steel sliding surface, as shown in Figure 6. The steel surface and the slider surface 

has a same radius of curvature, which contact in very good tangency, thus under the vertical 

loads, concave stress is uniform. The sliding surface is a concave, and the self-restoring 
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capacity is provided by the dead weight of structure, which helps the superstructure get back 

to its original position, working as a simple pendulum. The natural period of the isolated 

structure is extended by the simple pendulum mechanism. The bearings can slide in any 

direction; and the bearing size is mainly controlled by the maximum design displacement. 

 

 

Figure 6. Diagram of the conformation of FPS  

 

The operation mechanism of the isolation device is simple, as shown in Figure 7. FPS is 

the device which withstands vertical load and transfers horizontal loads in the predesigned 

way. Bridge deck is supported on a sliding spherical surface, and when the horizontal load is 

less than the friction force, the slider will not slide, and has a large elastic stiffness (not 

completely rigid because of the small displacement and sliding materials). Friction force 

prevents the bearing from sliding under normal operating conditions (but with the time 

running, friction force can cause excessive wear and tear of the interface), and the bearing 

begins to slide when the applied horizontal force exceeds the friction force, while the bridge 

deck produces a displacement relative to the piers, and achieves a pendulum motion. 

Therefore, any horizontal movement will produce a vertical lifting, and if the friction force is 

ignored, the motion equation of the system is similar to a pendulum movement. The 

pendulum length is equal to the radius of curvature of the sphere surface.  

The behavior of the FP bearing was described originally by Zayas et al (1987). Define the 

horizontal displacement of the slider as 

eff sinD R  ,     (31) 

where Reff is the effective radius. 

The force-displacement relationship that governs motion is 

eff cos cos

W W
F D

R



 
       (32) 

where, W is the load withstood by FPS isolation bearings;  is the friction coefficient. 

In most conditions, the radius of curvature is much larger compared to the horizontal 

displacement so that cos≈1 and the equation above is simplified as: 



Seismic Absorption and Isolation on Railway Bridges 375 

eff

W
F D W

R
  .    (33) 

The first term in Equation (33) is the horizontal resilience produced by the uplift of 

bearings sliding along the concave surface. It can be seen that the horizontal stiffness is: 

H

eff

W
K

R
 .     (34) 

Then the period of isolated structure is:  
1/ 2

2
R

T
g


 

  
 

.     (35) 

 

 

(a) Pendulum motion 

 

(b) Sliding pendulum motion 

Figure 7. Isolation Principles of Friction Pendulum System.  

 

From the equations above, the period of this kind of isolation structure has nothing to do 

with the mass supported. The second term in Equation (33) is friction force produced when 

the slider sliding relatively along the sliding concave surface. It is worth noting that the 

coefficient of friction of such devices is related with the compressive stress and sliding 

velocity. The friction coefficient decreases with increase of compressive stress, and it remains 

constant when the stress is greater than 14 MPa and the sliding speed is greater than about 51 

mm/s. Figure 8 shows a force-displacement relationship for FPS isolation device. It shows 

that isolation device has a high initial stiffness before sliding starts, and friction force is 

always reverse to the direction of motion. During the unloading process, the bearing stiffness 

unloaded by 2Ff, and then it slides according to the post-yield stiffness KH, which is called 

rigid-linear hysteresis. In addition, energy dissipation caused by the sliding friction can be 

clearly seen in the figure. 
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Figure 8. Traditional hysteretic behavior of friction pendulum bearings.  

 

2.4.2. Equivalent Linearization Analysis Model 

For the equivalent linearization analysis model of FPS, its equivalent stiffness is: 

eff

ef f

W W
K

R D
      (36) 

and the equivalent damping is: 

eff 2

eff

eff
eff

4 2

4
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.  (37) 

If the period of seismic isolation structure is determinate and the effects of structure 

stiffness is not considered, the preliminary curvature radius of this kind of bearing can be 

obtained from Equation (35) as 
2 2

eff 2(2 ) 4

gT T
R


  .    (38) 

Therefore, when period of isolated structure is 2 s, the curvature radius of the isolation 

bearing is about 1m. 

When the slider sliding, the increment of vertical displacement is: 

V eff

ef f

1 cos arcsin
D

R
R


  

   
   

.              (39) 

The approximate equation is: 
2

V

eff

1

2

D

R
  .         (40) 

It can be seen that the relationship between vertical displacement and horizontal 

displacement is quadratic approximation. 

It is known from horizontal force equation of this kind of bearing that if horizontal 

displacement to curvature radius is less than a certain value, the horizontal restoring force is 

smaller than the friction force, thus the isolation device cannot return to the initial position. 

The limit can be obtained from horizontal force equation, i.e., D/R ≤ . This case causes 
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some problems to long period structure. For example, for an isolated structure with T = 5 s, R 

= 6.25 m, and =0.06, when the horizontal displacement D ≤ 375 mm, the isolation device 

will not return to its position, which means there may be 375 mm residual deformation. 

 

2.4.3. Practical Engineering Examples of FPS 

FPS has been used in building structures and bridges as isolation device in many 

countries. Especially in USA, there are plenty of new built FPS-isolated bridges and 

retrofitted bridges with FPS for seismic resistance. Herein, several typical seismically-isolated 

bridges with FPS in USA are briefly introduced as follow. 

 

(1) Benicia-Martinez Bridge 

The Benicia-Martinez Bridge, the biggest isolation retrofitted bridge in the world, is one 

of the three lifeline bridges at the San Francisco Bay, with 100,000 vehicles passing the 

bridge per day in average. It is a six-lane highway bridge, with a length of 1877.58 m, having 

a 10-span steel truss supported on concrete piers. The design earthquake included a very 

strong near field earthquake. Because of the near-fault effect and deep-soil effect, the 

spectrum acceleration corresponding to the ground motion exceeded 0.7g. Two friction 

pendulum bearings were installed on each concrete pier top. These bearings are the largest 

isolation bearings ever produced, with a diameter of 3.965 m and weight of 181600 kN. The 

allowable maximum lateral displacement of the bearing is 1.346 m, and the design load (dead 

load plus live load) is 2.22 × 10
5
 kN. A dynamic test before installation was carried out in 

University of California, taking account of all the loads and the actual seismic velocities. 

Shown in Figure 9 are the full view and isolation bearing of Benicia-Martinez Bridge. 

 

    

Figure 9. Full view (left) and isolation bearing (right) of the Benicia-Martinez Bridge 

 

(2) American River Bridge 

The American River Bridge in Folsom, California is one of the world's largest new built 

seismically-isolated bridges. Friction pendulum bearings were used to guarantee that bridge 

could maintain elastic and main bridge structure would not damage under a safety level 

earthquake. Compared to non-isolation design, the use of isolation bearings reduced the size 

of the piles and saved a million dollars of cost. Seismic force demands for non-isolation 

design were twice as large as the elastic strength, so structural damage might occur during a 
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safety level earthquake. The allowed deformation of the isolation bearing was 0.254 m, and 

the supporting capacity was up to 17.8 MN (dead load plus live load). Considering 

displacement happened in post-tensioned concrete construction and contraction displacement 

of concrete, initial displacement was applied when installing the isolation bearings. 

 

(3) I-40 Bridge 

The I-40 Bridge over the Mississippi River is a vital approach in aspects of traffic, 

business and defense in Memphis area. The I-40 Bridge located at the southeast boundary of 

New Madrid seismic zone, where, in the 19th century, three strongest earthquakes in central 

U.S. happened. Therefore, the bridge was reinforced using friction pendulum bearings, which 

could withstand more than 89.0 MN vertical loads, and resist M7 earthquakes on the new 

Madrid fault. After being reinforced with friction pendulum bearings, the nearly 50 years old 

bridge could still maintain operation after suffering strong earthquakes. Compared with the 

traditional reinforcement, the design proposal using FPS saved $16 million in construction 

costs. Cost reduction was achieved by reducing the strength of the superstructure, piers and 

foundations to the maximum extent. Shown in Figure 10 are the full view and isolation 

bearing of I-40 Bridge. 

 

     

Figure 10. Full view (left) and isolation bearing (right) of the I-40 Bridge over Mississippi River 

 

 

2.5. E-shaped Steel Damper and Damping Bearing 
 

In recent decades, international research and development of a number of damping 

devices have been done to improve the seismic performance of structures. Among them, some 

of the damping devices are steel dampers which dissipate energy through the plastic 

deformation of steel. Steel dampers are used to dissipate seismic energy and control the 

displacement caused by seismic of structures. Meanwhile, some performance requirements 

under normal load are met by this kind of dampers. Steel dampers have the following 

advantages: stable hysteresis characteristics, good low-cycle fatigue characteristics, excellent 

energy dissipation capacity, insensitivity on environmental temperature, and moreover, no 

special equipments are needed in manufacture process, and the production costs are 

appropriate. However, steel dampers can only perform the energy dissipation effect through 

plastic deformation, so they do not work in small deformation range before yielding. 
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2.5.1. Conformation and Analysis Model of E-shaped Steel Damping Bearing 

E-shaped steel damping bearing is integrated by E-shaped steel damping elements and 

bearing, which possesses both vertical support and horizontal hysteresis energy function. It 

has the following advantages: simple conformation, convenience for being produced by 

modules. Especially, the associated joint constructions are greatly simplified. The E-shaped 

steel damping elements can be combined with either pot rubber bearing or ball bearing. 

Therefore, when work as vertical support, they can fully possess all the performances of 

common bearings. The diagram of an E-shaped steel damping bearing is shown in Figure 11. 

 

 

Figure 11. E-shaped steel damping bearing 

 

 
△y (10~15mm) △u (120~150mm) 

K1  

Fu=1.15Fy

K2  Fy

K1=Fy/△y  kN /mm 

 

Figure 12. Hysteresis (left) and load-displacement (right) curves of E-shaped steel damping bearing. 

Figure 12 shows the experimental hysteresis curve of E-shaped steel damping bearing. It 

can be seen that under a large displacement, the hysteresis curve is close to a perfect elastic-

plastic hysteresis which can be simplified as load-displacement relationship. For a formed E-

shaped steel damping bearing, usually, the yield displacement is 10~15 mm, the ultimate 

displacement is usually 10 times of the yield displacement, and the ultimate load is 1.15 times 

of the yield load. 
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2.5.2. Practical Engineering Examples of E-shaped Damper and Damping Bearing 

E-shaped steel damping bearings have been applied in some bridge engineering projects 

around the world. E-shaped steel damper and E-shaped steel damping bearing have some 

typical applications in China, such as Jiangxinzhou Bridge in Beijing, Yongding Bridge in 

Tianjin, Jiajiang Yangtze River Bridge in Nanjng, Dazhihe Bridge in Shanghai. The E-shaped 

steel damper and damping bearing used in Yongding Bridge are shown  in Figure 13. 

 

 

Figure 13. E-shaped steel damper in Yongding Bridge in Tianjin 

 

 

2.6. Oil Damper 
 

Oil damper is such a device that makes use of the damping force caused by oil flowing 

through orifice pushed by the pressure difference between the forth and back of the piston. 

The restoring force model approximates elliptic shape. 

In general, the damping force produced by oil damper is relative to velocity and 

temperature, which should be noticed. Furthermore, corresponding measures should be taken 

to adjust oil pressure for preventing oil leaking and dust incursion, and some maintenance is 

necessary. Direction selective characteristic of oil damper should be considered in the 

installation, and precision machining is required. Thus, it is difficult to manufacture when 

volume of oil damper is too large. 
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3. BRIDGE ISOLATION DESIGN AND ANALYSIS METHOD 
 

3.1. Traditional Bridge Seismic Design Method 
 

In the past decades, in-depth study has been made on the forced vibration of bridge 

structure under the seismic excitations. With deepening the understanding of ground motion 

and dynamic characteristics of structures, the traditional bridge seismic design are divided 

into the strength design and ductility design.  

Early strength design of seismic design only considered the strength of bridge structure, 

believing that the structure can resist earthquake as long as possessing enough strength. As 

known to all, strong earthquake occurs with a small probability during the service period of 

structure. Structure designed to resist this particular load elastically, is neither economic nor 

practical. At the same time, it was found that structures might not collapse, although the 

strength of structure reached the ultimate strength and even the structure was partly damaged. 

Subsequently, the ductility seismic design method was proposed. 

Ductility design aims at designing the structure and specified components to have enough 

ductility and dissipating the seismic energy through the plastic deformation of specified 

components. Ductility seismic design has been paid much attention and widely applied in 

most countries.  

Traditional structure seismic design, considering both strength and ductility, not only 

consumes more construction materials, but also increases the maintenance costs, owing to the 

cumulative damage and permanent residual deformation caused by plastic deformation. In 

addition, seismic performance cannot be greatly improved essentially.  

 

 

3.2. Principles and Characteristics of Seismic Isolation Design for Bridges 
 

Seismic mitigation and isolation technology is simple, economical and advanced for anti-

seismic design in engineering. Utilization of mitigation and isolation methods on seismic 

design is an important development direction of seismic design for bridges.  

Seismic mitigation technology focuses on the use of special damping components or 

devices, which can firstly dissipate the vibration energy vibration introduced into structure 

system from earthquakes, to reduce the vibration response of structure. Isolation technology 

focuses on the use of isolation system, trying to prevent the seismic energy introduced into 

the main structure.  

In practice, the two systems above sometimes are combined into one. Through 

appropriate selection of mitigation and isolation devices and installation location of devices, 

the purpose of controlling and distributing the internal forces of structure can be achieved. At 

present, the seismic mitigation, isolation and structure control technology is one of the hot 

spots in anti-seismic researches. The introduction of structure control theory, in fact, is the 

foundation and direction of research and development for mitigation and isolation technology. 

The differences between traditional seismic design and isolation design can be seen in  

Table 1. 
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Table 1. Comparison of basic principles of different seismic technologies 

Basic Principles 
Stiffness decline and natural 

period extension 
Damping Increase 

Traditional 

Seismic Design 

Use plastic hinge to achieve 

stiffness decline 

Use the inelastic deformation of 

plastic hinge to increase the 

damping 

Seismic Isolation 

Design 

Use isolation device to extend 

natural period 

Use damping device to increase 

the damping 

 

Currently, in the isolation design specification for bridges in the countries around the 

world, the analysis methods for isolated bridges mainly include the response spectrum 

method, nonlinear time history method and nonlinear static method etc. 

 

 

3.3. Response Spectrum Analysis Method 
 

Elastic response spectrum analysis method is mainly applied to the isolated bridges with 

regular bridge type, i.e. after the use of isolation design, the responses of the bridge are 

controlled by the isolation mode of vibration. 

According to the analysis methods in the specifications of different countries, elastic 

response spectrum analysis method for seismically-isolated bridge is different from that for 

ordinary bridge, embodied in: 

Since the nonlinear characteristics of isolation devices, the equivalent linear model is 

needed for analysis. While in the analysis with equivalent linear model, the maximum 

displacement of seismic isolation bearings under earthquake cannot be determined before 

analysis. However, the parameters such as equivalent stiffness and equivalent damping ratio 

of this equivalent linear model both depend on the maximum displacement. Therefore, the 

whole analysis process is an iterative process. 

In response spectrum analysis for ordinary bridges, the damping ratio for each vibration 

period is generally assumed to be 5%. But for the seismically-isolated bridge, the energy 

dissipation capacity of the whole system is no longer evenly distributed, so that the energy 

dissipation capacity of isolation devices is high while the energy dissipation capacity of other 

components are relatively low. Therefore, the damping ratio corresponding to each vibration 

period of the isolated bridge is different. Damping ratio of fundamental period is generally 

higher, about 10% -20%, and sometimes may be even higher. Thus, it is required not only to 

consider the different vibration modes with different damping ratios, but also to consider the 

correction on elastic response spectrum due to different damping ratios in a response 

spectrum analysis. Consequently, the response spectrum analysis method for isolated bridge 

is much more complex than that for an ordinary bridge. 

 

 

 

 



Seismic Absorption and Isolation on Railway Bridges 383 

3.4. Nonlinear Dynamic Time-history Analysis 
 

Judge from the widely used types of isolation devices, the majority of the mechanical 

properties is nonlinear. Taking into account the nonlinear characteristics of the pier and 

connecting devices, in order to grasp the dynamic response characteristics of isolated 

structure under earthquakes, it is reasonable to use nonlinear dynamic time-history analysis 

method. In the countries with advanced research on bridge isolation, relevant regulations for 

nonlinear dynamic time history were made in the isolation specifications.  

 Compared with non-isolated bridge, isolated bridge has many different characteristics. 

Firstly, for isolated bridges, the connecting components, including the displacement limiting 

device (such as block) and the connection units set in expansion joints between the adjacent 

bridge decks have a great impact on the structural response. So, careful consideration of these 

connections should be taken in bridge design. Secondly, after using isolation design, inelastic 

deformation will not happen on the piers due to the protection of isolation device under the 

design earthquake. Therefore, it can be described by the linear unit. Thirdly, because of 

considering low-frequency mode and the deck mass, the vibration of the pier is similar to the 

vibration of an independent structure with the bottom embedded and the top free. Therefore, it 

is necessary to consider the mass of the piers and vibration mode of the pier. Fourthly, 

although the decks often can be modeled as linear elastic element, the weight distribution and 

high order vibration mode should be carefully considered. In addition, compared with normal 

bridge, during a nonlinear dynamic time-history analysis of isolated bridge, special 

consideration of isolation device models should be taken into account. 

 

 

3.5. Nonlinear Static Analysis 
 

This analysis is based on pre-assumed distributed lateral forces on the structure, 

considering various nonlinear factors of the structure. The force on structure is gradually 

increased until enough hinges formed to develop a collapse mechanism or until the plastic 

deformation limit is reached at the hinges. The whole processes of force and deformation 

variation curve of the structure are obtained in the analysis. Although the distributed lateral 

forces are static load, the whole analysis process can approximately reflect the dynamic 

response of the structure under seismic excitations. It should be noted that the seismic 

response of structure can hardly be obtained directly according to a simple PUSH-OVER 

analysis; while instead, the combination with elastic response spectrum method and the 

inelastic response spectrum method is needed. 

 

 

4. PARAMETER OPTIMIZATION OF SEISMICALLY-ISOLATED 

RAILWAY BRIDGE BASED ON LRB 
 

4.1. Mathematic Description for Design Parameter Optimization of LRB 
 

The dynamic controlling parameters consist of the yielding strength Qy, the initial 

stiffness K1, and the ratio  between the post yield stiffness and the initial stiffness. The 



Tieyi Zhong, Chaoyi Xia and Fengli Yang 384 

seismic absorption and isolation can be realized by application of LRB for its good hysteretic 

property. It is known that the application of LRB can lengthen structural period and reduce 

earthquake forces, but it may increase the displacement between beam and pier-top. This 

indicates that there exist the optimum values of dynamic design parameters, in which case, 

the internal forces in the bridge are minimum. Therefore, Qy, K1 and  are taken as the design 

variables for optimization of the whole structural system. Three intensities including minor 

earthquake, moderate earthquake and severe earthquake are considered in the optimization 

design for the whole isolated bridge system, thus the bridge structure can remain elastic when 

subjected to a minor earthquake, while the LRB can undergo inelastic deformation to 

dissipate the seismic energy under a severe earthquake.  

The maximum moment at bottom of the pier under the design earthquake excitation is 

taken as the objective function. Since the application of LRB enlarges the relative 

displacement between beam and pier-top, the beam would collapse under the design seismic 

excitation if the displacement were unconstrained. Accordingly, as the state variable in the 

optimum process, the relative displacement between beam and pier-top should be constrained 

so as to ensure the maximum relative displacement in the permissible range. The running 

safety of vehicles can be ensured by the index of spectral intensity SI (Xia and Zhang, 2005; 

Yang, 2007). The optimization problem of the design parameters of LRB for railway simply-

supported bridge can be mathematically described as follows (Rong et al, 2002). 

The objective function is 

 min max abs[( (x,t)]
x t T

M


,        (41) 

where (x,t)M  is the moment at bottom of pier; and the constraint conditions are   

L U

i i ix x x       (i＝1, 2, 3),              (42) 

max abs[rd ( , )] [rd]j
t T

x t


     (j＝1, 2, 3, … n),         (43) 

LimSI SI ,     (44) 

where: the vector of design variables T T

1 2 3 1X [ , , ] [ , , ]yx x x Q K α  ; n=T/t, where t is the 

duration of seismic excitation and t is the record interval of the seismic excitation; U
ix  and 

L
ix  are respectively the upper and lower limits of the design variable; XT

U , XT

L  are the upper 

and lower bound vectors of the design variables. According to the test data of lead-rubber 

bearings from China Academy of Railway Sciences, T 4 7

LX 2 10 N,1 10 N/m,0.1    
 and 

T 5 8

UX 2 10 N,1 10 N/m,1    
(Wu, 2003); rdj is the relative displacement between beam and 

pier-top at different time of seismic excitation history, and [rd] is the acceptable value of it; SI 

is the spectral intensity corresponding to the fundamental period of the isolated bridge, and 

SILim is the limit value of it, which is selected as 4000 mm according to Yang (2007). 

 

 

4.2. Numerical Method for Parameter Optimizations of LRB 
 

The first order optimization method is adopted to solve the optimization problem. The 

fundamental theory of this method is to transform a common optimization problem to a single 

unconstrained optimization problem by the mixed penalty function, and multi-analysis loops 
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can be carried out in one optimization iterative calculation (Ansys Inc., 2005; Chen, 2004). 

The unconstrained version of this optimization problem is formulated as follows. 
n

x rd

1 10

, ( ) (rd )
n

i j

i j

M
Q(X q) p x q p

M  

        (45) 

where: px and prd are penalty functions of the constrained design variable x and state variable 

rd respectively; q is the penalty factor; M0 is initial objective function value which is selected 

from the current group of design moments. 

Suppose the reference state of objective function value is ( )( )jM X , thus the sensitivity of 

the objective function to the design variables can be described as follows. 

( ) ( ) ( )
( )

1 2 3

( ) ( ) ( )
( ) , ,

x x x

j j j
j M X M X M X

X
   

   
   

.    (46) 

The gradient vector is computed using an approximation by forward difference method as 

follows: 
( ) ( )( ) ( Δ ) ( )( )

Δ

j jj

i

i i

M X x e M XM X

x x

 



,   (47) 

where e is a vector with 1 in its i
th

 component and zero for the other components 

 U LΔ
Δ

100
i i i

D
x x x                 (48) 

and D  is forward difference (in percent) step size and it equals to 50% commonly. 

The steepest gradient method is used to search the optimum solution and the iteration 

equation is shown as follows. 
( 1) ( ) ( )j j j

jX X s d   ,    (49) 

where sj is the line search parameter. 

The convergence condition of the iteration process is given as: 
( 1) ( )j jM M    ,    (50) 

where  is the objective function tolerance. Its value can be set with the need of the 

calculation accuracy, and in common conditions, it is one percent of M0. 

In the optimization process, the damping of the structural system is considered in the 

form of Rayleigh damping coefficients by (Clough and Penzien, 1983).  

C = M + K  ,     (51) 

where 

1 2 1 2 2 1

2 2

2 1

2 ( )
α

    

 





,            (52) 

2 2 1 1

2 2

2 1

2( )   


 





.            (53) 

The damping ratio of the structural system is determined as 5% in the optimization 

analysis, but the Raleigh damping coefficients vary in the optimization process according to 

the variations of the structural fundamental frequencies induced by the change of LRB design 

parameters. Consequently before the time history analysis for the isolation system, the first 

two frequencies (1, 2) of the system should be obtained through modal analysis, then the 

Rayleigh damping coefficients corresponding to the variation of LRB design parameters can 

be calculated through Equations (52) and (53). 
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4.3. A Practical Optimization Example on a Railway Bridge 
 

4.3.1  Analysis Model 

1. Bilinear Model of the Lead Rubber Bearing.  

As shown in Figure 14, uB represents the efficient design displacement of the bearing and 

(uy, Qy) represents the yield point of the bearing. The value of yield stress Qy mainly depends 

on the weight of the beam and the producing techniques, and uy is the yield displacement of 

the bearing. The stiffness after yielding K2 can be calculated according to Figure 14 as 

B y

2

B y

( )F u Q
K

u u





.        (54) 

 

Figure 14. Controlling parameters of LRB 

 

2. FEA Model for the railway simply-supported bridge.  

A typical pier of a railway simply-supported bridge is studied herein. The basic design 

parameters of the bridge pier are listed in Table 2.  

Table 2. General design parameters of the bridge pier 

Pier form 

Section form Solid round-ended 

Diameter of pier top (m) 2.10 

Width of rectangular part (m) 1.70 

Slope of pier-body 1/40 

Lumped mass on the top of pier (t) 420 

Height of the piers (m) 21 

 

According to the Chinese code (2000), the elastic stiffness of foundation can be 

calculated by the M-method. The simplified FEA model of the beam-bearing-pier-soil system 

is shown in Figure 15. The general program ANSYS is used for the calculation analysis, in 

which the dynamic characteristics of LRB are simulated with nonlinear element Combin39, 
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and the superstructure with Mass21 element. The soil-foundation interaction is simulated by 

an arbitrary element Matrix27 whose geometry is undefined but whose elastic kinematics 

response can be specified by stiffness, damping, or mass coefficients. The elastic stiffness 

values of foundation are listed in Table 3. The site soil where the bridge locates is Site-I. 

Three earthquake waves including San Fernando, El Centro and Long Beach are selected as 

excitations for the optimization analysis of LRB design parameters. 

 

 

Figure 15. Simplified FEA model of isolated bridge system 

 

As shown in Table 3, the foundation stiffness values for the typical railway simply-

supported beam bridge are calculated by M-method when the m-value equals to 50000 

kPa/m
2
. 

Table 3. Foundation elastic stiffness for m = 50000 kPa/m
2
 

Foundation 

stiffness 
k11(MN/m) k12=-k21(MN/rad) k22 (MN·m/rad) k33(MN/m) 

Values 1620 -3342 9859 76011 

 

4.3.2. Optimization Results 

Three dynamic controlling parameters of LRB are taken as design variables in 

optimization of LRB, and the limit values of the relative displacement between beam and 

pier-top corresponding to three intensities of earthquakes are set as 2 cm, 5.5 cm and 10 cm 

respectively. Three intensities of earthquakes refer to minor earthquake (6 degree), moderate 

earthquake (8 degree) and severe earthquake (9 degree). The optimization solutions are 

shown in Table 4 to Table 6, in which Qy is the yield strength; K1 is the initial stiffness;  is 

the ratio of the post-yield stiffness to the initial stiffness; rd is the relative displacement 

between beam and pier-top; and M is the bending moment at pier bottom. 
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Table 4. Optimized results under minor earthquake (6 degree) 

Items San Fernando El Centro Long Beach 

Qy (kN) 100.98 144.68 134.84 

K1 (MN/m) 20.69 10.00 48.25 

α 0.354 0.123 0.085 

rd (cm) 1.94 1.77 1.93 

M (MN∙m) 6.170 4.051 7.133 

Table 5. Optimized results under design earthquake (8 degree) 

Items San Fernando El Centro Long Beach 

Qy (kN) 117.98 295.30 332.85 

K1 (MN/m) 38.83 61.40 81.35 

α 0.302 0.116 0.167 

rd (cm) 5.47 5.37 4.81 

SI (mm) 2024.2 1730.6 1523.5 

M (MN∙m) 25.606 20.264 27.638 

Table 6. Optimized results under severe earthquake (9 degree) 

Items San Fernando El Centro Long Beach 

Qy (kN) 105.0 438.6 346.4 

K1 (MN/m) 58.77 99.56 97.53 

α 0.339 0.126 0.184 

rd (cm) 9.99 9.92 9.26 

SI (mm) 4499.8 3538.6 3104.4 

M (MN∙m) 62.474 46.170 56.000 

 

Shown in Figure 16 and Figure 17 are, respectively, the iteration histories of maximum 

relative displacement between beam and pier-top, and maximum moment at bottom of the 

pier for the moderate earthquake intensity of San Fernando earthquake excitation.  

As shown in Figure 16 and Figure 17, the optimization analysis can converge quickly and 

obtain optimization solution by using first order method. The relative displacement histories 

corresponding to initial design parameters and optimization design parameters for the 

moderate intensity earthquake are presented in Figure 18, and the results indicate that the 

maximum relative displacement can be reduced efficiently through optimization of LRB 

design parameters. 
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Figure 16. Iteration history of maximum relative displacement between beam and pier-top 
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Figure 17. Iteration history of maximum moment at pier-bottom. 

 

Optimization calculation with three practical earthquake waves as input respectively is 

carried out. The results indicate that the optimal parameters emerge obvious difference, so it 

is not appropriate to use the optimized parameters only based on one practical earthquake 

wave. Further optimization design study should be done by considering multi-earthquake 

waves as input, to obtain the optimization solution to ensure the safety of bridge structure and 

vehicle in earthquakes. 

In order to enhance the optimization efficiency, the running safety can be considered 

separately from the optimization process by inputting the values of spectral intensity to the 

running vehicles after the optimized bearing parameters are determined. Through the 

optimization analysis of isolated bridge system, the optimal design parameters of isolation 

bearing can be determined, and the seismic forces can be reduced maximally to meet the 

restricts of relative displacement between pier-top and beam. 
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Figure 18. Time-history of relative displacement between beam and pier-top.  

 

 

5. DESIGN METHOD OF SEISMICALLY-ISOLATED BRIDGE  

USING LRB BASED ON ENERGY METHOD  
 

5.1. Seismic Energy Equations 
 

During an earthquake, energy input, transmission and dissipation continuously take place 

between ground and structure. The seismic energy variation of structure system under 

earthquake excitation is defined as seismic energy responses of structure (Xiong et al, 2005; 

Zhou and Zhou, 1997; Jiang and Zhu, 2004; Bruneau and Wang, 1996; Decanini and Niandi, 

2001). Seismic energy analysis methods are divided into absolute energy method and relative 

energy method, according to whether the method is based on absolute displacement or 

relative displacement of structure. 

The dynamic equation of a single degree-of-freedom structure can be expressed as: 
2( ) (4 / ) ( ) (2 / ) ( ) - ( )gx t T x t T x t x t    ,     (55) 

where:   is damping ratio of structure, T  is natural period of structure, ( )gx t is acceleration 

of ground motion. 

By integration to Equation (55) on the relative displacement ( )x t , the following equation 

can be acquired:  

2 2
g

0 0 0 0
( ) ( )d (4 / ) ( )d (2 / ) ( ) ( )d ( ) ( )d

t t t t

x t x t t T x t t T x t x t t x t x t t        .  (56) 

Based on the relative displacement, the three terms in the left side of Equation (56) are, 

respectively, the kinetic energy per unit mass K ( )E t , the damping dissipation energy per unit 

mass D ( )E t , and the sum of elastic strain energy and hysteretic energy per unit mass 

H S( ) ( )E t E t ; and the term in the right side is the input energy per unit mass I ( )E t  from the 

ground motion. The energy equilibrium equation (56) can thus be expressed as: 

I K D H S( ) ( ) ( ) ( ) ( )E t E t E t E t E t    .   (57) 
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The hysteretic energy H ( )E t  equals the hysteretic energy dissipated by LRB when the 

pier remains elastic. When the pier undergoes inelastic deformations, H ( )E t  equals the sum 

of hysteretic energy dissipations of 
bH ( )E t  by LRB and H ( )

p
E t  by plastic hinge of the pier. 

Equations (56) and (57) are called relative energy equation. 

By integration to Equation (55) on the absolute displacement of g( ) ( )x t x t , the energy 

representation can be written as: 

2 2
g g

0 0 0

2
g

0

( ) ( ) ( ( ) ( ) ]d (4 / ) ( )d (2 / ) ( ) ( )d

( ) 4 ( ) / (2 / ) ( ) d .

t t t

t

x t x t x t x t t T x t t T x t x t t

x t x t T T x t t

 

 

         

   
 

  


     (58) 

Based on the absolute displacement, the three terms in the left side of Equation (58) are, 

respectively, the kinetic energy per unit mass '
K ( )E t , the damping energy per unit mass 

'
DE t( ) , and the sum of elastic strain energy and hysteretic energy per unit mass '

HE t( ) + '
SE t( )

; and the term in the right side is the input energy per unit mass '
IE t( )  from the ground 

motion. The energy equilibrium equation (58) can thus be expressed as: 
' ' ' ' '
I K D H SE t E t E t E t E t   ( ) ( ) ( ) ( ) ( ) .   (59) 

Equations (58) and (59) are called absolute energy equation. 

 

 

5.2. Energy Spectra Analysis of Seismically-isolated Bridge System 
 

5.2.1. Analysis Model of Isolated Bridge Energy Responses 

In a seismically-isolated bridge which is different from traditional bridge structure and 

building structure, plastic deformation is undertaken mainly by isolation bearing. For a bridge 

pier in elastic status, the series connection system of pier and isolation bearing possesses the 

bilinear characteristic due to the bilinear characteristic of the bearing. To the general 

seismically-isolated bridge, the stiffness of pier pk  is much larger than equivalent stiffness of 

bearing bk , and the mass of superstructure sm is larger compared to pier pm . Therefore, the 

seismically-isolated bridge is usually simplified as bilinear SDOF system when the pier is in 

elastic status, as illustrated in Figure 19.  

 

Figure 19. The SDOF model of bilinear seismically-isolated bridge pier.  
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In the model, the yield force of isolation bearing yF  is used as the yield force of the 

seismically-isolated bridge system. If the yield ratio of seismic isolation bearing is expressed 

as = kd /ku , in which kd  and ku are respectively post-yield stiffness and initial stiffness of 

the bearing. For the SDOF model of seismic isolation bridge system, the initial stiffness is 

represented as 1 u p u p/( )k k k k k  and the post-yield stiffness as 2 d p d p/( )k k k k k  . 

The yield stiffness ratio ’ for the SDOF model of bilinear seismic isolation bridge is 

defined as the ratio of post-yield stiffness to pre-yield stiffness, namely 

2 1 d u p u d p p u p u/ ( ) /[ ( )] (1 / ) /( / )k k k k k k k k k k k k          ,  (60) 

  can be used as an evaluating index for the degenerated stiffness of the SDOF seismic 

isolation bridge. When the ratio of bridge pier stiffness to the pre-yield stiffness of seismic 

isolation bearing p u/ 20k k  , ’ can be approximately replaced by   because the error 

between them is less than 5%. This can be observed in the analysis error with respect to 

stiffness ratio and evaluation index, which is shown in Figure 20.  

 

  

Figure 20. Analysis error versus stiffness ratio and evaluation index. 
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Figure 21. Equivalent damping ratio of seismic isolation bridge.  
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The displacement ductility ratio of LRB is defined as , in which  is the 

yield displacement of the seismic isolation bearing, and  is the maximal displacement of 

the bearing under earthquake excitation. The damping ratio of LRB is related with . If the 

damping ratio of bridge  is 5%, the yield ratio of bearing can be calculated as  

according to Fan and Wang (2001), Wu and Zhuang (2004), and Zhong et al (2007), and the 

equivalent damping ratio of seismic isolation bridge versus  which changes from 1 to 

50 are calculated. The results are shown in Figure 21. 

 

5.2.2. Energy Spectra Calculation of Seismically-isolated Bridge System 

In order to get the energy spectra, forty earthquake records are selected from (Miranda, 

1992), and the site condition is type B in the National Earthquake Hazards Reduction 

Program (NEHRP). In the analysis, the epicenter distance R ranges from 11 km to 127 km, 

and the earthquake magnitude M is 6.0~7.4, respectively. 

When energy method is applied to isolation design of bridge, reasonable and practical 

seismic input energy spectra are required. Under excitation of intense earthquake, the 

maximal displacement ductility ratio of LRB can reach to 20-50 (Pemeroy, 1986). Therefore, 

the total inelasticity seismic input energy spectra of seismic isolation system are calculated 

corresponding to site type I and 7 degree for b30 50  , where   is 0.15, and eff  is 

determined by Figure 21 according to   and b . The total seismic energy input E I  related 

to 8 degree and 9 degree is acquired by adjusting that related to 7 degree, because E I  is 

proportional to square of peak ground acceleration (PGA). The calculation are based on the 

nonlinear spectral analysis software BISPEC (Mahmoud, 2000), and the results are shown in 

Figure 22. 

 

 

5.3. Design of Seismically-isolated Bridge Based on Energy Spectra 
 

5.3.1. Damage Criterion of Seismically-isolated Bridge Based on Energy 

During the initial stage of earthquake, the kinetic energy and elastic deformation energy 

of isolation system possess a certain proportion relationship that transform mutually between 

zero line and maximum value. When the earthquake finishes, with velocity gradually 

becoming zero, the kinetic energy EH and elastic deformation energy ED of isolation system 

tend to be zero, when the hysteretic energy and damping energy dissipations of LRB become 

the major forms of energy dissipation. In general conditions, energy dissipation of LRB 

transforms into hysteretic energy dissipation, expressed as EB. Thus, when the earthquake 

terminates, the energy equilibrium equation can be rewritten as: 

I Hd Dd BdE E E E          (61) 

where, HdE  and DdE  are hysteretic energy dissipation and damping energy dissipation, and 

BdE  is the total energy dissipation of LRB, respectively. 
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Figure 22. Inelasticity seismic input energy spectra.  

 

Assuming the ultimate energy dissipation capacity of LRB to be EBc, the energy 

destruction criterion of seismically-isolated bridge can be expressed as: 

I Bd BcE E E  .     (62) 

In the response analysis of seismically-isolated bridge, LRD is usually simplified as a 

combined model, by layered rubber blanket model with linear elastic characteristic and lead 

core model with elastic-plastic restoring characteristic (Kitamura, (2003). Such energy 

calculation models of LRB are shown in Figure 23.  

 

 (a) Layered rubber blanket                       (b) Lead core                                 (c) Lead rubber bearing 

Figure 23. Energy calculation model of LRB.  

 

In the figure, maxd  is the peak horizontal displacement of LRB; fmaxF  is the shear force 

applied by layered rubber blanket; fk  is the horizontal lateral stiffness of layered rubber 

blanket; uk  is the initial stiffness of lead core; yF  is the yield strength of lead core; sE  and 



Seismic Absorption and Isolation on Railway Bridges 395 

fE  are the energy dissipations of layered rubber blanket and lead core in one hysteresis 

cyclic process, respectively. 

The energy dissipated by LRB in one hysteresis cycle is: 

c s f y b y4(1 )F ( 1)W E E d      .   (63) 

During the whole course of earthquake, the cumulative energy dissipated by LRB is 

Bc 1 y b y4 (1 ) ( 1)E n F d     ,             (64) 

where:  is the conversion factor in area calculation of the ellipse surrounded by the load-

displacement curve, whose value is related with the satiation extent of the hysteresis curve of 

LRB, and is normally taken as 1.26;  n1 is the ratio of the energy dissipated in the vibration 

with peak bearing deformation as amplitude to the energy dissipated when peak responses of 

structure occur. From envelope of most seismic response analysis values, n1 is set as 2 for 

seismically-isolated structures. 

In the isolation design for bridges, energy dissipated by LRB can be determined after the 

determination of input seismic energy of isolated bridge. 

 

5.3.2. Design Method of of Seismically-isolated Bridge Based on Energy 

Former studies represent that the total seismic input energy is little affected by the 

strength and distribution of mass and stiffness of a structure. The total seismic energy input 

transmitted into structure mainly depends on the total mass and the first period of the 

structure. Based on the energy theory, in the isolation design for bridge, the MDOF system 

can be transformed into a SDOF system on the basis of equivalency of the first period. Then 

the total seismic input energy of isolated bridge can be determined according to the total 

seismic input energy spectrum. 

In the primary design, the mass of equivalent SDOF system can be obtained through the 

first vibration mode of non-isolated bridge system: 

eq 1

1

n

i i

i

M m


 ,     (65) 

where: im  is the joint mass at the ith joint; 1i  is the first modal vector. 

The isolation design for bridges based on energy method is an iterative process described 

as follows 

(1) Determine the seismic fortification level and isolation target according to the 

planning and design requirement of the bridge. The equivalent isolation degree Ib, 

defined as the ratio of the first period of isolated bridge to that of non-isolated bridge, 

is set as the isolation target, which is an important index for evaluating the isolation 

efficiency. 

(2) Calculate the total seismic input energy of isolated bridge according to the total 

seismic input energy spectrum. Thus, primarily determine the design parameters of 

isolation bearing based on the damage criterion of isolated bridge based on energy 

method.  

(3) Repeatedly calculate the seismic responses of isolated bridge, and modify the design 

parameters of isolation bearing until the requirement of isolation target, limitation of 

bearing displacement ductility and pier displacement ductility are satisfied, with the 

rational design parameters finally acquired. 
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CONCLUSION 
 

In this chapter, some typical isolation devices are introduced, and the studies on 

parameters optimization and energy based analysis method of seismically-isolated bridges are 

presented. Working principles, analysis models and some practical engineering examples of 

lead rubber bearing (LRB), friction sliding type bearing and E-shaped steel damping devices 

are mainly introduced among six kinds of isolation devices. Based on optimization theories, 

an optimization design model for a simply-supported railway beam bridge isolated by LRB is 

established considering soil-structure interaction. The parameters of isolation bearings are 

taken as design variables, and the maximum moments at pier-bottoms are employed as 

objective functions. The optimization calculations are carried out separately under excitation 

of three practical earthquake waves, from which the effects of dynamic parameters of LRB on 

the seismic responses are given. The optimization results indicate that the first order 

optimization method is available and efficient for seismically-isolated bridges. In order to 

enhance the optimization efficiency, the running safety can be considered separately from the 

optimization process by inputting the values of spectral intensity to the running vehicles after 

determining the optimized bearing parameters. The design method for seismically-isolated 

bridge with LRB is studied according to the energy theory. The energy equations of the 

system are deduced, based on which the analysis model of energy responses for seismically-

isolated bridge is established. Nonlinear time history analyses for seismic energy responses of 

bilinear SDOF seismically-isolated bridges are carried out under the excitations of forty 

selected practical earthquake records, and then the statistical seismic input energy spectra for 

bridge seismic isolation design for site type B in NEHRP is obtained. Furthermore, the 

nonlinear energy responses analyses of seismically-isolated bridges are conducted, and the 

energy design principle is proposed for seismically-isolated bridge by lead-rubber bearing. 

The iterative design process represents that the energy based design method for seismically-

isolated bridges is an iterative process. 
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